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Abstract

We study optimal monetary policy in a general equilibrium economy with het-
erogeneous agents and nominal rigidities. Households differ in type-specific, state-
contingent labor productivity and initial firm ownership, yet markets are complete.
The fiscal authority has access to a linear tax schedule with non-state-contingent
tax rates and uniform, lump-sum transfers. We show that when there are fluctu-
ations in the labor skill distribution, it is optimal for monetary policy to target a
state-contingent markup that covaries positively with a sufficient statistic for labor
income inequality. In a calibrated version of the model, countercyclical earnings
inequality implies countercyclical optimal markups. Therefore, to the extent that
redistribution—and not insurance—is the distributional policy goal, optimal mon-
etary policy is output destabilizing.
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1 Introduction

Empirical studies find large, systematic, and forecastable differences in labor earnings
profiles across households. One prominent feature of the data is the unequal exposure
of household earnings to the business cycle: the labor earnings of low-income house-
holds exhibit a greater covariance with aggregate fluctuations than those of mid- and
high-income households.! This heterogeneity in the covariance of individual earnings
with aggregate fluctuations generates countercyclical earnings inequality.

Monetary policy is not an ideal tool for achieving distributional objectives—
questions of redistribution typically fall within the purview of the fiscal authority. Yet
countercyclical earnings inequality calls this division of labor into question: if fiscal
instruments cannot respond to short-run movements in the labor earnings distribution,
monetary instruments might be a suitable alternative.

How should monetary policy be conducted in light of distributional concerns? Sev-
eral recent papers tackle this question within the heterogeneous-agent New Keynesian
(HANK) framework (Bhandari et al., 2021; Acharya et al., 2023; Nunio and Thomas, 2022;
Déavila and Schaab, 2023; McKay and Wolf, 2022; Le Grand et al., 2024). In HANK,
households are ex ante identical but face uninsurable, idiosyncratic labor income risk.
The lack of insurance and consequent precautionary savings behavior lead to ex post
differences in wealth across households and consumption inequality. In this context,
monetary policy can be used to compensate for missing insurance markets (Bhandari
et al., 2021; Acharya et al., 2023). In particular, in response to productivity shocks, opti-
mal monetary policy places a greater weight on output stabilization in HANK than in its
representative agent New Keynesian counterpart.

However, empirical studies show that differences in households’ earnings exposure
to business cycles are, to a large extent, systematic (Guvenen et al., 2014, 2017). That is,
ex ante differences across households broadly determine how they fare over the busi-
ness cycle: “fortunes during recessions are predictable by observable characteristics
before the recession,” according to Guvenen et al. (2014).?

Motivated by these findings, we study the optimal conduct of monetary policy in a
setting that features systematic, or ex ante, household heterogeneity. In our framework,
heterogeneous household labor productivities fluctuate at business cycle frequency,
with some households more exposed to aggregate shocks than others—yet markets are
complete. Although households can fully insure their consumption against idiosyn-

'Parker and Vissing-Jorgensen (2009); Guvenen et al. (2014, 2017); Alves et al. (2020).

2Furthermore, a number of studies find that households are able to smooth their consumption in
response to income shocks to a considerable degree (Cochrane, 1991; Schulhofer-Wohl, 2011; Guvenen
and Smith, 2014; Heathcote et al., 2014).



cratic income risk, short run movements in the labor income distribution introduce a
novel redistributive role for monetary policy.

In particular, we show that if a utilitarian planner desires greater redistribution
than under laissez faire, then monetary policy should target a countercyclical markup.
Specifically, optimal monetary policy raises the markup—equivalently, lowers the real
wage—in high income inequality states, and conversely lowers the markup—i.e. raises
the real wage—in low income inequality states. If labor earnings inequality is counter-
cyclical, as it is in the data, then the optimal markup is countercyclical.

Optimal policy in our model is directly at odds with that in the HANK model. In
HANK, a negative productivity shock decreases household income but leaves nominal
debt obligations unchanged, hurting borrowers more than lenders. Bhandari et al.
(2021) and Acharya et al. (2023) show that in response to productivity shocks, mon-
etary policy should prevent output from fluctuating one-for-one with its productively-
efficient level. In particular, monetary policy can provide greater insurance and improve
welfare by lowering the real interest rate and stimulating the economy in downturns,
and raising the rate and contracting the economy in upturns. The insurance motive in
HANK thereby pushes monetary policy towards output stabilization.

When we remove this insurance motive and isolate a purely redistributive one, we
find that optimal monetary policy is instead output destabilizing. This may seem coun-
terintuitive, yet our main result reflects a simple but fundamental insight from public
finance: that a linear labor income tax with a positive slope redistributes income from
high-skilled, high-earning households to low-skilled, low-earning households. The op-
timal marginal tax rate trades off equity with efficiency and, in the context of a general
equilibrium business cycle model, the labor skill distribution is a key determinant of the
optimal tax rate (Werning, 2007).

Our contribution is to apply this simple but powerful insight to monetary policy
analysis. By lowering or raising the markup in response to movements in the earnings
distribution, monetary policy can essentially manipulate the marginal tax rate and alter
the distribution of lifetime income. The surprising implication is that, insofar as greater
redistribution is desirable, optimal monetary policy should contract the economy (raise
the markup) in downturns when earnings inequality is high, and stimulate the economy
(lower the markup) in upturns when earnings inequality is low.

The stark discrepancy between this policy prescription and that in HANK s rooted in
the fact that heterogeneity is driven by fundamentally different sources in the two mod-
els (ex ante versus ex post), generating different roles for monetary policy (redistribution
versus insurance). Given that both ex ante and ex post heterogeneity are present in
the data, our paper underscores the potential difficulty of achieving distributional goals



with monetary policy and the importance of accounting for the sources of heterogeneity
in earnings fluctuations before using monetary policy as a distributional tool.

Framework and Methodology. Our framework is a general equilibrium, heteroge-
neous agent economy with nominal rigidities. Households are assigned a “type” at
birth and remain that type throughout their lifetime. Types map to heterogeneous labor
productivities and initial (time-0) firm ownership.

Type-specific labor productivities are state-contingent. We allow these contingen-
cies to be fully general, thereby nesting any exogenous labor income process. We as-
sume that markets are complete: in every period, households can trade a complete set
of Arrow securities, a risk-free nominal bond, and firm equity.

A continuum of intermediate-good firms employ workers, produce differentiated
goods, and face aggregate productivity shocks. Firms are monopolistically-competitive
and set prices subject to a nominal rigidity. In particular, we assume that in each period
a fraction of firms must set their prices before observing demand.

A consolidated government sets fiscal and monetary policy under commitment. The
government raises tax revenue and issues debt in order to finance lump-sum transfers.
We follow the Ramsey approach and allow for linear taxes on consumption, labor in-
come, firm sales, and profits. Monetary policy is fully state-contingent while tax rates
are fixed and set optimally at time 0. The lack of fiscal state-contingency, a typical as-
sumption in the New Keynesian literature, can be thought of as a political constraint:
the fiscal authority cannot adjust tax rates at business cycle frequency. We furthermore
allow for state-contingent lump-sum taxes or transfers, restricted to be uniform across
households. Finally, in our baseline model we assume that firm profits are fully taxed—
this is not a crucial assumption, and we relax it in an extension.

We adopt a utilitarian welfare function with arbitrary Pareto weights and solve the
Ramsey problem using the primal approach (Atkinson and Stiglitz, 1980; Lucas and
Stokey, 1983; Chari and Kehoe, 1999). In particular, we adapt the primal approach in
Niepelt (2004), Werning (2007), and Bassetto (2014) for flexible-price economies with
heterogeneous agents and complete markets, and that in Correia et al. (2008) and An-
geletos and La’O (2020) for representative agent economies with nominal rigidities, to
our setting that features heterogeneous agents, complete markets, and nominal rigidi-
ties. Our main result characterizes fiscal and monetary policy at the Ramsey optimum.

Main Results. We find that when shocks to the labor skill distribution are
proportional—that is, when relative productivities across types are fixed—the Ramsey
optimum can be implemented under flexible prices with the available set of fiscal in-



struments. Optimal monetary policy replicates flexible-price allocations; it can do so by
targeting price stability.

When instead relative productivities vary over the business cycle, it is optimal for
monetary policy to deviate from replicating flexible-price allocations and instead tar-
get a state-contingent markup. The optimal markup co-varies positively with a suffi-
cient statistic for labor income inequality. Specifically, monetary policy should raise the
markup, i.e. lower the real wage, when labor income inequality is high, and conversely
lower the markup, i.e. raise the real wage, when income inequality is low.

To understand this result, it is helpful to think of monetary policy as mimicking a
state-contingent labor income tax. If the final good price rises above its marginal cost
(the wage), it is as if households pay an implicit labor income tax; conversely, if the
price falls below its marginal cost, it is as if households receive a subsidy. Raising or
lowering the markup is thereby similar to manipulating the marginal tax rate of a linear
income tax schedule, albeit with an accompanying loss in production efficiency due
to price dispersion. A linear income tax is moreover a redistributive tool: although
all households face the same marginal tax rate, high income households face higher
average tax rates than low income households and therefore a higher tax burden.

The optimal markup (or tax) balances distributional objectives with efficiency. In
states with high labor income inequality—states in which high-skilled households
earn comparatively more labor income than low-skilled households relative to other
states—the marginal redistributional benefit of the markup increases. Conversely, in
states with low labor income inequality—states in which the skill distribution is more
compressed—the marginal redistributional benefit of the markup falls. Homothetic
and separable preferences meanwhile ensure that the distortionary cost of the markup
remains constant across states. It follows that the optimal markup rises in high in-
equality states and falls in low inequality states; in so doing, optimal monetary policy
compresses the distribution of lifetime earnings.

Extensions. In our baseline economy, tax rates are non-state-contingent and profits
are fully taxed. We consider three extensions in which we relax these restrictions on
fiscal policy. The first extension allows tax rates to be partially state-contingent: in
particular, we assume taxes are set one period in advance. To the extent that shocks
are persistent, fiscal policy can absorb some of the state-contingent pressure placed
on monetary policy. In this case we obtain an explicit, closed-form solution for the
derivative of the optimal markup with respect to the sufficient statistic for labor income
inequality. We show that this slope is strictly positive, and we provide comparative stat-
ics for how the slope depends on model parameters.



In a second extension, we assume that profits cannot be fully taxed. With less than
full profit taxation, heterogeneity in initial firm ownership introduces an additional
channel by which monetary policy affects the distribution of permanent income. Initial
equity is a lifetime claim to firm profits. Hence, by shifting firm markups, monetary
policy affects equilibrium profits and, by extension, the distribution of financial wealth.
Despite this additional channel, our main qualitative result on the optimal conduct of
monetary policy remains intact: the optimal markup covaries positively with the same
sufficient statistic for labor income inequality.

In a third extension, we allow for tax rates to be set one period in advance and we
assume profits are not fully taxed. We find that the derivative of the optimal markup
with respect to labor income inequality remains positive. However, the extent to which
profits are taxed and the cross-sectional covariance between financial wealth and life-
time labor earnings affect the magnitude of this slope.

Quantitative Illustration. In a simple, quantitative illustration of the model, we cal-
ibrate the labor income distribution to match the “worker betas”—the percent change
in household labor income growth associated with a percent change in GDP growth—
estimated in Guvenen et al. (2017). In this way, business cycle movements in the earn-
ings distribution in the calibrated model directly reflect the unequal incidence of GDP
fluctuations documented in the data.

We find that the optimal markup is countercyclical. In our baseline calibration,
the elasticity of the optimal markup with respect to real GDP ranges from -.25 to -.39.
The countercyclicality of the optimal markup stems from two features: countercyclical
earnings inequality as documented in the data, and our main theoretical result that the
optimal markup covaries positively with earnings inequality.

The behavior of the optimal markup in our calibrated model—that it rises in re-
cessions and falls in expansions—implies a destabilizing monetary policy. Although a
destabilizing stance for monetary policy may be counterintuitive, the behavior of the
optimal markup in our calibrated model is consistent with empirical work that docu-
ments countercyclical price markups (Bils, 1987; Rotemberg and Woodford, 1999; Bils,
Klenow and Malin, 2018) and, more generally, a countercyclical labor wedge (Hall, 1997;
Chari, Kehoe and McGrattan, 2007).2

Related Literature. The contribution of this paper is to characterize optimal mone-
tary policy when the key motive is redistribution. To this end, we import fundamental

3Countercyclical markups are, however, inconsistent with Nekarda and Ramey (2020) who document
procyclical markups.



concepts and methods from public finance and adapt these to the study of optimal
monetary policy.

The theory of optimal income taxation captures the classic equity-efficiency trade-
off. The government must use a distortionary income tax to finance spending and re-
distribute income. While the typical treatment considers non-linear tax schedules (Mir-
rlees, 1971), the linear tax case (with an intercept) has received generous attention for
its tractability and its connection to the theory of optimal commodity taxation (Ramsey,
1927; Diamond and Mirrlees, 1971; Sheshinski, 1972; Atkinson and Stiglitz, 1980).

We focus on the linear tax case because, as we show in this paper, its lessons carry
over to monetary policy. With a linear labor income tax, a positive marginal tax rate im-
plies a higher tax burden on high-income households than on low-income households.
When used to finance transfers, a positive tax rate lowers inequality.

In this sense the closest antecedent to our paper is Werning (2007).* Werning (2007)
studies optimal fiscal policy in a general equilibrium, business cycle model with het-
erogeneous agents, complete markets, and a linear tax schedule, when a key motive for
distortionary taxation is redistribution. Werning (2007) shows that a primary determi-
nant of the optimal tax rate is the labor skill distribution: in response to shocks to the
skill distribution, the optimal tax rate rises with labor earnings inequality.

We apply these fundamental insights in public finance to monetary policy. In or-
der to do so, we adopt the primal approach to optimal taxation (Atkinson and Stiglitz,
1980; Chari and Kehoe, 1999) and adapt it to our setting that features nominal rigidites,
thereby building on the contributions of Correia et al. (2008), Correia et al. (2013), and
Angeletos and La’O (2020).°

Using the primal approach, we show how monetary policy resembles a linear tax
schedule. This is because monetary policy can generate state-contingent markups
which, in allocation space, translate to state-contingent labor wedges with an accompa-
nying loss in production efficiency. The “linearity” comes from the fact that all house-
holds face the same markup, i.e. the same marginal tax rate. Optimal monetary policy
targets a state-contingent pattern for the optimal markup that resembles the optimal
tax rate in Werning (2007). The surprising implication is that, to the extent that labor
earnings inequality is countercyclical, optimal monetary policy is destabilizing.

In short, although a vast public finance literature has shown how distortionary tax-
ation can be used to balance redistribution with efficiency, we believe our paper is the
first to apply these lessons to monetary policy. If the labor earnings distribution moves

“Closely related are Niepelt (2004) and Bassetto (2014). Early contributions on the Ramsey problem
with heterogeneous agents include Judd (1985) and Chari and Kehoe (1999).

5See also Davila and Schaab (2023) for a variation of the traditional primal approach: in their primal
form, prices and allocations are explicit control variables for the planner.



at business cycle frequency, and if monetary policy can respond more rapidly to short
run fluctuations than fiscal policy, then there could be room to use monetary policy as
a distributional tool.

A similar justification underlies the distributional role of optimal monetary policy
in HANK. Closest to our paper, in this respect, is Bhandari et al. (2021). Bhandari
et al. (2021) study optimal policy in a sticky price model with labor income risk and
incomplete markets. Households are subject to idiosyncratic and aggregate shocks, can
trade only nonstate-contingent nominal debt, and face a linear tax schedule. Like us,
Bhandari et al. (2021) solve a Ramsey problem in which monetary policy and transfers
can adjust to shocks while tax rates are kept constant (but chosen optimally).®

Bhandari et al. (2021) show that an insurance motive shapes the planner’s response
to shocks. A negative productivity shock decreases household income but leaves nomi-
nal debt obligations unchanged, hurting borrowers more than lenders. In response, it is
optimal for monetary policy to lower the real interest rate and, in so doing, redistribute
wealth from lenders to borrowers. In terms of aggregates, by lowering the nominal rate
more than 1-for-1 with the natural rate, the monetary authority tolerates some inflation
and prevents output from falling 1-for-1 with its flexible-price counterpart.

A similar finding is present in Acharya et al. (2023). Acharya et al. (2023) analyze a
sticky price model with labor income risk and incomplete markets; in order to obtain
analytical results, households have constant absolute risk aversion utility and idiosyn-
cratic shocks are normally distributed. Acharya et al. (2023) show that the insurance
motive of monetary policy leads to a greater emphasis on output stabilization. In their
model, this is driven by two forces. The first is facilitation of greater household self-
insurance. The second is an income-risk channel: if the level of idiosyncratic income
risk is directly tied to the level of output, and in particular if idiosyncratic risk is coun-
tercyclical, then stabilizing output leads to a reduction in consumption risk.

The distributional welfare gains of monetary policy in HANK come from its ability
to compensate for missing insurance markets. In contrast, we assume that markets are
complete. We thus remove entirely the insurance motive for monetary policy and focus
solely on the redistributive motive—this explains the discrepancy in our results.

Using large, panel data on individual earnings from the US Social Security Ad-
ministration, Guvenen et al. (2014) and Guvenen et al. (2017) find that systematic,
forecastable, between-group variation accounts for a large share of the total variation
in earnings growth over the business cycle. In fact, earnings profiles are “consistent
with countercyclical earnings inequality without needing within-group (idiosyncratic)

SFixed tax rates are a common assumption in New Keynesian models. Bhandari et al. (2021) solve a
second Ramsey planner’s problem in which the planner has more tools and can adjust tax rates. Similarly
in Section 5 we consider an extension of our model in which tax rates are partially state-contingent.



shocks that have countercyclical variances,” (Guvenen et al., 2014). While no consensus
exists on the exact share of variation in lifetime earnings accounted for by systematic
heterogeneity—as well as the “insurable” component of labor income shocks—a num-
ber of structural estimations place it well above 50 percent and some as high as 90
percent.” This evidence motivates the focus of our paper.

Layout. In Section 2 we describe the economic environment and in Section 3 we
characterize equilibrium allocations. In Section 4 we solve the Ramsey problem and
characterize optimal monetary policy. In Section 5 we study optimal policy in three
extensions of the baseline model. In Section 6 we explore quantitative implications
of a calibrated version of the model. Section 7 concludes. All proofs, except for those
explicitly provided in the text, are found in the Appendix.

2 The Environment

We study a general equilibrium model with heterogeneous agents and a form of nomi-
nal rigidity. Time is discrete, indexed by ¢t = 0,1, ..., 00. We denote the aggregate state
at time ¢ by s; € S where S is a finite set. We let s' = {s, ..., s;} € S’ denote a history of
states up to and including s;. We let u(s'|s'~!) denote the probability of history s’ con-
ditional on s'~!, and with slight abuse of notation we let ;.(s’) denote the unconditional
probability of history s'.

Households. There is a measure one continuum of households. Households have
identical preferences; in each period, a household receives flow utility U(c, h) from con-
sumption ¢ and work effort 2. We assume throughout that preferences are additively-
separable and iso-elastic:

Cl_’y h1+77

U(ce,h) = — :
(e, ) 11— 1+4n

with n>0,v>1. (1)

The parameters v and 1 denote the inverse elasticity of intertemporal substitution and
the inverse Frisch elasticity of labor supply, respectively.

Households are divided into a finite number of types i € I of relative size n*, with
> ;c; ™ = 1. Households are born a type and remain that type throughout their (infinite)
lifetime. The worker of a type-i household has “skill” level ¢(s;) in time ¢, state s;. If
the worker puts in 2/(s’) units of effort, then its labor in efficiency units is given by:

"See Keane and Wolpin (1997); Storesletten et al. (2004); Huggett et al. (2011); Heathcote et al. (2014);
Guvenen and Smith (2014).



0'(s') = 0'(s;)h'(s"). The household maximizes lifetime expected utility:

DD BulsHU(E () (s /6 (s)). (2)
t st
Household ;’s nominal budget constraint at time ¢, history s’ is given by:
(1+7)P(s)e (") + 6 () + Y Q)2 (s ") + V(s [o'(s) = o'(s" ] )
sttl|st

< (1 —7)W(sH(s") + (1 — m1)(1 + o' (s NII(s') + 2 (s's"™1) + (1 +i(s" )’ (s)
+ P(sHT(s").

where P(s') is the nominal price of the final good at time ¢ and W (s') is the nominal
wage per efficiency unit. The household faces constant consumption and labor income
tax rates, 7. and 7, and receives a real lump-sum transfer, 7'(s"), that can depend on the
history s'. The latter can be positive or negative (a tax), and is uniform across types.

The household can borrow and save via three separate instruments. The first is a
one-period, non-state-contingent nominal bond, v’(s*), which the household can buy
or sell at time ¢, history s*, and which pays (1+i(s?))b(s') units of money one period later.
The second is a complete set of state-contingent Arrow securities, indexed by s/ |s. We
let Q(s**1|s') denote the price at time ¢, history s’, of an Arrow security that pays 1 unit
of money in period ¢ + 1 if s*! is realized and 0 otherwise. We denote the corresponding
quantities purchased of this Arrow security by z'(s'™!|s!). Note that the nominal bond
is a redundant asset but it allows us to represent the one-period interest rate, i(s"). We
assume that initial wealth from bond holdings is zero: b = 0 for alli € I.

The third instrument is equity: the household can buy and sell shares of a fully diver-
sified portfolio of firms. Equity ownership is a claim to aggregate firm profits, denoted in
nominal terms by I1(s") and taxed at a constant rate of 7j; € [0, 1]. If the household enters
time ¢, history s’, with 1+ ¢*(s~!) shares, it receives dividend (1 — r)II(s") per share and
it can trade shares at ex-dividend price V' (s'). We assume that the type-: household is
endowed with 1 + ¢}, shares at time 0, with . _, n'o{ = 0.

Household’s Problem. Given initial bond holdings and initial equity shares, the
type-i household chooses a complete contingent plan for consumption, efficiency
units of labor, bond holdings, equity holdings, and Arrow security holdings:
{ct(sh), 07(s"),b'(s"), 0" (s?), (2"(s's"))st+1 }es0,stest, in order to maximize its lifetime ex-
pected utility (2) subject to its per-period budget constraint (3) for all s* € S* and no-
Ponzi conditions.

Firms. There is a unit mass continuum of intermediate-good firms, indexed by j €
J = [0,1], with identical technologies. The production function of intermediate-good
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firm j is given by the constant returns-to-scale production function: y/(s') = A(s;)n’(s'),
where A(s;) is an exogenous, aggregate productivity shock and n/(s?) is firm j’s input
of efficiency units of labor. Intermediate-good firms are monopolistically-competitive:
they produce differentiated goods and set nominal prices. The nominal profits of firm j
in history s are given by f(s*) = (1 — 7,)pl(-)y/ (s*) — W (s")n (s') where 7, is a constant
tax on firm revenue. We postpone for a moment our discussion of the nominal rigidity
and the firms’ optimization problem—that is, how the price p{(-) is set.

A representative firm produces the final good with a constant elasticity of substitu-
tion (CES) production technology over intermediate-good varieties,

o

. p=t | p1
[ wrta]™
JjeJ

with elasticity of substitution p > 1. Nominal profits are given by P(s")Y(s") —
Jics pl(-)y7(s')dj where p](-) is the price of variety j and P(s') is the price of the final
good. The final good producer is perfectly competitive and takes prices as given. Profit
maximization implies the standard CES demand function for good j:

Y (s') = [l ()/P(sH Y ("), Vs'e st (4)
At its optimum, the representative final good producer makes zero profits.

The government. The government consists of a consolidated monetary and fiscal
authority with commitment. We let:

T(s") = 7.P(s"C(s") + 7W (") L(s") + 7. P(s")Y (s") + mII(s"),
denote nominal tax revenue collected at time ¢, history s’, where C(s") = }°,_, 7'c'(s")
denotes aggregate consumption L( " = Y., ml(s") denotes aggregate labor in effi-
ciency units, and II(s f e f7(s')dj denotes aggregate profits. The government can
issue both state—contlngent and non-state-contingent debt. The government’s period-¢
nominal budget constraint is given by:

(L+i(s" ) B(s" )+ Z(s's")+P(s")T(s' )+ Y QN Z( ) HT ("), (5)

sttl|gt

Y(s") =

where B(s!) is aggregate bond issuance and Z(s'™!|s!) denotes aggregate Arrow security
issuance for each s'™!|s'. Finally, for monetary policy we assume that the monetary
authority directly controls nominal aggregate demand according to the following ad
hoc, cash-in-advance constraint: M(s') = P(s")C(s"). We therefore avoid well-known
issues of indeterminacy. Monetary policy is state-contingent: the monetary authority
can freely choose M(s') > 0 in every history.

Market Clearing Market clearing in the goods and labor markets imply: C(s*) =
Y(s') and L(s f <, " (s")dj. Market clearing in the financial markets imply: B(s") =
S m(sh), Z( t+1|s )= A (s s!) forall s"|s, and Y, w0t (s") = 0.
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The Nominal Rigidity. Ateach date ¢, Nature draws the state s; € S according to prob-
ability distribution p. The aggregate state determines period ¢ total factor productivity
and the relative skills for each type i € I. Formally, we define functions A : S — R,
and 0" : S — R, forall: € I, as exogenous mappings from the state space to aggregate
productivity and type-specific labor productivities.

Intermediate good firms are price-setters. We equate the nominal rigidity in our
model with an informational friction, following e.g. Mankiw and Reis (2002) and Wood-
ford (2003). For tractability we assume a particular specification employed by Correia,
Nicolini and Teles (2008): all firms set prices in every period, but only a subset of firms
are attentive to the realized, current state.

Formally, we assume that in every period amass « € [0, 1) of randomly-selected firms
are inattentive, or “sticky.” All other firms, of mass 1 — &, are attentive, or “flexible.” We
let 7° C J denote the set of “sticky-price” firms and J ! < J denote the set of “flexible-
price” firms, with 7/ = (7).

Sticky-price firms at time ¢ are inattentive to the current state, s;, and hence set their
price based solely on their knowledge of the history of past states, s'~!. We denote the
price they set by p;(s'~1). The subscript ¢ indicates that this is the price set at time t by
the sticky-price firm, even though the price function itself is measurable in s'~.

Flexible-price firms at time ¢ are attentive to the current state, s;, as well as the history
of past states, s'~!. It follows that these firms can set their price based on knowledge of
the entire history, s'. We denote the price they set by p/ (s*). The subscript ¢ similarly
indicates that this is the nominal price set at time ¢ by the flexible-price firm. However,
unlike the sticky-price function, the flexible-price function is measurable in s'.

Implicit in these measurability constraints is the following within-period timing as-
sumption. Nature draws the aggregate state s, € S at the beginning of the period and
randomly selects which firms are sticky, j € J°, and which firms are flexible, j € J f,
Intermediate good firms make their nominal pricing decisions given their information
sets: s~tif sticky, s! if flexible. Once nominal prices are set, the aggregate state becomes
common knowledge. Given intermediate good prices, the representative final good firm
purchases inputs and produces the final good, and households make their consump-
tion, savings, and effort choices. All allocations adjust so that supply equals demand
and markets clear.

Given this description of the nominal rigidity, we state the problems of the two types
of firms as follows. At time ¢, a flexible-price firm j € 7/ solves:

t jogoot W(St) Gt
pl1s) € angmae { (1= m ()~ ()
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subject to (4). At time ¢, a sticky-price firm j € J° solves:

bt € agmax Y Q) {1 = mp () - )
Pi gi|stat (st)
subject to (4).

A flexible-price firm sets its nominal price so as to maximize firm profits, and it does
so state-by-state. On the other hand, a sticky-price firm sets its nominal price so as to
maximize its expectation, conditional on s'~!, of the investors’ valuation of firm profits.

The firm is owned by its investors. For this reason it weighs profits across states not
only by their conditional probabilities, x(s|s*~!), but also by the stochastic discount
factor of the marginal investor. Given that markets are complete, it does not matter
which household’s stochastic discount factor we use—in equilibrium, marginal rates
of substitution are equated across all households. By no arbitrage we can equivalently
value firm profits using the Arrow prices Q(s’|s'~!). While this may appear obvious, later
on in our analysis we verify that the equilibrium Arrow prices indeed reflect the true
conditional probabilites and the appropriate pricing kernel.

Finally, note that all firms—sticky and flexible—solve a static problem. This is be-
cause every firm is free to adjust its price in every period; it follows that no firm need
take into account future periods or states when setting its current price.

2.1 Equilibrium Definition

We denote an allocation in this economy by:

v = {(c(s). 0(s")ier, (v (s), 77 (s")jeg, O ("), Y (s), L(s") bizo.stest
Formally, we say that an allocation z is feasible if it satisfies the economy’s technology
and resource constraints.
Definition 1. An allocation z is feasible if 1y (s') = A(s;)n’(s') forall j € J;

P

S wici(sh) = O(s!) = Y(s') = [ / yj(st)pﬂldjrl; and 6)
iel jeg
Zﬁigi(st) = L(s") = / n? (s')dj (7)
il ieJ

for all s* € S°.

Let X denote the set of feasible allocations. We are interested in the subset of fea-
sible allocations that can be supported in equilibrium in this economy. We define an
equilibrium as follows.
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Definition 2. An equilibrium is an allocation z, a price system

{07 ()05 (715 P(s"), W ("), V() (Q(s"H8))serpo hezo st

a policy
{ch Tey Ty, TII, {T(St)a M(St>7 i(st)}tz(),stest}7

and a set of financial market positions

{{bi(st), O'i(St), (Zi(8t+1|St))st+1|st}i€1; B(St), (Z(StJrl|St))sz+1|8t}t207stest,

such that: (i) in every ¢, s': p{(s'~!) solves the sticky-price firm’s problem, for all ; € J%;
the price p{ (s') solves the flexible-price firm’s problem, for all j € 7 f+ (ii) the aggregate
price level is given by:

P(s') = [rpi(s™)' 70 + (L= mpl(s) | ®)
(iii) for all ¢, s*: prices and allocations satisfy (4) for all ; € 7; (iv) given the price system
and the policy, {c'(s"), £*(s"),b"(s"), 0" (s"), (z*(s""]s"))st+1 }is0.5test Solves the household’s
problem of type i, for every ¢ € I; (v) for all ¢, s": the government budget constraint is

satisfied and M (s') = P(s")C(s"); and (vi) markets clear.

Remarks on the model. Heterogeneity with market completeness. Household types
are fixed, however household labor productivity can vary over states in a general and
flexible manner characterized by the arbitrary functions 6 : S — R, . This formulation
nests all exogenous labor income processes, including those that feature a high degree
of heterogeneity in the covariance of individual labor earnings with aggregate shocks. In
the proceeding analysis we show that the completeness of markets implies that house-
holds fully insure themselves against idiosyncratic income risk: equilibrium household
consumption varies only with aggregate consumption. Heterogeneity in consumption
is therefore determined entirely “ex ante” rather than “ex post.”

Lump-sum taxes and transfers. In the standard, single-agent Ramsey framework,
only distorting taxes are available. Lump-sum taxes—or any combination of taxes that
may replicate them—are a priori ruled out; otherwise, the first best would be attainable.
When instead households are heterogeneous, Werning (2007) shows how one can in-
corporate a lump-sum tax without sacrificing earlier lessons from the Ramsey literature
on optimal taxation.

We follow Werning (2007) and allow for a uniform lump-sum tax or transfer. Unifor-
mity of this tax across types ensures that the first best is unattainable. One can think
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of the uniformity restriction as an informational constraint: the fiscal authority cannot
distinguish among household types.

Lack of fiscal state-contingency. The nature of optimal monetary policy depends on
the set of available fiscal instruments. We assume distortionary, linear taxation as in
Ramsey. In particular, we allow for taxes on consumption, labor income, firm sales, and
firm profits; we therefore do not artificially restrict what can be taxed.

However, in our baseline model we assume tax rates are fixed at time 0 (but can be
chosen optimally). State-contingency of monetary policy but nonstate-contingency of
tax rates is the typical assumption made in New Keynesian models; it is motivated by the
notion that monetary policy can respond more rapidly to short-run fluctuations than
fiscal policy, perhaps due to political constraints. In any case, we relax this assumption
in Section 5: we solve a planner’s problem in which tax rates can adjust to past states.

Throughout we assume full state-contingency the lump-sum tax or transfer. It turns
out that this state-contingency is without loss of generality—markets are complete, the
government can issue state-contingent debt, and the infinitely-lived households have
rational expectations. It follows that households are Ricardian as in Barro (1974).

3 Equilibrium Characterization

Consider first the individual household’s problem. Markets are complete and taxes
are linear; this implies that all households face the same after-tax prices. As a result,
marginal rates of substitution are equated across households. The Negishi (1960) char-
acterization of competitive equilibria follows.

)

Lemma 1. (Negishi, 1960; Werning, 2007). For any equilibrium there exist “Negishi
weights ¢ = (¢');e; with ¢ > 0 such that in every history s' € S, the individual as-
signments of consumption and labor solve the following static sub-problem:

U™C(s"), L(sY), s, @) = max U (sY), 0 (sY) /0 (s 9
(C(s), L(s"), 50, 0) <Ci<st),mst>>ie,§@ (¢'(s"), £i(s") /6 (1))
st C(sh) =) _ad(s"), and L(s") =) a'l'(s"). (10)
il i€l
Proof. See Appendix A.2. O

In any equilibrium there is an efficient assignment of individual consumption and
labor (c(s), ¢'(s'));er given aggregates (C'(s'), L(s')) and market weights ¢. The econ-
omy thus behaves as if there exists a representative household with utility function
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U™(C, L;¢).® Relative prices satisfy the representative household’s intratemporal and
intertemporal conditions:

L UR(s) _[1=m] W(s) (1)
Ug(st) |1+7.| P(st)’
lg(st) B(1+4( SHZIW p(st)st) (st“) , (12)

for all s* € S*, where we let UZ(s") = oU™(-)/0C(s") and U}"(s*) = oU™(-)/0L(s") denote
the representative household’s marginal utilities with respect to aggregate consumption
and labor. Condition (11) indicates that the marginal rate of substitution between ag-
gregate consumption and aggregate labor is equal to the after-tax real wage; condition
(12) is the Euler equation corresponding to the one-period nominal bond. Furthermore,
the set of Arrow prices and the ex-dividend share price satisfy, respectively:

BUZ (s™) _P(s')

t+1) ¢t — t+1) .t t+1) t. 1
Q(S ‘S ) Um( t) P(St+1)u(s |8 )7 Vs ‘S ) ( 3)
= > Q™ sH[(1 = (s + V(s (14)
St+1‘$t
From the envelope condition of the static sub-problem, UZ(s") = ¢'Ul(s') and

Umn(st) = ¢'Ui(s'), where we let U(s') = 9U(-)/dc'(s') and Uj(s') = 9U(-)/ot'(s") de-
note household i’s marginal utilities with respect to individual consumption and labor.
Therefore equations (11)-(14) hold with U in place of U™. This verifies our earlier claim
that the Arrow prices appropriately reflect the investors’ conditional probabilities and
stochastic discount factor.

With general preferences, the unique solution to the static sub-problem in (9) im-
plies that individual household consumption and labor can be written as functions of
aggregates (C(s'), L(s')), the Negishi weights ¢, and the distribution (6'(s;));c; alone.
With the separable and iso-elastic preferences assumed in (2), the solution can be writ-
ten in closed form:

c(s') =we(p)C(s')  and (") = wilp, se)L(s"), (15)
_ NV A iy=1/ngi o
where wi(¢) = (“”Z - and wj(ps) = (') 6" (s1) . (16)
2oer ™) e THPR) 0k (sy)

Individual consumption and labor are thereby proportional to their aggregates.
Household i’s shares of aggregate consumption and aggregate labor are given by
wi(p) and Wi (¢, s;), respectively. Its consumption share is fixed and depends only on the

8We follow the notation in Werning (2007) and let the superscript m stand for “market.”
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Negishi weights, ¢, and the coefficient of relative risk aversion. Markets are complete—
as a result, households insure all idiosyncratic risk and face only aggregate risk in con-
sumption. In contrast, its share of labor is a function of the Negishi weights, ¢, the
Frisch elasticity of labor supply, as well as the entire distribution of worker productiv-
ities (0°(s;))ic;. The household’s share of labor supply is thereby state-contingent—it
depends on the household’s relative labor productivity—but it is allocated efficiently.

At the household’s optimum, its lifetime budget constraint holds with equality. Using
equations (11)-(14) to substitute out after-tax prices, we obtain the following conditions
corresponding to the time-0 budget constraint for each typei € I:

DN Bl [UB (s"wi(9)C(s') + Up' (s )wi (0, 1) L(s")] (17)

= VB )T el 5 AU

t t
where T = T Z Z BUZLCSO (=) [T(st) +(1— Tﬂ)git; . (18)
see Appendix A.3 for its derlvatlon. The conditions in (17) indicate that for any house-
hold, its lifetime expenditure on consumption is equal to its lifetime wealth.

With multiple household types, there is a set of implementability conditions: one
corresponding to the budget constraint for each type i € I. The combination of linear
taxes and uniform lump-sum transfers give the planner some ability to redistribute.
The quantity T on the right hand side of equation (17) represents, in part, the time-
0 value of lifetime transfers. Redistribution, however, is limited. The planner cannot
achieve any desired distribution across households: transfers are non-targeted, hence
T is uniform across types: € I. It follows that the conditions in (17) are joint restrictions
on equilibrium allocations.

Furthermore, it is clear from (17) and (18) that the assumed state-contingency of
the lump-sum transfer is without loss of generality. As in Barro (1974), changes in the
timing of lump-sum taxes or transfers are irrelevant for the decisions of the individual
households; what matters is the value of T'. Ricardian equivalence holds.

The implementability conditions in (17) resemble the implementability conditions
in Niepelt (2004) and Werning (2007).° A key characteristic, however, that distinguishes
our conditions from the previous literature is the presence of profits. In our economy,
monopolistic competition among intermediate-good firms results in equilibrium prof-
its. Real profits, TI(s")/P(s"), enter the household’s budget constraints as dividend pay-
outs. We subsume the “common” component of these dividend payouts into 7.

9See also Bassetto (2014).
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However, there is an “uncommon” component due to heterogeneity in initial en-
dowments of equity. The final term on the right-hand side of equation (17) represents
the household’s heterogeneous exposure, ¢}, to the time-0 value of lifetime after-tax real
profits. Complete markets imply that it is irrelevant whether the household holds on to
its initial shares from time-0 onward, or trades them away—it is only the initial claim
on firm profits that matters for its lifetime budget constraint. This final term disappears
when there is either no heterogeneity in initial equity (¢}, = 0 for all: € I) or when profits
are fully taxed (r; = 1).

Firm optimality. Turning now to the firms, the unique solution to the flexible-price
firm’s problem is given by:

pl(sh) = {(1 —7) (p; 1)}_1 Z/((;t))’ Vst € S", (19)

Firm optimality equates marginal cost with after-tax marginal revenue. The firm’s opti-
mal price, therefore, is a constant markup over its nominal marginal cost W (s*)/A(s;).
The unique solution to the sticky-price firm’s problem is similarly given by:

e = (- 7) (Ll)} BT EI 20

p st|st—1

21)

b t—1y — p(s'|sHUE () C(s') P(s')" !
where Q(S ’8 ) - Zst\st*1 ,u(St|St_1)U6n(St)O(St)P(st)p—l'

denote risk-adjusted conditional probabilities, conditional on s'~!. By construction,

these satisfy > . q(s'|s*™1) = 1. Equation (20) states that the firm’s optimal price
is equal to a markup over its risk-weighted, conditional expectation of its nominal
marginal cost, W (s")/A(s,).

Comparing (19) and (20), we infer that: pi(s"™!) = > . q(st|s™Y)pf (s"). That is,
the optimal price of the sticky-price firm is equal to its risk-adjusted expectation of the
optimal price of the flexible-price firm.

3.1 Equilibrium Allocations

The following proposition characterizes the set of allocations that can be implemented
as part of an equilibrium in this economy. In any equilibrium, all sticky-price firms set
their prices according to (20) and all flexible-price firms set their prices according to
(19). It follows that all sticky-price firms produce the same level of output, hire the same
amount of labor, and earn the same level of profits; we henceforth denote these objects
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by y*(s), n*(s'), and 7*(s"), respectively. By the same logic, we denote the output, labor,
and profits of the flexible-price firms by y/(s!), n/(s'), and 7/ (s), respectively.

Proposition 1. A feasible allocation x € X can be implemented in equilibrium if and
only if there exist a vector ¢ = ('), and scalarsT € R, x € Ry, 9 € Rxy, such that the
following three sets of conditions are jointly satisfied: (i) for all s* € S, y’(s') = y/(s!) for
allj € J7, andy’(s') = y*(s') forall j € J°; (ii) for all s* € S?,

It —1/p m( ot

Y (st) UZ(st) xA(st) N

and forall s*=! € S*71,

s (gt -1/p m( gt
L W

St|5t—1

and (iii) foralli € I:

DD Bl [UB (8w (@)C(s) + UL (8w, (. 50) L(s")] (24)

= U )T+ o4 30 3 ) [ P VRO + U (L)

Proof. See Appendix A.4. O

Proposition 1 characterizes the set of allocations that can be supported as part of an
equilibrium. Aside from resource and technology constraints, any equilibrium alloca-
tion satisfies three additional sets of constraints.

Part (i) indicates that in any equilibrium, there is no output dispersion within the
set of sticky-price firms nor within the set of flexible-price firms. This follows from the
optimal pricing decisions of both sets of firms and the demand functions. However,
there can be differences in production across the two sets of firms.

Part (ii) states that in any equilibrium, condition (22) must hold in every history. This
condition follows from combining the optimality condition of the flexible-price firms
with the fictitious representative household’s intratemporal condition (11). The result-
ing condition simply states that the marginal cost to the flexible-price firm of producing
an extra unit of output is equated with its marginal revenue.

Condition (23) similarly follows from combining the optimality condition for the
sticky-price firms with the fictitious representative household’s intratemporal optimal-
ity condition. This condition states that the marginal cost of producing an extra unit of
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output of the sticky-price firm is equated with its marginal revenue “on average.” It is
essentially the same as condition (22) corresponding to flexible-price firm optimality,
the only difference being that in (23), the marginal cost and marginal revenue of the
sticky-price firm are equated in risk-weighted expectation, conditional on s'~!.

Finally, part (iii) ensures that all budget constraints are satisfied in equilibrium.
These conditions—one per household type—correspond to the lifetime budget con-
straints in (17), but with real profits, I1(s")/P(s'), expressed in terms of the allocation.
The government’s budget constraint holds by Walras’s law.

3.2 The power of monetary and fiscal policy

The primary channel by which monetary and fiscal policy influence equilibrium allo-
cations is through the labor wedge. To see this explicitly, we rewrite our equilibrium
conditions as follows. First, the optimal price of the sticky-price firm in (20) can be

expressed as: »
s = el |- ()] 5D 25

where ¢(s) is defined by:

) = S a1 W)/ As))

W(s")/A(s)
Formally, ¢(s") is defined as the firm’s optimal forecast error of W (s*)/A(s,), conditional
on information set s'~!. Therefore, ¢(s') acts as a stochastic wedge between the firm’s
price and its ex-post optimal price, i.e. the markup over nominal marginal cost. Be-
cause the sticky-price firm has incomplete information, it cannot perfectly forecast its
nominal marginal cost, and as a result, a state-contingent wedge emerges that can be
interpreted as the firm’s “pricing mistake.”

Aggregating over the sticky- and flexible-price firms’ prices according to (8) and
combining the aggregate price level with the representative household’s intratemporal
optimality condition in (11), we obtain the following equilibrium condition:

m( ot 1 _ _ _
_—ggngzti = x [re(s")!' P+ (1 —kK)] 7 A(sy), where x = (p p 1) (1 1TZJ>r(17¢ ).
(27)

This condition indicates that the marginal rate of substitution between labor and con-
sumption, —U*(s") /U2 (s"), is equated with the marginal rate of transformation, A(s,),
modulo a labor wedge. The labor wedge is the product of two components.

The first is a fiscal component, denoted by x. This wedge is the product of multi-
ple terms: the consumption, sales, and labor income taxes, and the intermediate-good
markup. It follows that y is a lever of fiscal policy that is both time- and state-invariant.

(26)
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The second component of the labor wedge, given by [ke(s!)! ™7 + (1 — m)]_ﬁ, con-
tains the state-contingent “pricing errors,” ¢(s'), made by the fraction x of inattentive
firms. The nominal rigidity thereby gives rise to a state-contingent component of the
labor wedge; this component represents the lever of monetary policy. By shifting ¢(s'),
monetary policy can shift allocations in ways fiscal policy cannot.

The power of monetary policy, however, is limited in two ways, corresponding to
parts (i) and (ii) of Proposition 1. First, ¢(s') introduces a wedge between the prices of
the sticky- and flexible-price firms: p$(s'~!) = ¢(s")p{(s*). This in turn drives a wedge
between the sticky-price and flexible-price firms’ output, implying a loss in production
efficiency. Second, by construction, the forecast errors ¢(s') must “average out” to 1.
This is the interpretation of the implementability condition in (23): monetary policy
cannot surprise firms “on average.” This constraint on equilibrium allocations follows
directly from the optimal price-setting behavior of sticky-price firms; it is therefore a
natural consequence of rational expectations.

Untaxed profits. The final term in equation (24) corresponds to household-:’s hetero-
geneous exposure, o}, to the lifetime value of after-tax real profits. The weakly-positive
scalar v, given by 9 = (1 — 1) /(1 — 7,), parameterizes an additional lever of fiscal policy
aside from y.

The profit tax itself does not distort households’ intratemporal or intertemporal
decisions; taxing profits and distributing them uniformly thereby constitutes a non-
distortionary channel of redistribution available to the government. For this reason it
will never be optimal to set this tax within its interior. If, for example, equity shares
covary positively with lifetime labor earnings and there is a desire to redistribute from
households with high lifetime earnings to those with low lifetime earnings, it will be
optimal to fully tax profits: ; = 1. If, however, the government is unable to fully tax
profits, then monetary and fiscal policy would affect the distribution of dividend income
through changes in real profits. In order to let this channel play a role, we make the
following ad-hoc assumption about the government’s ability to tax profits.

Assumption 1. Let 9 > 0. The tax rates 7; and 7, are such that J = .

If profits are fully taxed, then ¢ = 0. In this case, heterogeneity in firm ownership
plays no role. If instead ¥ > 0, then the government cannot fully tax profits or drive 7, to
negative infinity. In this case, heterogeneity in firm ownership affords a second channel
by which monetary and fiscal policy affect the equilibrium distribution of income.

For the remainder of our analysis, we index economies by ¥ > 0. For a given ¢, we let
X¢(¥) C X denote the set of equilibrium allocations in economy-v: all allocations that
satisfy Proposition 1 with ¢ = ¥.
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4 The Ramsey Problem and Optimal Monetary Policy

The goal of this paper is to solve the Ramsey problem and study its implications for
optimal policy. We assume a utilitarian social welfare function given by:
U= N3 ) Huls 0(s1)/0(s1)) (28)
icl
where A\ = (\");c; denotes an arbltrary set of Pareto weights, with \* > 0 foralli € 1. We
state the Ramsey problem as follows.

Definition 3. Given ¢ > 0, a Ramsey optimum is an allocation x that maximizes (28)
subject to z € X¢(9).

There are two sources of heterogeneity in our model: labor income heterogeneity
and heterogeneity in initial firm ownership. For the remainder of this section we isolate
the former and abstract from the latter. Specifically, we solve the Ramsey problem in a
baseline economy in which profits are fully taxed: ¥ = 0. Full profit taxation renders
heterogeneity in firm ownership irrelevant. In Section 5, we relax this assumption and
consider the case in which ¥ > 0.

With ¢ = 0, the implementability conditions in (24) reduce to:

DD Buls) [UE (8w (@)C(sh) + UL (swi (o, se) L(sH)] = U ()T, Viel.  (29)

Following the standard procedure, we write the Ramsey problem in Lagrangian form.
Let 7'~ denote the Lagrange multiplier on the implementability condition (29) for type
i € I, and let v = (v'),c; denote the set of multipliers. The Ramsey planner chooses
an allocation = = {y*(s),y/(s"), C(s'), Y (s'), L(s') }+>0.ste5t, market weights o = (¢°),
constants T € R and y € R, in order to maximize

DD Bl HW(C(s'), L(s"), sip, v, M) = U (so)T Y 7'/, (30)
t st el
subject to resource constraints,
ty s( )5t A 7 n Y8 _ y! (s")
V(s') = [my'(s) 7 + (1= r)y ()7 | L) = w5+ =Ry, 6D

C(s') < Y(s'), and conditions (22) and (23), where the function W incorporates the
implementability conditions in (29) into the planner’s maximand as follows:

W(C(s), L(s"), 843 0,1, \) ZW’)\Z (Wi () C(s"), wh (¢, 50) L(s") /0" (s,)) (32)

el

+ Y mV [UE(swe(9)O(s') + Up (s wi (g, s0) L(s")]

In Appendix A.5 we characterize the Ramsey optimum. We are primarily interested in
what Ramsey optimality implies for optimal monetary policy, which we turn to next.
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4.1 Optimal Monetary Policy

The following theorem provides a characterization of optimal monetary and fiscal pol-
icy. In particular, we express monetary policy in terms of the aggregate markup, M s'),
defined as the aggregate price level divided by nominal marginal cost:
P(s")
t e —

M(s') = (s /A (33)
Note that if we shut down aggregate productivity shocks, i.e. A(s") = 1 for all s*, then the
markup is equal to the inverse of the real wage, W (s')/P(s").

Theorem 1. Let ) = 0 and let z* be a Ramsey optimum in this economy. Let x* be the
fiscal wedge at z*, let M > 0 be an arbitrary positive constant, and letT : S — R, be a
positively-valued function defined by:

s ) (G ()
S s () (0 (5))

There exists a threshold, T(s'~) > 0, such that x* can be implemented with tax rates that
satisfy:

)

Z(s¢) >0, where # =qx' {—. + (1 + n)} . (34
gpl

3

_ 1—
1-n)' L =M, and T
p—1 1+ 7.

and a monetary policy that targets a state-contingent markup M*(s') that satisfies:

(M)t =" (35)

M*(s') > M ifandonlyif I(s))>7T

M*(s")y =M ifandonlyif I(s;)=ZI(s"!);
M*(s') < M ifandonlyif Z(s)) <Z

Proof. See Appendix A.6. O

The function Z(s;) can be interpreted as a sufficient statistic for the level of labor
income inequality in state s;. Recall that \’ are the Pareto weights, ¢’ are the Negishi
weights, and +* are the multipliers on the implementability conditions in (29). Notably
all are scalars—they do not depend on the realized state or history. As a result, Z(s;)
is history-independent and in particular depends only on the current realization of the
labor skill distribution, (67(s;)):cz-

As we show in an example below, the weights \' /¢ + /(1 + ) are increasing in hu-
man wealth: types with high lifetime labor earnings have larger weights at the Ramsey
optimum than types with low lifetime labor earnings.'” As the labor productivities ¢ (s;)

19While high-types have high market weights, ¢?, at the Ramsey optimum, their multipliers v* are also
high and dominate the overall direction of this term.
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of the high-type households increase relative to those of lower-types, the numerator of
Z(s;) grows relative to its denominator. As a result, Z(s;) is higher in states in which
high lifetime labor earnings households are relatively more productive than the low
lifetime labor earnings households. Furthermore, the extent to which Z(s;) responds
to relative movements in the labor skill distribution depends on the Frisch elasticity of
labor supply, 1/7.

Theorem 1 characterizes fiscal and monetary policy at the Ramsey optimum. Clearly
there is no unique fiscal implementation of the optimal fiscal wedge \*, and any imple-
mentation of x* results in the same behavior for optimal monetary policy. We thus index
implementations by M, the aggregate markup under flexible-prices. Note that targeting
a constant markup is equivalent to targeting price stability, i.e. zero inflation.

We find that optimal monetary policy targets a state-contingent markup: this
markup depends on the level of labor income inequality, as proxied for by Z(s;). There
exists a critical threshold Z(s'~!) such that when labor income inequality is strictly
greater than this threshold, the optimal markup is greater than M. When labor income
inequality is below this threshold, the optimal markup is lower than M. When Z(s,) is
exactly equal to the threshold, the optimal markup is equal to M. We discuss equilib-
rium interest rates and prices shortly.

Proportional Shocks to the Labor Skill Distribution. To build intuition, we consider
a special case in which the skill distribution exhibits proportional shocks.

Corollary 1. If there exist positive scalars (9*,9%,...9') € R. and a positively-valued
function © : S — R, such that the skill distribution satisfies:

Qi(st) = ﬁi@(st), Vst € S, (36)
then M*(s') = M foralls' € S*.

As a corollary to Theorem 1, Corollary 1 provides sufficient conditions under which it
is optimal for monetary policy to target a constant markup. These conditions are: sep-
arable and homothetic preferences and proportional shocks to the labor productivity
distribution. When these conditions are met, the function Z(s;) reduces to a constant:
I(s;) = I, for all s; € S. The optimal level of redistribution can be achieved with a
constant fiscal wedge and a monetary policy that replicates flexible prices.

Disproportional Shocks to the Labor Skill Distribution. Moving away from this spe-
cial case, we illustrate the effect of disproportional shocks on optimal policy with a sim-
ple numerical example. In this example there are two household types—a high-type and
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Figure 1. The optimal markup, log M*(s'), as a function of 07 (s,) /0 (s;) (left panel). Z(s;) as a
function of 6 (s;) /6% (s;) (right panel).

alow-type—indexed by i € {H, L}, of equal sizes (77 = 7% = 1/2). We consider a labor
skill distribution in which the high-type is always more productive than the low-type,
but we let the ratio 6 (s;) /6L (s;) fluctuate across 6 possible states. We assume states are
uniformly distributed and i.i.d.: u(s'|s) = 1/6 for all s,s" € S, and that A(s;) = 1 in all
states. Finally, we set 5 = .98, 7 = 1,y = 2, k = .25, p = 2, and 7,. such that M = 1.

We numerically solve for the Ramsey optimum with equal Pareto weights: \? =
A = 1. The left panel of Figure 1 plots the optimal markup for different values of
6% (s;) /0% (s;). As this ratio increases, i.e. as the high-type becomes more productive
relative to the low-type, the optimal markup increases. To check that this is in line with
the predictions of our theory, in the right panel of Figure 1 we plot Z(s;) as a function of

01 (1) /0" (s0)."

Intuition. Recall that monetary and fiscal policy together act as a labor wedge or a tax
on labor income. In fact, we can rewrite Theorem 1 in terms of the labor wedge that
supports the Ramsey optimum in equilibrium. Specifically, if we define the optimal
implicit “monetary tax,” 7;,(s"), as the state-contingent component of the labor wedge
at the Ramsey optimum as follows:

_UF(St)_ *(1 — 7% (gl Y(St)
Ug}(st =X (1 M( )>L(St)7 (37)

~—

then the optimal implicit tax satisfies:

i (st) >0 ifand onlyif Z(s,) > Z(s"™1),
TM(S )=0 ifandonlyif Z(s;)=Z(s"!),
7i(s') <0 ifand onlyif Z(s;) < Z(s'1).

n this example, the weight \? /¢® + v%(1 + n) of the high-type is greater than that of the low-type.
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The markup is equivalent to the implicit monetary tax, 7;;(s"). If the final good price
rises above its marginal cost, it is as if households pay an implicit income tax; con-
versely, if the price falls below its marginal cost, it is as if households receive a subsidy.
Therefore, by raising or lowering the markup, monetary policy essentially manipulates
the marginal tax rate of a linear income tax, albeit with an accompanying loss in pro-
duction efficiency due to price dispersion. Theorem 1 indicates that when Z(s;) rises
above the critical threshold, the optimal monetary tax is positive; when Z(s;) falls below
the threshold, the optimal monetary tax is negative; and when Z(s;) is exactly equal to
the threshold, the optimal monetary tax is zero.

To understand this pattern, consider the distributional nature of a linear labor in-
come tax. Given a linear income tax that finances lump-sum transfers, all households
face the same marginal tax rate, but high-skilled, high-earning households face higher
average tax rates than low-skilled, low-earning households. A positive tax rate therefore
reduces inequality. It follows that if the planner desires a more equal distribution of
lifetime earnings across households than under laissez-faire (zero taxes and replication
of flexible prices), then the optimal implicit tax rate is, on average, positive.

In the case of proportional shocks to the labor income distribution, the optimal im-
plicit tax rate can be implemented with fiscal policy alone (Corollary 1). This is because
the optimal tax rate in any state is the rate at which the marginal cost of distorting the
intratemporal margin is equated with its marginal distributional benefit. When prefer-
ences are separable and homothetic, the marginal cost of distorting the intratemporal
margin is constant across states.’> Meanwhile, when shocks to the labor skill distri-
bution are proportional, the marginal distributional benefit of this distortion is also
invariant across states. In this case, the ratio of labor productivity across any two types,
1,7 € I, is constant: ' 4

0'(s 9
jSsi; =55 Vs, € S.
With no movement in the relative skill distribution, there are no states in which labor
income taxation is more beneficial than others. It follows that a constant fiscal wedge
equal to x* is sufficient to support the Ramsey optimum, and state-contingent mone-
tary policy is unnecessary. Optimal monetary policy replicates flexible prices.

On the other hand, when labor productivities vary disproportionately across states,
the marginal benefit of labor income taxation also varies—rendering state-contingent
monetary policy useful. In our simple numerical example, high-type households are

12Under such preferences, perfect “tax smoothing” arises in Lucas and Stokey (1983), partially affirm-
ing arguments made in Barro (1979). One can understand this as an application of the classic uniform
commodity taxation result: under homothetic and separable preferences, it is optimal to tax goods at a
uniform rate (Atkinson and Stiglitz, 1980; Chari and Kehoe, 1999).
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always more productive than low-type households and hence have higher lifetime earn-
ings. However, there are states in which the productivity of the high-type is especially
high relative to that of the low-type, and states in which the productivities of the two
types are more compressed. In the former case, the marginal distributional benefit of
the tax rate increases: high-types always face a higher tax burden than low-types but
more so in these states. Conversely, in the latter case, the marginal distributional benefit
of the tax rate falls. It follows that the optimal implicit tax rises in the “high inequality”
states and falls in the “low inequality” states.

Optimal monetary policy mimics this state-contingent pattern: it targets a high
markup in high inequality states and a low markup in low inequality states. Another
way to understand this is through movements in the real wage: optimal monetary policy
lowers the real wage in high inequality states and raises the real wage in low inequality
states. By distorting the economy in this state-contingent manner, optimal monetary
policy compresses the lifetime labor earnings distribution across households.

Note that monetary policy cannot perfectly replicate a true labor income tax: aban-
doning replication of flexible prices results in price dispersion and, hence, misalloca-
tion. Nevertheless, starting from the flexible-price benchmark where production effi-
ciency is maximized, any loss in production efficiency due to monetary policy is, to a
first-order, zero. It follows that if there is any incentive for monetary policy to move
away from replicating flexible prices—here, when relative productivities fluctuate—the
Ramsey planner finds it optimal to do so.

One concern with optimal monetary policy may be that it depends critically on the
assumption that profits are fully taxed. We show in the following section, Section 5, that
this is not the case: the qualitative behavior of the optimal markup is robust to less than
full profit taxation and heterogeneity in firm ownership.

4.2 Nominal Implementation: Price Levels and Interest Rates

We next use Theorem 1 to characterize equilibrium price levels and nominal interest
rates consistent with the Ramsey optimum. As is standard in the New Keynesian lit-
erature, nominal implementation of a specific allocation is not unique. We therefore
choose to focus on a particular implementation in which the sticky-price firms opti-
mally set their prices equal to the aggregate price level in the previous period—this
is consistent with one-period Calvo as in, e.g., Correia, Nicolini and Teles (2008). In
Appendix C we provide a more general characterization of nominal implementation.
Specifically, let the optimal price of the sticky-price firms at time ¢ be equal to the
aggregate price level in the previous period: p;(s'™') = P(s'"!) > 0. Equivalently, the
common belief of the aggregate price level at time ¢, based only on past events s}, is
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the previous period’s price level.

Given this belief, the economy replicates the flexible price outcome in period ¢, his-
tory s¢, if P(s') = P(s'™!). This is the case in which both flexible-price firms and sticky-
price firms set their price equal to P(s'~'). We call this price level stabilization. Let i(s")
denote the nominal interest rate consistent with the flexible-price outcome; one can
think of i(s") as the “natural” rate of interest.

Proposition 2. Let = 0. A Ramsey optimum z* can be implemented with tax rates that
satisfy (35), and a state-contingent markup described in Theorem 1. An aggregate price
level, P(s'), and nominal interest rate, i(s'), consistent with these policies satisfy:

(s"H);
(s");
(st71).

Proof. See Appendix C for a more general version of this proposition and its proof. [

P(s') < P(s"™1) and i(s') >i(s") ifandonlyif Z(s;) >
P(s') = P(s™™Y) and i(s') =i(s") ifandonlyif Z(s;) =
P(st) > P(st™Y) and i(st) <i(s') ifandonlyif I(s;) <

NN

The behavior of the aggregate price level in Proposition 2 is consistent with the opti-
mal markup in Theorem 1. To understand this, consider first the flexible price outcome.
In order to replicate flexible prices in any particular history s/, monetary policy must
target price stability: P(s') = P(s'"!). In this case the wage moves one-for-one with
aggregate productivity, the flexible-price firms find it optimal to set their prices equal to
P(s'1), and the markup satisfies M(s') = M. Replicating the flexible price outcome is
optimal when Z(s;) = Z(s'™1).

Consider next the case in which Z(s;) rises above the threshold and it is optimal for
the markup to increase. In order to generate an increase in the markup, the nominal
wage must fall unexpectedly relative to aggregate productivity. In this case, the prices
of the flexible-price firms fall in line with the realized nominal wage, while those of the
sticky-price firms remain “stuck” at the past price level. As a result, the aggregate price
level falls, but less so than the nominal wage, so that the markup increases.

Conversely, when Z(s;) falls below the threshold, it is optimal for the markup to fall.
In order to generate a fall in the markup, the nominal wage must rise unexpectedly
relative to aggregate productivity. In this case, the aggregate price level also rises, but
less so than wages, so that the markup falls.

The nominal interest rate must be consistent with these price movements and the
allocation. In particular, the equilibrium nominal interest rate satisfies the bond Euler
equation in (12). A rise in the markup is consistent with a tightening of the nominal
interest rate relative to the natural rate: this contracts the economy so that the opti-
mal level of output is lower than its flexible-price counterpart. Conversely, a fall in the
markup is consistent with a loosening of the nominal interest rate relative to the natural
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rate: this expands the economy so that the optimal level of output is higher than under
flexible prices. By contracting the economy when labor income inequality is high and
expanding the economy when labor income inequality is low, optimal monetary policy
compresses the lifetime labor earnings distribution at the expense of some efficiency.

Remarks on Multiplicity and Robustness. We have presented a particular implemen-
tation in which the common belief of the aggregate price at time ¢, based on s~ is the
previous period’s price level. This is a natural implementation, however it is not unique.
In Appendix C we characterize the set of all possible nominal implementations of which
Proposition 2 is a particular case. All implementations, however, feature the same gen-
eral behavior of the price level and nominal interest rate described in Proposition 2. In
this sense, relative movements in prices and interest rates are robust across nominal
implementations.

The behavior of nominal variables at the Ramsey optimum, however, would depend
on the relative stickiness of prices versus wages. In our model, prices are “sticky” in
the sense that price-setting firms face informational constraints, while nominal wages
are fully flexible. If instead wages were sticky and prices were flexible, an increase in the
aggregate markup would require an unexpected increase in the aggregate price level. An
increase in the price level with a less than commensurate increase in the nominal wage
is equivalent to a lower real wage, or, a higher markup. Conversely a fall in the markup
would require an unexpected fall in the price level.

For this reason, in terms of understanding the optimal conduct of monetary policy,
we wish to put less emphasis on the nominal implementation in Proposition 2 and more
emphasis on the behavior of the optimal markup in Theorem 1. In particular, what is
robust to the relative stickiness of prices versus wages is the labor wedge that supports
the Ramsey optimum. This is one advantage of using the primal approach.

5 Extensions

Thus far in our analysis we have made two stark assumptions on fiscal policy. One is that
tax rates are nonstate-contingent, and the other is that profits are fully taxed, 7y = 1. In
this section we relax both assumptions: first individually, then jointly.

5.1 Partially State-Contingent Taxes

We first relax our restriction on the nonstate-contingency of fiscal tools. We allow tax
rates to be partially state-contingent: they can be set one period in advance. Specifically,
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we let 7., 74, and 7, at time ¢ be contingent on s'~'. We maintain our assumption that
profits are fully taxed: m; = 1.

With tax rates that can adjust to past states, the fiscal authority has the flexibility to
respond to shocks with a one-period lag. To the extent that shocks are persistent, fiscal
policy can absorb some of the state-contingent pressure placed on monetary policy. In
this case we obtain a sharper characterization of the behavior of the optimal markup
near the flexible price benchmark.

Theorem 2. Let tax rates be set one period in advance. There exists a threshold Z(s™') >
0 such that, to a first-order approximation around Z(s;) = Z(s'"'), the optimal state-
contingent markup M*(s') satisfies:

log M*(s') —log M = 6o[Z(s:)/Z(s" 1) — 1] (38)
where |
= € (0,1). 39
* = T e < O )
Proof. See Appendix E.2. O

When we allow tax rates to be set one-period in advance, our main result on the
optimal conduct of monetary policy remains intact and we obtain a sharper character-
ization of the optimal markup near its flexible price benchmark level. In particular, we
show that to a first-order at Z(s;) = Z(s'~!), the optimal markup is strictly increasing in
T(s;)/Z(s71), with a slope of &, € (0, 1).

The slope ¢, characterizes the extent to which the optimal markup responds to an
increase in Z(s;): a larger value for ¢, indicates a more aggressive response of monetary
policy, whereas a lower value indicates a less aggressive response. An explicit, closed-
form expression for this derivative is given in (39). We find that J, is strictly positive,
strictly less than 1, and a function of the primitives p, v, n, and k.

First, note that d, is decreasing in p, the elasticity of substitution across goods. Devia-
tions of monetary policy away from the flexible-price allocation results in intermediate
good price dispersion. In response, the final good firm substitutes away from high-
priced intermediates towards low-priced intermediates. The greater the substitutability
across goods, the greater the misallocation and corresponding loss in production ef-
ficiency. It follows that when p is high, monetary policy responds less aggressively to
movements in Z(s;).

Second, ¢, is increasing in x/(1—«), the mass of sticky-price firms relative to the mass
of flexible-price firms. Consider the limit in which x — 1. In this case ¢, approaches
one. When nearly all firms in the economy are sticky, movements in monetary policy
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away from flexible-rice allocations result in near zero losses in production efficiency;
monetary policy therefore approximates a labor income tax. In this limit, monetary
policy perfectly mimics a state-contingent tax rate which responds one-for-one with
changes in Z(s;). In the opposite limit in which x — 0, , approaches zero. That is, when
nearly all firms in the economy are flexible, monetary policy has no power.

5.2 Constrained Profit Taxation

We next relax the assumption that profits are fully taxed. In what follows we constrain
profit taxation to be only partial, so that ¢ > 0. We maintain our assumption that all tax
rates are constant.

Recall that X¢(¢) C X denotes the set of equilibrium allocations in economy-v.
This set is characterized in Proposition 1. We now consider the Ramsey problem for
economy-¢ with ¢ > 0. A Ramsey optimum for this economy is characterized in Ap-
pendix D; its implications for optimal monetary policy are as follows.

Theorem 3. Let? > 0. There exists a threshold Zy(s'~') > 0, such that the optimal state-
contingent markup M*(s') satisfies:

M*(s') > M ifand only if I(s;) > Ty(s");

M*(s') = M ifand onlyif I(s,) = Zy(s"");
M*(s') < M ifandonly if Z(s,) < Zy(s'™1).

Proof. See Appendix E.3. O

When profits are only partially taxed and initial equity shares are heterogeneous, the
behavior of the optimal markup resembles that in the baseline economy with full profit
taxation. In particular, it remains optimal for the markup to rise in states with high
income inequality and to fall in states in which the productivity distribution is more
compressed.

Initially this result may seem surprising. When monetary policy abandons the flex-
ible price benchmark and unexpectedly increases or decreases the aggregate markup,
firm profits are altered. Although monetary policy can only raise the markup in one
state if it lowers it in another, on average these movements in profits may not fully cancel
each other out. Therefore, abandoning flexible-price allocations generally implies some
amount of redistribution of lifetime financial wealth.

However, this redistribution of financial wealth occurs at time 0: it is a change in
households’ lifetime budget sets. In this sense, while it may affect the average distribu-
tional benefit of fiscal policy, it does not affect the optimal timing of state-contingent
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monetary policy.’®* The marginal benefit of manipulating the markup varies across

states in the same manner as when profits are fully taxed. By lowering the real wage
when labor income inequality is high and raising the real wage when labor income
inequality is low, state-contingent monetary policy optimally compresses the lifetime
labor earnings distribution in the desired direction.

5.3 Constrained Profit Taxation and Partially State-Contingent Taxes

We now jointly relax both restrictions on fiscal policy. We assume ¢ > 0 and we allow tax
rates to be set one period in advance. Specifically, we let 7. and 7. at time ¢ be contingent
on s'~1. Optimal monetary policy in this economy can be characterized as follows.

Theorem 4. Let 9 > 0 and tax rates be set one period in advance. There exists a thresh-
old Ty(s*=') > 0 such that, to a first-order approximation around Z(s,) = Ly(s*™'), the
optimal state-contingent markup M*(s') satisfies:

1
Ho(s"1) + 500 = DI Xies Tvich

log M*(s") — log M = &, [Z(s;) — Ty(s"™1)], (40)

C1N s t—1—1 Zaer B
where Hy(s'™') = x* (s ) L S > 0.

Proof. See Appendix E.4. O

When both restrictions on fiscal policy are relaxed, our main result on the optimal
conduct of monetary policy remains intact. We again obtain a sharp characterization of
the optimal markup near its flexible price benchmark level: in particular, to a first-order
around Z(s;) = Zy(st™1), the optimal markup is strictly increasing in Z(s,).

We can compare this behavior to the economy with full profit taxation, ¥ = 0, but
with tax rates set one period in advance, as presented in Theorem 2. In this economy,

1

IOg M*(St) — lOgM ~ (Som

[Z(se) = Zo(s" )], (41)
where Hy(s'™') > 0 takes the same form as H(s'~') but evaluated at the Ramsey opti-
mum for economy-0. Equation (41) directly corresponds to equation (38), noting that
To(s71) = Ho(s' 7).

We make the following heuristic argument comparing the slope in (40) to that in
(41). The terms Hy(s'~!) and H(s'~1), although they take the same functional form, are
difficult to compute and compare. We therefore focus on the other term determining

BFiscal policy, x, can be adjusted until its marginal distortionary cost is in line with its marginal redis-
tributional benefit.
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Figure 2. The optimal markup as a function of 8 (s;) /6 (s;) for different initial distributions of
equity (left panel) and for different levels of the profit tax (right panel).

the difference in slopes: 0 Y, _; 7'v'o}. This key term is the product of two components:
¥, which parameterizes the extent to which profits are left untaxed, and }_,_, 7'v'0{, the
cross-sectional covariance between o}, the initial equity shares, and v, the multipliers
on the implementability conditions in (24).

Recall that households with higher lifetime labor earnings have higher values of .
A positive value for ), ; n'v'c{ thereby indicates a positive cross-sectional covariance
between initial equity and lifetime labor earnings: high human wealth households own
greater shares of the firm.

When ¢ )", n'v'of is strictly positive—when profits are not fully taxed and when
initial equity and lifetime labor earnings are positively correlated—this term contributes
to a “lower” slope in economy-4 than in economy-0. This is consistent with the intuition
that when profits are not fully taxed and high human wealth households own greater
shares of the firm, an increase in the markup in high-inequality states reduces overall
labor income inequality but could increase profits in those states. As a result, optimal
monetary policy responds less aggressively to movements in Z(s;). While this is only a
heuristic argument, we show that it holds in the following numerical example.

Numerical Illustration. To illustrate this result, we return to our simple example of
two household types, a high-type and a low-type, of equal sizes described in Section 4.
We again let the the ratio 07 (s;)/0%(s;) fluctuate across 6 possible states and we fix all
parameter values as in our previous example. In this exercise we vary the distribution of
initial equity and the profit tax itself.

In the left panel of Figure 2 we plot the optimal markup as a function of 6% (s;) /6% (s;)
for three economies: one with equal initial firm ownership, one in which the low-type
owns 25% and the high-type owns 75%, and one in which the low-type owns zero shares
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and the high-type owns 100% of the firm. We keep the profit tax constant, set at 7y =
10%. Our baseline (¢ = 0) is nested by the economy with equal firm ownership. We find
that in all three economies, the optimal markup is increasing in the ratio 6 (s;) /6% (s;).
As the distribution of initial shares becomes more unequal, the slope of the optimal
markup with respect to the ratio of productivities falls but remains positive.

In the right panel we plot the optimal markup as a function of 6% (s;) /6% (s,) for three
economies: one with 71 = 100% as in our baseline, another with ; = 60%, and a third
with 77 = 10%. We keep constant the initial distribution of equity: the low-type owns
20% of the firm and the high type owns 80%. We find that in all three economies the
optimal markup is increasing in the ratio 0 (s;) /0% (s;). As the profit tax falls, the slope
falls but remains positive.

6 Quantitative Illustration

We next consider a simple, calibrated version of the model and compute the model-
implied elasticity of the optimal markup with respect to aggregate output.

We use estimates of “worker betas”—the percent change in the growth rate of labor
income associated with a percent change in GDP growth—from Guvenen et al. (2017)
to construct the functions ¢° : S — R,.'* We assume 5 household types: the first four
types capture the bottom 90 percent of the labor income distribution, while the last
type captures the top decile. We partition the type space in this way to capture the non-
monoticity of worker betas over the income distribution observed in the data. Worker-
betas are monotonically falling in earnings levels throughout most of the income distri-
bution then rise again at the very top of the distribution. Our type partition is able to
capture this U-shape of household earnings exposure.

We use the U.S. Department of the Treasury estimates of the labor income distri-
bution in 2019 to construct the long-run labor productivity distribution. We interpret
a period in our model as a year and use annual data on real GDP from the Bureau of
Economic Analysis from 1948 to 2023. We detrend the data and, using annual growth
rates, we calculate unconditional probabilities for 4 distinct economic states: a severe
recession (growth lower than 4.5 percent below trend), a mild recession (growth be-
tween 4.5 and 1.9 percent below trend), normal times (between 1.9 percent below trend
and 1.7 percent above trend), and high growth (greater than 1.7 percent above trend).
Equating the average labor income growth rate with the average growth rate of GDP, we
use the worker betas to translate the percent change in GDP growth in each state into

“Guvenen et al. (2017) use a large, panel data set on individual earnings from the US Social Security
Administration in which the same individuals can be tracked over time.
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Table 1. Model-implied optimal markups and elasticities

k= .25 k= .06
State dlogY p dlog M Elasticity dlog M Elasticity
severe recession -5.23 .09 1.32 -.25 22 -.04
mild recession -3.30 .09 1.30 -39 .20 -.06
normal times 0 .49 0 — 0 —
high growth 3.21 .33 -.8 -.25 -.15 -.05

Notes. This table reports model-implied optimal markups and elasticities when price
change frequencies are calibrated to match Nakamura and Steinsson (2008) (x = .25) and
Bils and Klenow (2004) (s = .06), respectively.

percent changes in labor income growth for each household. We then translate these
changes in labor income into changes in labor productivity.

We set § = .98. We use an elasticity of intertemporal substitution of .5 (y = 2),
following Hall (2009). We set the Frisch elasticity of labor supply to 2 (n = .5), in line with
“macro” elasticities (Hall, 2009). The elasticity of substitution across goods, p, is set to
6, a value used commonly throughout the New Keynesian literature (McKay, Nakamura
and Steinsson, 2016). For aggregate productivity, we use the annual series on total factor
productivity (TFP) growth from Fernald (2014) to calculate average TFP growth in the
years corresponding to each state.

We calibrate the share of sticky-price firms, «, by converting estimates of the monthly
frequency of price changes from Nakamura and Steinsson (2008) and Bils and Klenow
(2004) into annual probabilities of a price remaining unchanged. Nakamura and Steins-
son (2008) report that roughly 11 percent of prices change per month; the correspond-
ing number from Bils and Klenow (2004) is 21 percent. Assuming that price changes are
i.i.d. across months, these estimates imply « =.25 and x = .06, respectively.

With these parameter values, we solve numerically for the Ramsey optimum with
equal Pareto weights: \; = 1 for alli € /. In terms of fiscal policy, we assume profits are
fully taxed and follow the implementation in (35) with M =1.

Results. The first two columns of Table 1 report percent deviations of real GDP from
trend and unconditional probabilities for each state. Model-implied optimal markups
expressed in percent deviations from normal times, and their elasticities with respect to
real GDP, are reported for the two specifications of .

We find that in either specification, the optimal markup is counter-cyclical. In our
preferred specification of x = .25, the optimal markup grows by 1.32 percent in severe
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recessions and falls by .8 percent in periods of high growth. These numbers imply a
range for the elasticity of the optimal markup with respect to real GDP of -.25 to —.39.
In the specification with more flexible prices (x = .06), the optimal markup grows by
.22 percent in severe recessions and falls by .15 percent in high growth periods; implied
elasticities range from —.04 to —.06.

The countercyclicality of the optimal markup is the natural consequence of two fea-
tures: countercyclical earnings inequality (in the data) and optimal monetary policy as
prescribed by the model. As noted above, estimates of worker betas feature a striking
pattern: earnings exposure to GDP growth is monotonically falling in income through-
out the majority of the distribution. As output falls in a recession, the labor income
of low-skilled workers declines disproportionately, resulting in an increase in earnings
inequality. Countercyclical earnings inequality, coupled with the positive covariance
between earnings inequality and the optimal markup, together imply countercyclical
optimal markups.

The behavior of the optimal markup in our model is thereby consistent with work
that documents countercyclical price markups and, more generally, a countercyclical
labor wedge. It is firmly established that the labor wedge, defined as the ratio of the
marginal product of labor to the marginal rate of substitution between consumption
and leisure, is countercyclical (Hall, 1997; Chari, Kehoe and McGrattan, 2007). While
the labor wedge can arise from both product and labor market distortions, a number
of studies find evidence of countercyclical price markups: Bils (1987); Rotemberg and
Woodford (1999); Bils, Klenow and Malin (2018). Given the countercyclicality of earn-
ings inequality in the data, optimal monetary policy in our model is broadly consistent
with these findings.

In terms of magnitudes, Bils, Klenow and Malin (2018) show that, depending on
the wage measure used, the price markup elasticity with respect to real GDP can range
from -.32 to -2.17. When using the frequency of price changes estimated by Nakamura
and Steinsson (2008), the elasticities for the optimal markup implied by our model are
consistent with the lower end (in absolute value) of this range.

To conclude, given the countercyclicality of earnings inequality present in the data,
according to our calibrated model monetary policy should raise the nominal inter-
est rate above the natural rate and contract the economy in recessions, and it should
lower the nominal interest rate below the natural rate and stimulate the economy in
expansions. This implies a monetary policy stance that is output destabilizing: GDP at
the Ramsey optimum fluctuates more than one-for-one with its productively-efficient,
flexible-price level. Yet by distorting the economy in this state-contingent pattern—
by raising the real wage when earnings inequality is low, and lowering the real wage
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when earnings inequality is high—optimal monetary policy compresses the lifetime
labor earnings distribution and achieves greater redistribution.

7 Conclusion

The variation in lifetime earnings accounted for by ex ante heterogeneity is often esti-
mated to be above 50 percent and sometimes as high as 90 percent (Keane and Wolpin,
1997; Storesletten et al., 2004; Huggett et al., 2011).!> Moreover, systematic exposure to
short run fluctuations is unequal: Guvenen et al. (2014) and Guvenen et al. (2017) find
that forecastable, between-group variation accounts for a large share of the total varia-
tion in earnings growth over the business cycle. Finally, a number of studies find sub-
stantial evidence of consumption smoothing in response to income shocks (Cochrane,
1991; Schulhofer-Wohl, 2011), and that a considerable fraction of individual income risk
is insurable (Guvenen and Smith, 2014; Heathcote et al., 2014).

Motivated by these findings, in this paper we study optimal monetary policy in an
economy with heterogeneous agents in which the key distributional motive for mon-
etary policy is redistribution rather than insurance. We find that when household la-
bor productivities fluctuate disproportionately over the business cycle, it is optimal for
monetary policy to target a markup that co-varies positively with a sufficient statistic for
labor income inequality. When we calibrate our model to reflect the unequal incidence
of GDP fluctuations across households in the data, we find that countercyclical earn-
ings inequality implies countercyclical optimal markups. In our baseline calibration,
the elasticity of the optimal markup with respect to real GDP ranges from -.25 to —.39.
This pattern is consistent with work that documents countercyclical price markups and,
more broadly, a countercyclical labor wedge.

Our model shows that, insofar as earnings inequality is systematic and countercycli-
cal, optimal monetary policy is output destabilizing. This policy prescription is at odds
with optimal monetary policy in HANK, where missing insurance markets leads mone-
tary policy to partially stabilize output in response to TFP shocks. Because both ex ante
and ex post heterogeneity are present in the data, our paper highlights the potential
difficulty of achieving distributional aims with monetary policy and the importance of
accounting for the underlying sources of heterogeneity in earnings fluctuations before
using monetary policy as a distributional tool.

I5Keane and Wolpin (1997) find that between-type variation accounts for 90 percent of the total vari-
ance in lifetime utility. Storesletten, Telmer and Yaron (2004) conclude that roughly half of the variance of
lifetime earnings is attributable to initial heterogeneity, while Huggett, Ventura and Yaron (2011) instead
estimate that fraction at 62 percent.
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A Proofs for the Baseline Model

A.1 Household optimality

In this section of the appendix, we derive the optimality conditions for household i. We
let Bt (s')A%(s!) denote the Lagrange multiplier on household i’s budget set at time ¢,
history s’. The first-order conditions for household i with respect to consumption and
labor are given by, respectively:

(s )U(s") = pu(s")A'(s") (1 + 7.) P(s")
s V) N () (1 = )W (51
where U!(s') = 0U(-)/oc'(s') and U}(s') = dU(-)/0h'(s') denote the marginal utilities of

the household of type ¢ with respect to individual consumption and work effort. Com-
bining (42) and (43), we obtain the household’s intratemporal condition:

; (42)

0
(s 0, (43)

1L Ui(s") _ (L =m)W(s)

—— . = 44
G0 U~ (T ) P(s) -
The first-order condition with respect to nominal bonds ’(s') is given by:
—B (N () + Y u(sTAN (ST (L 4 i(s") = 0, (45)
St+1 |St
The first-order condition with respect to Arrow security z*(s'™!) is given by:
=B (s A (s)Q(s" ") + B p(sA (s = 0. (46)
The first-order condition with respect to equity shares o*(s') is given by:
—5tu(st) ( —|— 5t+1 Z gttt Az t+1)[(1 . TH)H(SH-I) + V(St—i-l)] -0 (47)
St+1 |St
The household’s transversality conditions are given by: lim, ., Y. u(s")A*(s)b'(s') = 0,
limy o0 Y (8N (sH)V (sH)o'(s') = 0, and limy e Y0 (8" A () Qs s) 2 (') = 0.

A.2 ProofofLemmal

Markets are complete. The single, lifetime budget constraint of the household of type i
can be represented as:

5320 () = (1= ) | = i) [T+ 0+ )1~
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where §(s') represents the Arrow-Debreu price of one unit of consumption in period ¢,
history s‘, normalized so that ¢(so) = 1, W(s")/P(s") is the real wage, and II(s")/P(s")
are real profits. Let 1/¢' denote the Lagrange multiplier on this budget constraint. The
household’s first-order conditions w.r.t. ¢’(s') and ¢'(s') are given by:

. j(st , , i(st) W (st

17T t—l C](S) — 2‘ 1/t 1— Q(S) =0.

PO = U g =0 e U U e Py

These conditions hold for all ¢, s* and for all types i € I and imply that in equilibrium:
PUL(s) = QUUS),  Vijel (48)
Z.— ; == — I 49
(,0 Ql(st) Ué(‘s ) @ Qﬂ(st) Ué (S )7 VZ,] € ) ( )

1 Ui(s") 1 Ul(sh

- ASGPANE— ) el (50)
0 (se) Ui(s") 09 (s¢) UZ(st) J

for all ¢, s'. These conditions and the resource constraints in (10) pin down the equilib-

rium allocation.

Consider now the static subproblem. Take any ¢, s* and let p-(s*) and p;(s') be the
Lagrange multipliers on the constraints in (10). The first-order conditions w.r.t. ¢'(s?)
and ¢'(s') are given by:

. N
PUN) = po(s) =0 and 'S Us) +pu(s) =0
t

These conditions imply (48)-(50). Again, these conditions, along with the resource con-
straints in (10), pin down the allocation. It follows that the solution to the sub-problem
coincides with the equilibrium allocation. The envelope conditions for the static sub-
problem are given by: UZ(s') = ¢'U!(s") and U}"(s") = @imU}(st), forall i € I. Next,
with the separable and iso-elastic preferences assumed, conditions (48) and (49) can be
written as:

N S 1 e%ﬁr 1 {wwq"

()T = ()T and ' — [ =) — . )

p'c(s) 7 = @ d(s) YT leen | T e [

for all Vi, € I. Combining these conditions with the resource constraints in (10), we
obtain the linear expressions in (15) for individual consumption and labor with shares
given by (16). Finally, note that conditions (44)-(47) imply conditions (11)-(14).

A.3 Derivation of Budget Implementability Conditions

We take the household’s budget constraint for type i € I, multiply both sides by A?(s?),
and use the household’s FOCs in (42) and (43) to substitute out consumption and labor
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prices. Doing so, we obtain:

Ul(sh)c'(s") +

e ) =N = M) 52 Qe

+ A(sH (1 +i(sH)bB (s = AN(sH)b(s') + AN(sY) P(s)T (s
— N(s"YV(s")(o'(s") = o'(s'™)) + A'(s") (1 — m)TI(s") o' (s"7)

where we let T'(s!) = T(s") + (1 — 1) P(S ). Multiplying both sides by 3/(s'), summing
over ¢t and s, and using the household’s FOCs (45)-(47) to cancel terms, we obtain:

Zzﬂt { Ue(s)e' (s t>+0i(18t>U§(st)€i(st) =Us(s0)T (51)

+ 0o (s0)[(1 — 7m)I1((s0) + V' (s0)]

where T = Um Z e Bus e e ))T( "). Note that for this latter term we have used

the envelope condltlon Uz(st) = ¢'Ul(s").
Next, we use the household FOC (47) to write the equity share price as follows:

=5 3 e A )+ st

sttt

Iterating this forward and evaluating at time 0,

SR IT

t=1 st

t

~—

(1 — ) II(sY).

\_/

Substituting this price per share at time 0 into 51, using the household FOC U!(s') =
Ai(s')(1+ 7.)P(s') as well as the solution to the static sub-problem described in Lemma
1 and its envelope conditions, we obtain the following implementability conditions:

YD Bl [UB (8w (@)C(s") + UL (8w, (. 50) L(s")]

. Hst
= Ul (s0) T+001+ 225 PEst;’

where

BtUm BUE(S") [y . I1(s")
1+T ZZ Um (so0) {T(S)—I—(l_TH)P(st)

forall i € I, aswas to be shown.
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A.4 Proof of Proposition 1

Necessity. All flexible-price firms set the same nominal price; similarly all sticky-price
firms set the same nominal price. Combining this observation with the demand func-
tions,

(] "
P(st)

y!(s")

Y () = and

y*(s) _ [pi(sH)]"
o~ e >
we infer that all flexible-price firms produce the same level of output and all sticky-price
firms produce the same level of output, denoted by 3/ (s*) and y*(s!), respectively.

The flexible price firm sets its price according to (19). Rearranging, dividing through
by P(s'), and using the demand functions in (52), yields:

v ()] PN W)
— (1 —=7) = 0.
Y(s") p P(s')A(s:)
Combining the above condition with the household’s intratemporal optimality condi-
tion (11), we obtain the equilibrium necessary condition

f -1/p m
{y (St)} Uy (St) 1 —0; (53)
Y(s') Uc(s') xA(se)
with y defined by
_(p-1\(1A-m)(A-7)
= ( P ) L+ ‘ 64

The first-order condition for the sticky-price firm’s problem is given by:

3= cwewen (i) {00 (5] i)

st|st—1

(55)
Substituting in the equilibrium Arrow prices (13), and solving for p$(s'~!) yields:
-1
s(ot—1\ _ . p—1 W(s') 41
s = [ (955 2 S

as stated in the main text. Next, using the CES demand function (52) and the equilib-
rium Arrow prices, the sticky price firm’s FOC in (55) can be written as:

g o 28] oo (53] i) -

$t|8t71
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Combining the above condition with the household’s intratemporal optimality condi-
tion (11), we obtain the equilibrium necessary condition

s(gt -1/p m( gt
2 V&) { {?EJ/ESJ] " nggst; XAl(St) } S >

St|st—1

with y defined in (54).

What remains to be shown is necessity of the budget implementability conditions in
(24). First, we derive an expression for real profits, II(s")/P(s'), in terms of allocations
alone. We can write aggregate profits in the following way:

II(s') = (1 — &) (s') + KIT%(sY),
where 11/ (s') denotes profits of the flexible-price firms and I1°(s*) denotes profits of the
sticky price firms in history s’. Profits of these firms are given by:

W (st
A(st)
Combining these expressions with the demand functions,
G} I € BN 1 CO ) I Vi C)
Y(s') P(s') Y(s') P(s)

we find that real profits of these firms are given by:

() = (1wl ) = 35 | /() and 1) = faa = mpits = )

(58)

W) | [ W ]
e 5] - P O
() [ e W) ]
P | Yol |

Together, these imply that aggregate real profits can be written as:

I1(s")

K [ys(St)] o + (1 — k) [yf(St)] 1—1/1 Y(St)—w [(1 — K) v(s) + K

P~ R Ve Y(s)) P(s)

Finally, the resource constraints in (31) imply that real profits are given by:

06D v W
Pl = (1= V() = B D)

Next, we replace the real wage W (s')/P(s') in the above expression using the repre-
sentative household’s intratemporal condition, (11). This gives us the following expres-
sion for real profits:
1+ 7. U (s")
1—r71 ? ng (St)

=(1-7)C(s") + L(s") (59)
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Multiplying both sides of this by U (s*)/1 + 7., we get:

Uz (s') I(s") UZ(s") 4
1C+ 7. P(st) (1=7) 1C—i- T, Cls)+ 1—7

Substituting this expression for real profits into (17), we obtain the following condition:

SO57 B uls") [UB (@) C(s') + Up (s (o, s L(s")]

oD Al ) | =g ew + up (L)

Using the definition of y, these conditions can be written as:

S0 Bs!) [UB (i) C(s") + TP (s (p, 50 L")
— U(so)T + iy X [

Finally, we define ¥ = 1 T“ and obtain the condition in (24).

Sufficiency. Take any fea31ble allocation » € X, vector ¢ = (), and scalars T € R
and yx € R, that satisfy conditions (i)-(iii) of Proposition 1. We show that there exists a
price system R, a policy P, and a set of financial market positions .4, that support x as a
sticky-price equilibrium; we construct these as follows.

First, we construct nominal prices as follows. Let B;(s""!) > 0 denote the common
belief of the aggregate price level at time ¢ based on history s~; aside from being strictly
positive, B,(s'~!) > 0 is a free parameter in our model. We set p;(s'™') = B,(s'"!). Next,
we can decompose the sticky- and flexible-price firm output each into two components:

PLUBGCE) + U L)

y(s) =¢°(sHe(s")  and  y/(s") = ¢/ (s)D(s"). (60)

where we set ¢*(s'~!) = B,(s'~!) 7. Therefore, p;(s'~!) = ¢*(s'~1)~'/?. The output decom-
position in (60) implies ®(s') = y*(s')/B;(s""!)7 and ¢/ (s') = y/(s')/®(s'). Finally, we
set the price of the flexible-price firm as follows: p/ (s!) = ngf ( ©y=1/r, These prices, along

with the production function Y'(s') = [ fje 7Y (s ) ’ dj} ~, imply that the aggregate

price level is given by:
Y(St) =1/p
ty
P(s") = [@(St)] . (61)
These prices furthermore ensure that the CES demand curves in (52) are satisfied. We
set the money supply such that M (s') = P(s")Y (s").
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Next, we set the tax rates (7, 7, 7.) such that they jointly satisfy (54). For any strictly
positive x and p > 1, such tax rates exist. Combining this with conditions (53) and (57),
we obtain the following two conditions:

g e () e

Stlst—l

(63)
Given tax rates (7, 7, 7-), we set the nominal wage as follows:
Upr(st) (1+T,
W(s') = —7= ) P(s' 64
() =~ (T P 64

and therefore satisfy the household’s intratemporal condition in (11). Substituting the
above expression for the real wage into (62) and (63), combining these with the CES
demand functions in (52), and rearranging gives us the following two conditions:

e~ pe [0 ()] g =0

> utst e () {p1§<> e [0 (5] _1 A<18t>}

St|8t71

These conditions imply that both the flexible-price and the sticky-price firm’s optimality
conditions, (19) and (56), are satisfied. Finally, we set the Arrow prices, the nominal
interest rate, and the ex-dividend share price so that they satisfy equilibrium conditions
(12)-(14) for all st € S*.

What remains to be shown is that we can construct financial asset holdings such that
the household’s budget constraints are satisfied at this allocation in every history. Given
T, we first construct a sequence {7'(s')};>0.scs¢ that satisfies the following condition:

I — 1 tNTTM YT ot
7= Gt 2 2 MU EOT) (65)
Given such a sequence {T(s!)}, we set transfers such that T'(s) = T(s') — (1 —

m)I(s?)/P(s*) for all s* € S*. Next, we take the household’s budget constraint for type
i € I for all periods and states following and including period r, history s"; we mul-
tiply these budget constraints by 3" u(s![s")A’(s') and sum over all periods and states
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following and including period r, history s". Doing so, we get:

Zzﬁt r t|8 Az ) (1+TC)P< ) —|—bz Z Q t+1|3 t+1‘8)—|—0'( t)V(St)

— 5t|57‘ st+1|st
_ Z 3" BT u(s|sTA (s [(1 - )W (s (s) + P(s')T(s")]
t=r st|sr

£ 30 ST BN {1 D) + 2 ) + o) (1= )T + V()]

t=r St|ST
Using the household’s FOCs (45)-(47) the above equation reduces to:
Z > BT (s s A(sY) [(1+ ) P(sh)e (s7) — (1= 7o) W (s") (") — P(s")T(s")]
t=r St‘sr

where a'(s") is defined as:

a'(s") = (1 4a(s" )b (s" ) + 25(s"[s" 1) + o' (s"H) [(1 — 7o) TI(s™) + V(5] (66)

Therefore a’(s”) represents the total nominal financial assets (cash-on-hand) that
household i carries into period r, history s". Next, using conditions (42) and (43), we
obtain the following expression for the total real financial assets that household i carries
into period r, history s":

ai(ST)_ Ui(s") t—r Ui it 1 i( b pif ot Ui(s") =/
) ()5S St [pe ) + s — P i

t=r+1 st (1+7)

This can equivalently be written as follows:

at(s” Ug? s" . T . o t o t
P((St)) - ( 1 —I—(Tc)> t;1§6 |S (5 )wC<SO>C<S ) + UL (5 )WL(SO,St>L(S )]
S Ip gﬂ>

t=r+1 st C

Finally, the government’s budget constraint holds by Walras’s law.

A.5 The Ramsey Optimum

Ramsey Planning Problem. The Ramsey planner chooses an allocation = =

{ys(sh), yf ('), C(s"), Y (s'), L(s") }i>0,stest, market weights ¢ = (¢7), constants 7' € R and
x € Ry, in order to maximize (30), subject to resource constraints: (31), C'(s') < Y(s'),
(22) and (23).
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We allow for the inequality constraint: C(s*) < Y'(s); that is, the planner has free
disposal of the final good. We let 8'u(s')(1 — k)&(s') and Biu(st~1)kv(s~!) denote the
Lagrange multipliers on the implementability conditions (22) and (23), respectively.

Proposition 3. A Ramsey optimum z* satisfies, for all s' € S*,

_ st f(st
Wi (') + (UF () + U () L(s) [ (s 1) 5o + (1= m)&(s) 5bsis|
1-

)
Wels!) + X(U(s) + U (CI6) ot [168]

N
+ (1= K)E(sh) [y;((sst))]l 1/p

(67)

Proof. We write the planner’s Lagrangian as follows:

c=ZZBtu(st)W(C(st),L(St)aSt;%%A)
+ZZBt {[ py(s1) 7 +(1—f'f)yf(8t)%]pf1 —Y(St)}
L b (o I{ys(st) _I{?/f(st)_ i
+;§Bu( )s"( ){ A<St)+(1 )A(st) I >}
+ ) ) BN (sh) {Y(s) — C(sN)}
s(gt —-1/p
FEE et ) 3 e ) e [FE] e g
st|st—1
t t t my .t yf(st) e myty L
+ZZB )(1 = K)E(s )yf(S){XUc<S)(Y(st)> +UL(S)m}

along with Karush-Kuhn-Tucker conditions:

V(s = C(s") >0, <Y >0, and “(sH[Y(s") —C(s")] =0, Vs €S

The FOCs with respect to y*(s*) and 3/ (s') satisfy, respectively:

0 =rs¥ () [y ()7 + (1 - )y’ ()7 ] TR ngL(st)ig)) (68)
sy () {xsz(s% [ } ,
0=(1- )5 (") [ () + (1 =m0 ()T (69
# (= 5+ (= el () {xvmsf) L g }



Adding (68) to (69) and rearranging gives us the following condition:

G () + U (") sty (R0 1)y () + (1 = R)E(s )y ()] Y ()

Y (st)+ x (1 — %) Uz (st) [f-w(st_l) [?{;((j:))] e + (1 — K)E(st) [?5((5))

Next, the FOC with respect to C(s?) is given by:

(s [ 2] - e e el

Cs") = Wols') + XU ()Y (+) Y 0

(71)
The FOC with respect to Y (s") is given by:

Yigt) = t Lomg ot 1y Y0 (s) e ¢ yf(st) e
' <S)—§C(S)+X5UC(S)[“U<S ){Y(St)] +<1—ﬁ)§(s)[ } ] (72)

The FOC with respect to L(s') is given by:

1
“(s) = Wi(s') + Hv(st”)ys(st)UFL(st)m +(1- H)&(St)yf(st)UFL(st)A(St), (73)
Combining (71) and (72) we get:
¢V (s") =We(s') + x { [Ug‘c(st)Y(st) + %Ug‘(st)] (74)

- —1/p
ey [0 e [0
X [m}(s ) {Y(St)] + (1 — K)E(s") Y ()
Substituting the above expression for ¢¥ (s') and the expression for ¢ (s?) in (73) into (70),

and noting that Y (s') = C(s'), we obtain the optimality condition in (67). Furthermore,
¢“(s') > 0 forall s* € S°. =

A.6 Proofof Theorem 1

From Proposition (3), at the Ramsey optimum:

o (s £ (st
W) + (14 mUP () iy [mo(s D3R + (1= me6OEE ] v 75
— 1 1 = .
S

Wels) + x(1 - 1)U (s") [nv(stl) Fe] 7+ - |5




Ze(s)C(s)

where we have used the fact that with separable and iso-elastic utility, Um—(s) = —y
and %))(St) = 7. Furthermore, note that W¢(s') and Wy (s') satisfy:
t m( .t i, )‘l
Wels') = U (s B rttli) | 5 +v/(1 = )] (76)
iel
o \i 4
Wy (sh) = U (s") Z?TZWZ(QO, S¢) [E + (1 + 77)] : (77)
il

We proceed by characterizing the implicit monetary tax defined in (37). We define a
function Z(s,) and a scalar H as follows:

ZTFWL (,O,St [;

el

i

-+ V(1 + 77)] and H=(x")""Qc, (78)

Then (75), (37) (76), (77) imply that the optimal monetary wedge satisfies:

s(gt ijl Fst L;l
Hor (1) [ (5] 7+ -t [39] 7 |

1—75,(s") = - — T (79)
T(s0)+ (14 1) iy [0l EE + (1 = w)E(s) 580

Threshold. We first consider the conditions under which 73,(s*) = 0. In this state:
y*(st) = y/(s!) = Y(s!) = A(s,)L(s'). Furthermore, by the planner FOCs (68) and (69),
y*(st) = y/(s') = Y (s') if and only if £(s*) = v(s'~1); we state and prove this formally in
Lemma 2. Therefore, in this case condition (79) reduces to:

_ HA A=y
Z(se) + (L+mo(s1)

Solving this for Z(s,) we obtain the following threshold: Z(s'™') = H — (7 + 7)v(s'™1).
Therefore if Z(s;) = Z(s'~'), the optimal monetary tax is equal to zero: 7;,(s") = 0.
A fictitious tax wedge. We next define a fictitious tax wedge:

e M (- (s
L) = I @ oD

(80)

The wedge 1 — 7(s') is continuous and strictly decreasing in Z(s;), as all other terms are
constants (conditional on s'~!). Furthermore, note that 7(s’) = 0 if and only if Z(s;) =
Z(s*71). As aresult, the fictitious tax 7(s') trivially satisfies: 7(s*) > 0 if and only if Z(s;) >
Z(st71), 7(s') = 0ifand only if Z(s;) = Z(s'!), and 7(s') < 0 ifand only if Z(s;) < Z(s'1).

The optimal monetary wedge. We next characterize y/ (s'), y*(s'), and the multipliers
£(s') and v(s'™!) at the optimal allocation.
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Lemma 2. At the optimal allocation:

Dy (s') > y°(s') ifand only if t3,(s") > 0, y/ (s') = y*(s!) ifand only if 73,(s') = 0, and
v/ (st) < y*(s') ifand only if 5,(s') < 0; and

(i) £(s') < v(s'™Y) ifand only if t3,(s') > 0, £(s') = v(st™1) if and only if T3,(s') = 0,
and &(s) > v(st™1) ifand only if T3, (s*) < 0.

Proof. See Section A.7 of this appendix. O

We use this lemma in what follows. From our resource constraints, note that aggre-
gate labor and aggregate output satisfy:

S T BN A CO) R P01
1= A(St)L(St)+<1 )A(St)L(St)’ and 1 {Y(St)] +(1 )|:Y(5t):| . (81

Combining (81) with (79) and rearranging, we obtain the following expression for the
optimal monetary tax:

Mt (1= 7)ol ™) + (1= r)(1 =) [ ] 7€) —o(s)

1—15,(s") =
) I(se) + (L+n)v(st=H) + (1 —r)(1+n)

(82)
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We want to compare this to the fictitious tax wedge defined in (80). In order to do so, we
take the inverse wedges from (82) and (80), and combining the two we obtain:

11 (1= K)(1+7) [w@w v (s)
L—75(st) 1—=7(s")  HA(1—y)v(s) [ Y(st) A(se)L(st)

 (1=m-7 [wwqﬁl 1
HA (=l [Y(sh)]  T—rg(s)

Next, if we combine (37) with the implementability condition (22), we obtain the follow-
ing expression for the optimal monetary tax:

] o

} (&(s) —v(s'™)  (83)

(&(s") —v(s"™)

(84)

Combining (84) with (83), we obtain the following condition:

1 _ (L—r)n+7) y/(s) V(s
1-— T}Q(st) 1-— %(st) H + (1 _ 7)U(St—l) Y(St) A(St)L(st)

(&(s) —v(s™))  (85)

It follows that £(s') < v(s'™!) if and only if 73,(s') < 7(s'), &(s') = v(s'!) if and only if
73 (sh) = 7(s'), and £(s') > v(s'7!) if and only if 75, (s) > 7(s?).
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Consider again the case in which: y*(s!) = y/(s') = Y (s') = A(s;)L(s'). From Lemma
2 we have that in this state, 7;,(s") = 0 and £(s?) = v(s'~!). Therefore:
H+ (=)o)

=1-7(s") = 1.

* t
T S T @G
Therefore 7;,(s") = 0 if and only if 7(s*) = 0. This implies 7;,(s*) = 0 if and only if
T(sy) = Z(s*7Y).

Consider second the case in which y/(s') > 3°(s'). From Lemma 2 we have that in
this state, 7;,(s') > 0 and £(s*) < v(s'™!). From the expression above, the latter implies
75(st) < 7(s'). Therefore 0 < 73,(s) < 7(s!). Finally, 7(s') > 0 implies Z(s;) > Z(s'™1).

Consider third the case in which y/(s!) < y*(s). From Lemma 2 we have that in
this state, 7;,(s') < 0 and £(s*) > v(s'™!). From the expression above, the latter implies
75,(st) > 7(s'). Therefore 7(s*) < 73,(s!) < 0. Finally, 7(s') < 0 implies Z(s;) < Z(s'™1).

We prove the converse statements by contradiction. Let Z(s;) > Z(s'~!) and suppose
that 7;,(s') < 0. From Lemma 2, this implies £(s') > v(s'™!), which further implies
i (s") > 7(s). It follows that 7(s") < 75,(s") < 0. But 7(s') < 0 is a contradiction
of Z(s;) > Z(s''). Therefore 7;,(s') > 0. Similarly let Z(s;) < Z(s*"!) and suppose
that 7;,(s') > 0. From Lemma 2, this implies £(s') < v(s'™!), which further implies
Ti(st) < 7(s"). It follows that 0 < 75,(s") < 7(s). But 7(s') > 0 is a contradiction of
I(s¢) < Z(s*1). Therefore 73,(s!) < 0.

We have thus proved the following statement:

Lemma 3. At the optimal allocation: 7;,(s') > 0 ifand only if Z(s;) > Z(s"™1); 75,(s') =0
ifand only if I(s,) = Z(s*™Y); and 75,(s') < 0 ifand only if Z(s;) < Z(s'71).

Note that by combining this result with Lemma 2, it follows that y/(s*) > y*(s!) if and
only if Z(s;) > Z(s'™1), y/(s') = y*(s!) if and only if Z(s;) = Z(s'1), and 4/ (s) < y*(s) if
and only if Z(s;) < Z(s*™1);

Next, we combine (37) with the intratemporal condition in (11) and obtain the fol-

lowing condition:

W(s) p—1 o Y(s)

P(St) - <1 - TT) < 0 (1 - TM(S )) L(St) (86)
Consider the fiscal implementation that sets (1 — Tr)‘lﬁ = M for an arbitrary M > 0.
Using this fiscal implementation, we combine the above expression with the imple-
mentability condition in (84) and infer that the aggregate markup satisfies:

log M*(s") — log M = 1(log y!(s') —log Y (s"))
p

with p > 1. It follows that: M*(s") > M if and only if y/ (s') > y*(s!), M*(s!) = M if and
only if y/(s') = y*(s!), and M*(s*) < M if and only if y/(s*) < y*(s*). Combining this
result with Lemma 3, we obtain the result stated in the theorem.
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A.7 Proofof Lemma 2

Part (i). Combining our expression for L(s') from (81) with (84) and rearranging,

v ()1 [(s) Y (s")

i) = |0 [yfw}”” =5 W]T-

Combining this with the second expression in (81) we obtain:

(st = & B,((EZH B {1 B Bfgﬂ ””} |

. . S(st) 1/p
It follows that sign(7;,(s")) = sign ¢ 1 — [y ] .

y/ (s?)

Part (ii). The planner’s first-order conditions (68) to (69) can be rewritten as follows:

-1/p

Yt [y (") e L gt 1 u(st—1 m (gt y*(s") p—1 m (gl b
0= [Fg] eyt ){XUC( [Fa] S
(87)
o [T i L L [EEO]T 0= L
0= () [ et el {xUC o |2 U
(88)

Combining these, we obtain the following condition which must hold at the Ramsey

optimum:

m 7 o um t s st 1/P
Y (s") + XUZ (s")u(s" 1){p—,)1+ o) T [?;((t))] } {yS(St)T/p

m 1 Um(st) 1 f(st) 1/p
S (s') + xUZ(s)E(s") {% + XULg(st) A(st) [yY(st)]

Next, using implementability condition (22) we rewrite the above equation as follows:

SV (sh) + xUZ(s")u(sth) {p—;l - [y;((;f))] o [Zéf((j))] Up} (s 17
SV (st) + xUZ(s)E(st) {% — 1} B [ }

which reduces to:

Y(Sf) 1 1 s(st) 1/p
XgUgL(si) + U(St ) {pT - |:zf(3t)j| |:ys(8t):| 1/p

Y (st) _1
wgen T80 {pT 1}

b



Rearranging, we obtain the following equilibrium condition:

(2 ] - ) - ()

Consider the term ¢¥ (s*) /xUZ(s') on the right-hand side of condition (89). The scalar
X is strictly positive by definition. Next, because individual utility is strictly increasing
in consumption, it is clear that U2 (s') is strictly positive for all s* € S. Finally, ¢* (s) is
strictly positive for all s* € S*; we verify this statement later on in the proof.

We first consider the case in which y*(s*) = y/(s!). In this case, condition (89) reduces

to:
(55t () o

which implies: £(s) = v(st™1).
We now prove the converse. Consider the case in which £(s') = v(s'™!). In this case,
condition (89) reduces to:

(s (1 - WV) - (H%y - 1) ’

which implies: y°(s') = y/(s?).
Consider next the case in which y*(st) > y/(s'). Then condition (89) implies

(5D <o (5 [5])

which furthermore implies

) RN o =) N
Furthermore note that
v(s™) <3i}1{§;%§%]_wp—-1> <zxs*4)<3i;1-1). (91)

Combining (90) and (91), we infer:

5@5(3%1—1><U@F5(£%1_1)

which finally implies: £(s') > v(s'~!). We can prove the converse statement by contra-
diction.
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Consider next the case in which y*(s) < y/(s'). Then condition (89) implies

o (7 ) <o () B

which furthermore implies

(a5
Furthermore note that
o(s' ) (% _ 1> < v(s'Y) (p;pl [zfg; } " 1) | (93)

Combining (92) and (93), we infer:

(55t (5

which finally implies: £(s') < v(s'™!). We can prove the converse statement by contra-
diction.

We have thus shown that:
E(sh) < wv(sh) if and only if yl(st) > y*(sh),
E(sh) = v(sh) if and only if yl (st) = yo(st),
£(s') > v(st) if and only if yl (st) < yo(s).

Combining this result with the result stated in part (i) of Lemma 2, we obtain the result
stated in part (ii).

What remains to be shown is that the multiplier ¢¥ (s) is strictly positive for all
s' € S'. We combine the planner’s optimality conditions (71) and (72) and obtain the
following expression for ¢¥ (st):

1 Uz(sh

BT e e

(s“(s") — Wels")

Next, iso-elastic utility implies:

p P

with p > 1 and v > 1. Itis clear from the definition of W(-) that its first derivative with
respect to aggregate consumption, denoted by W (s'), is strictly positive. Furthermore,
recall that in our proof of Proposition 3 [in Appendix A.5], we show that the Karush-
Kuhn-Tucker multiplier ¢“(s?) is strictly positive for all s' € S*. Therefore ¢¥ (s') is strictly
positive for all st € St.

s = 1= 2L + e
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B Equivalent Equilibrium Representation

In this section of the appendix we provide an equivalent characterization of the equilib-
rium in our economy using the forecast errors ¢(s’) defined in (26). Such a representa-
tion gives rise to a few auxiliary results, Lemmas (4), (5), and (6), that we find useful in
later proofs.

First, note that equation (25) implies p:(s'~!) = e(s')p/ (s'). It follows from the CES
demand equations in ()

fot frot s( ot S/ ot—1\1 P
y'(s) _ |pi(s) y'(sh) _ el
v P M v TR o
that relative quantities across the two types of firms satisfy:
y(s') _ (pf(st‘l))_p
y(s) \ pl(s")
Therefore:
y(s") = e(s') "yl (s") (95)

Note that the flexible-price allocation coincides with ¢(s') = 1 for all s* € S*.
Lemma 4. Foranys' € S, equilibrium aggregate output satisfies:
Y (s') = A(s)A(e(s))L(s") (96)

where A : R, — R, isa function defined by:

Ale) = { e o) M } >0, 97)

[ke=P + (1 — m)]l/p

The function A is continuous, differentiable, strictly concave, and satisfies max..o A(e) =
1. Furthermore, it attains its unique maximum ate = 1.

Proof. See Appendix B.1. O

Proposition 4 provides a succinct characterization of the efficiency wedge in this
economy. When monetary policy implements flexible-price allocations—that is, when
it sets ¢(s') = 1 in all states—then A(¢) attains its unique maximum of 1. In this case,
there is no misallocation across firms and therefore no loss in production efficiency.
On the other hand, when monetary policy deviates from implementing flexible-price
allocations—that is, when ¢(s') deviates from one in some or all states—then in those
states, A(e) is strictly below 1. In this case, the “active” use of monetary policy leads to
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forecast errors of the sticky-price firms. Dispersion of prices across sticky- and flexible-
price firms leads to misallocation of inputs. This manifests as an efficiency wedge, or
TFP loss. The term A(e) represents this efficiency wedge.

The following proposition provides a similar result for the equilibrium labor wedge
in this economy.

Lemma 5. Foranys' € S, aggregate output and labor joint satisfy:
Up(s')

_Ug‘(st) = xIT(e(s")A(sy) (98)

wherel" : R, — R, is a function defined by:
T(e) = [ke ™"+ (1 — k)] =) (99)

The function T" is continuous, differentiable, and satisfies the following two properties (i)
['(1) =1 and (ii) I (¢) < 0 foralle > 0. It follows that:

I'(e) <1 if and only if e>1,
I'le) =1 if and only if e=1,
T(e) >1 if and only if €€ (0,1).
Proof. See Appendix B.2. O

Finally, we can relate implicit monetary tax to the forecast error. In this representa-
tion we can think of the monetary tax as a function of ¢, thatis, 7, : R, — (—o0, 1).
Lemma 6. The monetary tax satisfies:

I(e)  mePle—1)
Ale) e =D 4 (1 — k)

The function Ty, is continuous, differentiable, and satisfies: sign(ty;(¢)) = sign(e — 1) for
alle > 0. It follows that:

Tvm(e) =1—

Ta(€) >0 if and only if e>1,
Tam(€) =0 if and only if e=1,
Tm(e) <0 ifand only if e (0,1).
Proof. See Appendix B.3. O

B.1 Proofof Lemma 4

We combine (95) with the resource constraints in (31) and obtain the following expres-
sions for aggregate output and labor:

o f(st
Y (s') =y (s") [He(st)_(p_l) + (1 - /@)] p=1 and L(s") = y'(s) [KG(St)_p +(1-— H):|
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Taking the ratio of aggregate output to aggregate labor, we get:

P

Y(s') y/ (st [HE(St)_(p_l) + (1= k)] = — A(s) [He(st)_(p_l) +(1=r)]"T

L(s) ) [ae(st) =0 + (1 — ) [ke(st) = + (1 = &)]

It follows that the aggregate production function can be expressed as (96) with

NP ek ) { ke 4+ (1= R)] } .

kv (T=w] | [mer+(1—n)

Next, note that A(e) is continuous and differentiable. The first derivative of A(e) with
respect to ¢ is given by:

1200 _ a3 4L { v 40— ) } ,

(ke + (1 — li)]l/p
where the last term satisfies:

d {[mw (1 —R)]™

} = HA(e)%(Pfl { [HE*P + (1 — n)}_l — [/’i(p“ + (1 - /ﬁ})}_l 6} .

de | [rer + (1—r)]"”
Therefore:
Cl = roa@e e [+ (1= 0] = et e -] e a0

To obtain a maxima or minima, we set the first derivative equal to zero as follows:
Ale)e Pt { (ke + (1 - li)]_l — [ke P+ (1 - /{)]_1 e} =0.
Noting that both A(e) and e *~! are strictly positive, this implies:
(ke + (1 — ff)]_l — [ke P+ (1 = k)] te=0.

Solving this for ¢, we obtain a unique solution of ¢ = 1. Furthermore, note that from
(100), dA(e)/de > 0 if and only if € < 1. Finally, we evaluate the second derivative of A(e)
at e = 1, and find that it is unambiguously negative: A”(1) = —pr(1 — k) < 0.

We conclude that the function A(e) attains a global maximum at ¢ = 1. The function
A(e) is strictly increasing in € when ¢ < 1 and is strictly decreasing in ¢ when ¢ > 1.
Finally, the maximal value of this function is given by:

max A(e) = A1) = {[K_l_ (1- H)]pl} =1

>0 [+ (1—r)]"”

as was to be shown.
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B.2 Proofof Lemma 5
The aggregate price level satisfies:

P(sH) = [rpp(s) 0 + (1 = m)pd ()12

Substituting in the firms’ optimal prices, we obtain:

N —1\1" W (s
P(s) = [re(s) " + (1 — k)] 77 |1 —7) (£
9= o ()]
Combining the above equation with the household’s intratemporal condition, we get:
Um(st _ 1
—Uégsti [re(s) 77 + (1= w)] 77 = xAlst)

It follows that in equilibrium, aggregate output and aggregate labor jointly satisfy (98)
with 1

I(e) = [re(s")' "+ (1—r)] 7 > 0.
Next, note that I'(¢) is continuous and differentiable. Furthermore, I'(1) = 1. Finally, the
first derivative of I'(¢) is given by:

dl;(e) = —K [ﬁe_(’)_l) +(1— li)} . e’
€

Therefore dI'(¢)/de < 0 forall e > 0.

B.3 Proofof Lemma 6

Combining the definition of the implicit monetary tax in 37 with (98) yields:

(L () o = () ACs)

Combining the above expression with (96) we infer that in equilibrium the monetary tax
satisfies:

Substituting in the functions for A and I" from (97) and (99), we find that the implicit

monetary tax satisfies:
ke H+ (1 —kR)
1— 7']\/[(6) e 56*(,0*1) T (1 _ /1) . (101)

Solving this for 7,,(¢), we get:

ke e —1)

ke~ (P~ 4+ (1 — k)

T (€) =
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Note that 7,,(¢) is continuous and differentiable on the domain € > 0. With this expres-
sion we can prove the last part of Proposition 6. Note that the denominator is strictly
positive for all ¢ > 0. Furthermore xe=” > 0 for all ¢ > 0. Therefore sign(my(¢)) =
sign(e — 1) forall e > 0.

C Implementation

In the main text, Proposition 2 provides a particular implementation of the Ramsey
optimum in terms of the behavior of aggregate price levels and the nominal interest
rate. We now provide a more general version of this proposition and its proof.

First, from the sufficiency portion of our proof of Proposition 1 in Appendix A.4, we
let B;(s'"') > 0 denote the common belief of the aggregate price level at time ¢ based
on history s'~!. Aside from being strictly positive, B;(s'~!) > 0 is a free parameter in our
model. We can thus index implementations by B;(s'~1).

For a given B;(s'!), when P(s') = B;(s'"!), the economy replicates the flexible price
outcome. Let i(s') denote the nominal interest rate consistent with the flexible-price
outcome; one can think of i(s') as the “natural” rate of interest.

Proposition 4. Given B,(s'™') > 0, the aggregate price level, P(s'), at the Ramsey opti-
mum and the nominal interest rate, i(s'), consistent with that price level satisfies:

P(s') < Bi(s"™') and i(s') >i(s') ifandonlyif Z(s))>Z(s'");
P(s') = By(s'™) and i(s') =i(s') ifandonlyif I(s,)=T(s'"");
P(s) > B/(s™Y) and i(s') <i(s') ifandonlyif I(s;) <Z(s").

Proof. See Appendix C.1. O

Proposition 2 presented in the main text is a special case of Proposition 4 with
Bi(s'™1) = P(s'71).

C.1 Proof of Proposition 4

From the sufficiency portion of our proof of Proposition 1 in Appendix A.4, recall that for
any equilibrium allocation, we can construct nominal prices as follows. Given B;(s'™!) >
0, we set: pi(s~!) = B;(s'~!). This implies in terms of our output decomposition in 60
that ¢°(st=1)~1/? = B,(s'1). It follows that:

G =B ) = Bl ) B, and (') =y () /By(s' ) .

The aggregate price level thereby satisfies:

P(st) = [wsf)] o [wst) Bt@tl)p] e [Y<st>} o B(s).

O(s") y°(s")



We can write the deviation of the price level from the expected price as follows:
1
log P(s") —log B;(s"™') = ——(log Y (s") — log y*(s")) (102)
P

with p > 1. Lemma 2 states that Y'(s*) > y°(s') if and only if 7,(s*) > 0, Y(s") = y*(s") if
and only if 73, (s") = 0, and Y(s') < y*(s') if and only if 7}, (s*) < 0. It follows that:

P(s') < By(s'™1) if and only if Tr(sh) >0,
P(s') = By(s'™1) if and only if T3(s") =0,
P(s') > By(s™1) if and only if Ti(s") < 0.

Finally, combining this with the result in Lemma 3, the behavior of the aggregate price
level stated in the proposition follows.

Next we turn to the nominal interest rate. The equilibrium nominal interest rate
satisfies the Euler equation in 12:

_ i(st st gt M
P = AAHiE) D u ) T T

gt+1 ‘St

Let C(s') = Y (s') denote the flexible-price level of output. The natural, flexible-price,
interest rate satisfies:

C(st)™ _ A(st gt gt w
By (1) = B(1+1i(s")) SHletﬂ< |s°) P(stt1)
Therefore :
1+i(s") _ C(s") 7 /P(s")
1+i(st) C’(st)”/Bt(St_l)
In logs:

o [1 +i(st)

1HMJ:ﬂW@“%Mﬁ%mﬁmm&—mawﬁ1

Next we substitute the price level from 102 into the above expression. Doing so, we
obtain:

log(1 + (")) — log(1 + (")) = ~(log ¥ (s") — log y*(s")) — y(log ¥ (s') — log ¥(s").
P
The next step in our proof requires the following lemma:

Lemma 7. Let Y (s') denote the level of output in history s' under flexible prices. At the
optimal allocation, Y (s') < Y (s') ifand only if 73,(s') > 0, Y(s") = Y (s') if and only if
m5,(s") = 0, and Y (s*) > Y (s') ifand only if 73,(s') < 0.

62



Proof. See Section C.2 of this appendix. O

Recall that Lemma 2 states that Y (s*) > y*(s') ifand onlyif 7}, (s") > 0, Y(s') = y*(s') if
and only if 7}, (s) = 0, and Y (s*) < y*(s') if and only if 7;,(s*) < 0. Therefore, combining
the results of Lemmas 2 and 7, it follows that: i(s") > i(s") if and only if 7},(s") > 0,
i(s') = i(s') if and only if 75, (s") = 0, and i(s") < i(s') if and only if 73, (s*) < 0. The result
stated in Proposition 2 follows by combining this with Lemma 3.

C.2 ProofofLemma 7

Let Y(s') and L(s') denote the flexible-price level of output and employment, respec-
tively. These jointly satisfy:
L(s")" Y(s')

(st = xA(sy) and T

= A(s1)

These are two equations in two unknowns. Solving for Y (s*), we obtain the following
expression for the flex-price level of output:

Y ()7 = xAs) .

Next, we solve for the realized level of output. Using the equivalent equilibrium
representation articulated in Appendix B, realized output Y (s") and employment L(s")
jointly satisfy:

L(s")"

Y = xT'(e(s") A(sy) and Y (s') = A(sy)Ale(s"))L(s").

This is a system of two equations in two unknowns. Solving for Y (s*), we obtain the
following expression for realized output:

Y ()7 = xA(se) " (e(s")) Ale(s")".
Combining this with the flexible-price level of output we get:

y(st)nﬂ
Y(st)”ﬂ

= T(e(s"))A(e(s")".

In logs:

- 1
log Y (s') — log Y (s') =
()~ log V(sh) = ———

First, recall from Lemmas (4) and (5) that I'(1) = 1 and A(1) = 1. It follows that if
e(s') =1, then Y (s') = Y (s).

log T(e(s)) + ’ j_ ~log A(e(s"))
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Second, note that, to a first order around €(s') = 1,
log A(e(s")) ~ 0.

To see this, note that:

log A(e(s")) ~ log A(e(s"))| _, + T e(s") =0
e=1
since: dlogA(e) 1 dA(e) dA(e)
og Ale € €
(1) =1, de Ae) de ’ and de |._, 0
This implies that for small shocks around €(s*) = 1,
- 1
log Y (st) —log Y (s!) ~ log T'(e(st (103)
gY(s) ~log V(') ~ - —— log I'(€(s))

From Lemma (5), we have that the functionI' : R; — R, satisfies the following:

logT'(e) < 0 if and only if e>1,
logT'(e) =0 if and only if e=1,
logI'(e) > 0 if and only if e (0,1).

Finally, using this in equation (103) and the result of Lemma (6), it follows that:

log Y (s") < log }:/(st) if and only if Tr(sh) >0,
log Y (s') = log Y(s") if and only if Tr(sh) =0,
log Y (s') > log Y (s") if and only if T (s) < 0.

as was to be shown.

D Extensions

In this section of the appendix, we characterize the three economies presented in Sec-
tion 5. These three economies are extensions of our baseline model.

D.1 Partially State-Contingent Taxes

We consider the economy with partially state-contingent tax rates corresponding to
Section 5.1. We begin by characterizing the set of equilibrium allocations, X*°.

Proposition 5. A feasible allocation x € X can be implemented as an equilibrium allo-
cation with one-period-ahead taxes if and only if there exist market weights ¢ = (")
and a scalar T € R, such that the following three sets of conditions are satisfied: (i)
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yi(st) = y/(s') forallj € J7, and y'(s') = y*(s!) forall j € J°, forall s* € S; (ii) for
all s*=! € St1,

p (sl D] AUE Gl [y 1) AR e,
Yels) Tupel Ty T el ] g
(104)
and (iii) condition (29) holds for everyi € I.
Proof. See Appendix E.1. O

Proposition 5 characterizes the set X when tax rates can be set one period in ad-
vance. Note that the conditions stated in part (ii) of the proposition are equivalent to
the following statement: for all s'~! € S*~!, there exists a positive scalar y(s' ') € R,
such that:

[yf(st)}_l//’ A(s)UZ (s B 1 Wst|si L, (105)

Y(s') —Up(st)  x(s'Y)

This allows us to state the Ramsey planner’s problem as follows.

Ramsey Planning Problem. The Ramsey planner chooses an allocation =z
{y*(st),y/ (s!),C(s"), Y (s!), L(s") }i>0.stest, market weights p = (¢'), and scalar T' € R, in
order to maximize (30) subject to (31) and (105).

We let 5'u(s')(1 — k)&(s") denote the Lagrange multiplier on the implementability
condition (105). The Ramsey optimum can be characterized as follows.

Proposition 6. A Ramsey optimum x* satisfies

_ Wi (s') + &(s") U7 (s) 15 Y6 e (106)

o\ —1/p AN
We(st) + £(st)x (st 1)U (st) (zg((;t))) L(s")

Proof. The planner’s FOCs with respect to y*(s*) and 3/ (s') satisfy, respectively:

y*(s")

0= HgY(St)Y(St)l/ﬂyS(gt)% + /{gL(St) A(St) (107)
_ Yt t\1/p N L.t yf(st) L. t—1\7Tm( .t yf(5t> e
0= (L= (Y5 (1wt ) = D) |55
Summing these two conditions yields:
_ Yt t L.t t Lo A——A D) i
0= (Y () + HOLE - e e [£E] T o
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which can be rewritten as follows:

L.t t
_ () _Ys) (109)
Y (ot _ Le( oty b1\ m( oty (#7607 L(s")
<¥(s') = S8(s )x(s' M) UE(s") |:Y(st)] Y(sh)
Next, the FOCs with respect to C'(s*) and Y (s*) combined imply:
f(at 1/p
Yoty t t -1y (Y (s") m ooty g Yrrmpy L
T =Wele) + € (Y ) e s o
The FOC with respect to L(s') satisfies:
1
(s = Wals!) + VR g7 111)

s¢)

Substituting the expression for ¢¥ (s?) in (110) and the expression for ¢*(s) in (111) into
(109) we obtain the optimality condition in (106). O

D.2 Constrained Profit Taxation

We consider the economy with constrained profit taxation corresponding to Section
5.2. We state and solve the Ramsey problem. Again we let 7’v* denote the Lagrange
multiplier on the implementability condition (24) of type ¢ € I and subsume these into
the maximand. Given ¥, we can define a new pseudo-welfare function W(.) as follows:

~

W(C(St),L(StLSt;QD, V7A70-7X719) = W(C<St>7L(St)7St;<p7 v, )\) (1]-2)
(ﬁngylaf)) { P 1UC( sHYO(s) + U (s')L(s")

where W(-) is defined in (32). With this, we recast the Ramsey planning problem as
follows.

Ramsey Planning Problem. The Ramsey planner chooses an allocation = =
{y*(s"),y/ (s'),C(s"), Y (s'), L(s") }i>0.stest, market weights ¢ = (¢'), and constants T € R
and x € R,, in order to maximize:
Z Z Bt u(sHYWI(C (1), L(s), 54 0, v, X, 0, X, 0) — U (50)T Z ' (113)
t st el

subject to (31), (22), and (23).

Welet 81 u(st)(1—r)E(s) and Bt u(st—!)ko(st!) denote the Lagrange multipliers on the
implementability conditions (22) and (23), respectively. We obtain the following Ramsey
optimality condition.
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Proposition 7. A Ramsey optimum z* satisfies, for all s' € S*,

~ _ s(gt f st
Wi (s!) + (UP(s') + Upy(s)L(s1) [ (st ™) b + (1= m)E(s) st
1

)
Welst) + (U (') + Uip(s1)C(s")) [fw<st1> (2] ™ 41— (e [l ]
(114)
where
Wel(st) =W, (19 Z 7TZVIO'8> X—[Uc (s") + Ul (s")C(sY)] (115)
Wi (sh) =W (0 > 'y ao> (s') 4+ U (s L(sY)] (116)

Proof. The planner’s problem is the same as Ramsey problem in the baseline economy,
with the exception of maximizing W (s') instead of W(s'). Therefore, following the same
procedure as the proof of Proposition 3, we obtain the expression in (114). The first
derivatives of W/(-) with respect to C'(s*) and L(s") are stated in (115) and (116). O

D.3 Constrained Profit Taxation and Partially State-Contingent Taxes

We consider the economy with constrained profit taxation and one-period-ahead tax
rates corresponding to Section 5.3. Specifically, we let 7. and 7, at time ¢ be contingent
on s'~!, We begin by characterizing the set of equilibrium allocations, X*°.

Lemma 8. A feasible allocation x € X can be implemented as a sticky-price equilibrium
with one-period-ahead taxes if and only if there exist market weights ¢ = (¢'), a scalar
T € R, anda weakly positive scalar 9 € R, such that parts (i)-(ii) of Proposition 5 are
satisfied, and condition (24) holds for everyi € I.

Proof. The proof is analogous to the proof of Proposition 5; see Appendix E.1. O

Next, we state the planner’s problem as follows.

Ramsey Planning Problem. The Ramsey planner chooses an allocation, =z =
{y*(sh),y/ (s!),C(s"), Y (s!), L(s") }i>0.stest, market weights p» = (¢'), and scalar T' € R, in
order to maximize (113) subject to (31) and (105).

We let 8'u(s')(1 — k)&(s') denote the Lagrange multiplier on the implementability
condition (105). The Ramsey optimum can be characterized as follows.

Lemma9. A Ramsey optimum z* satisfies

W) + &R () 5 VG eew are
By ~1 W\ Ve L(st)’ e o
We(st) + E(s (s~ Uztn(s) (48
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Proof. The planner’s problem is the same as in the proof of Proposition 6, with the ex-
ception of maximizing W(s') instead of W(st). Therefore, we follow the same procedure
as in the proof of Proposition 6, and we obtain the expression in (117). This is identical
to the Ramsey optimality condition (106) but with W, (s*) and Wy (s") replaced by W (s")
and W (s). O

E Proofs for Extensions

E.1 Proof of Proposition 5

Necessity. The necessity argument follows similar steps as the proof of Proposition 1. In
particular, we combine the flexible-price firm’s optimality condition (19) with the CES
demand function (52) and the household’s intratemporal optimality condition (11) and
obtain the following equilibrium condition:

Y(s') s = m(st1)) | UZ(s') A(se)
We let

p 1+ 7.(st1)
denote the wedge due to the markup and taxes, and rewrite the previous condition as
follows:

=0.

{yw)} R B A CONE
Y(s') X(s'71) Uz (s') Alse)
This is a necessary condition for an allocation to be supported in equilibrium. Note that
the above is equivalent to the conditions stated in (104).

We can similarly combine the sticky-price firm optimality condition with the CES
demand function (52) and the household’s intratemporal optimality condition (11) and
obtain the following equilibrium condition:

{{yﬁ(stq CON.

UE(s)y*(s) 3 | /7 o pu(s'ls™) =0; (118)
PR Y(s") Uz (1) x(5 1) As1)
for all s'~! € S*~!. Therefore (118) is a necessary condition for an allocation to be sup-
ported in equilibrium. The remainder of the proof of necessity follows the same steps
as in the proof of Proposition 1.

Sufficiency. Take any feasible allocation x € X, vector ¢ = ('), and scalar T € R

that satisfy conditions (i)-(iii) of Proposition 5. We show that there exists a price system
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R, a policy P, and a set of financial market positions .4, that support = as a sticky-price
equilibrium; we construct these as follows.

First, we construct nominal prices as in the sufficiency portion of the proof of Propo-
sition 1. We decompose output as in (60). Given B;(s'™1) > 0, we set ¢°(s'™1) = B,(s'™')
and prices as follows:

BT =@ and pl(sh) = ol ()0

This implies ®(s') = y*(st)/B;(s"1) 77 and ¢/ (s') = y/ (s!)/®(s). These prices, along with
the feasibility constraint (6), imply that the aggregate price level is given by (61). These
prices furthermore ensure that the CES demand curves in (52) are satisfied. We set the
money supply such that M (s*) = P(s")Y (s').

Next, note that the conditions stated in (104) are equivalent to the following state-
ment: for all s™~! € S*~!, there exists a positive scalar x(s'~!) € R, such that:

yf(st) =1/p 1 UE”(St) 1 B
[Y(st)} () Um(sh) Alss) 0. (119)

These conditions imply that such a constant exists but is not unique. In fact, for any
st=1 € S*1, we can choose x(s'~!) freely, provided it remain strictly positive. In particu-
lar, we set x(s'!) as follows:

Zsﬂst—l yS(St)UEn(St)ﬁH(qutfl)
Tm( ot | 22D ~le t] gt—1
S (U [ u(sts)
Next, we set tax rates {7,(s' '), 7.(s' 1), 7.(s* 1)} such that they jointly satisfy:

(=n(s DA =7 (p=1\" o
14 7. (st1) _< P > X(s70). (121)

X(sh) =— > 0. (120)

For any strictly positive x(s*~!) and p > 1, such tax rates exist.
Combining (121) with condition (119), we obtain:

=[] (5 [ ey 0

Furthermore, combining (121) with condition (120) and rearranging, we obtain:

s(gt -1/p
0= 3 (el U (s { ] (123)

st|st—1
() [y e
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Next, we set the real wage as follows:

W (s _ _Up(sh) (1 —I—Tc(st_l))
P(s") Ug(s') \1=m(s""1) )

and therefore satisfy the household’s intratemporal condition in (11). Substituting the
above expression for the real wage into (122) and (123), we obtain:

o[t o (5]

o= 3 etz | [E] - B [ ()] 5

st|st—1

Combining these with the CES demand functions in (52), and with some rearrangement,
we derive the following two conditions:

e~ s (S52)] o

and

S sl S v Pty {pf(st‘l) Jaenen (D] Vj(f:))} -

st|st—1 P

Therefore both the flexible-price and the sticky-price firm’s optimality conditions are
satisfied. The remainder of the proof of sufficiency follows the same steps as in the
proof of Proposition 1.

E.2 Proofof Theorem 2

We substitute the expressions for W (s') and W, (s') from (76) and (77) into (106) and
obtain the following Ramsey optimality condition:

i ¢ i U (st
_UF(st) Zie] @ WL(QO, St) [% +v (1 + 77)] + g(st) ULer%((St)) m B Y(St)
Um St . i . N\ U™ (st f(st —1/P o L St
&8t Zid Tiwi () [% +vi(1 _7)} + £(st)x(st1) U?(it)) <7§((5t))) (s)
Therefore the optimal monetary wedge, as defined in (37), satisfies:
1 o U (st) yf(st) —1/p
N R RR Gk o kol
—Ty(s') = . (124)

Um (st
Z(se) + &(s?) ULer((st)) A(lst)
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where Z(s;) is defined in (78) and we let H(s'™!) = x(s'1)"'Q¢ > 0.

First, note that when {(s") = 0, the constraint is slack. Therefore, it is clear that
7i,(s') = 0if and only if Z(s;) = Z(s*"!) = H(s'!). Next we use the representation of
the monetary tax in (84). Substituting the optimal monetary tax from (124) into (84) we
obtain:

o~
—

T —1/p t—1 Ug:g(st) y;(st —1/p )
A(sy) g((jt” / H(s") + £(s") T [ ()] }Lf((;))

With the iso-elastic preferences, this reduces to:

£(s") o Y(s) [y
~ ) A {cht)} =0

I(si) + &(st) ok L

m
L

N

Z(st) + (?7+’Y)W

Again using condition (84), we have that that optimal monetary tax satisfies:
I(se) + (+H(THE) = H(sH (A = mar(sh) ™ =0

where £(s") = ﬁ;w%(st‘l)_l. We define a function g(Z(s;), 7 (s')) = Z(s;) +
H (s H)[(n+7)E(s") = (1—7as(s))~!]. The optimal monetary tax satisfies: g(Z(s,), 73;(s')) =
0. By the implicit function theorem:

dry(s')  dg/dZ(s) 1

dZ(s;) dg/dri,(st) H(st-1) {(7]4‘7) (s (1- 7-;\«4(9))—2}

drps(st)

Therefore the derivative of the optimal monetary tax satisfies:

dT]T/[(St) . 1 . o dé(st) -1
dI(s))  H(s™ ) {(1 —au(s) = (n +7)d7&(8t)} (125)

Our next goal is to obtain an expression for £(s'). The planner’s optimality condition

s(at _1/p
in (107) can be written as: ¢Z(s') = —¢¥ (s!) A(s;) [?;((jt))} . Substituting this into (108)
and rearranging, we obtain:

(s (s Y(sh) [/ TwrsH] 7 [y s) ]
o)L = "X |3 7] es) v ] 120
Therefore
. TN D 4 GO i O N PR o e P N
69 = r @) | aoze Lves)  Lven)  Lvon) ] 12




In what follows, we use the equivalent equilibrium representation in Section (B).
Combining (101). with (84), we obtain:

Y(s') [yf (st)] Y ke(s)' 4+ (1= k)
Y (st) ke(st)=P + (1 — k)

Furthermore, y*(s') = €(s') 7"y (s') implies that the following is also true:

Fl ) o) ) e

Therefore, we may rewrite (127) as follows:

CHET)T oy [L=m) = ()
X(sHUE(s") ){ﬁdsﬁp—k(l-n)} (128)

(s =p

Next we use the planner’s optimality condition in (110). Substituting in for £(s') from
(126) into (110), and solving for ¢¥ (s!) we get:

s(gt)] P ;) L(st -1
& (s) = Wels!) [1—(1—@ [1—[%@)] %“ C a)

Furthermore, note that

{y%sw] ALY _ {yf@t)] AL w7 E (L)

Y (st) Y (st) Y (st) Y (st) re(st) = 4 (1 — k)

Substituting this into (129) gives us:

ke(sH)P + (1 — k)
re(s) P + (1 —9p)(1 — K)e(s') + yp(1 — k)

(") = Wels")

Finally, substituting the above expression for ¢¥ (s') into (128), we obtain the following
expression for £(s*) as a function of e(s') and 74, (s"):

€(s') = Pl — () where () = —(175?1)(—1;)17[)(1—@

Derivative of T);(s"). The derivative of the optimal monetary “tax” satisfies (125).
Evaluating this derivative at the benchmark in which 7, (s") = 0, we have:

-1
dr(st) 1 dé<5t)

) - (130)
dI(St) Tar (st)=0 H(stil) { (17 7> ) T (s1)=0




The derivative of £ with respect to 7, is given by:

dé Ay de
— =Y =) P+ (L —Ty) P ——— . 131
= p{m@a-m e a-n S 131
d3(e) _ kel P+ (1—p)ke P (1—€)+(1—k)
where 5= = —(1 — &) G (i (w0

Next, we obtain an expression for de/dr), as follows. The monetary tax satisfies equa-
tion (101). Rearranging, re' ™ — ke ” — myyre!™” — 734(1 — k) = 0. We define a function
o(Tar, €) = (1 — mar)ke' ™ — ke — 734 (1 — k). By the implicit function theorem:

de — do/dtm kel ™P 4+ (1 — k)
dry  do/de (1 —p)(1 — Tap)keP + pre=r1
Therefore the last term in (131) satisfies:
_ _,dY de (1—-kr)(1—¢) N
Y(e)(1— 2+ (1- T = 1— 2
()1 = 7)™+ (1= ) de dryy kel =P+ (1 —yp)(1 — K)e + yp(1 — m)( ™)
(132)

_{ 1—k [ ke + (1 — p)re (1 —€) + (1 — k) }
1= 7 [(we 7 + (1= 3p)(1 — r)e + 3p(1 — )2
ke + (1 — k)
X
(1 —p)(1 — Tar)ke~P + prert
Evaluating this term at 7,, = 0, or equivalently at ¢ = 1, we have:

lz(e)u ) P (1) E]TM:O - (1 - ”)

de drs K

Therefore d¢/dry

= —p=". Substituting this into (130) yields

Tv =0
ot e, ! [> 0.
dZ(se) |y et=0  L(s71) [1+ p(n + )]

where Z(s71) = H(s' ).
Consider now the markup. The equilibrium condition in (86) implies that the opti-
mal markup satisfies:

Taking logs and rearranging:

log M (s') — log M = — log(1 — 73,(s")) — log %

Therefore, to a first-order Taylor approximation around the point Z(s,) = Z(s*™1),

log M* (") — log M = 74, (s') ~ = . [Z(s0) = Z(s'),

Z(s') [L+ p(n +7) 7]

as was to be shown.
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E.3 Proofof Theorem 3

The Ramsey optimum satisfies (114). Substituting into (114) our expressions for W (s")
and W, (s') from (115) and (116), as well as our expressions for W (s') and W, (s") from
(76) and (77), and solving for the implicit optimal monetary wedge, we get:

L riy(s { Y wube) [ 5+

i€l
y°(s')

+(1—7) [fw(é’“) {m} o (1= m)E(s) W((j:))} - %ﬂz Wzal] }

i€l
E T (,U (lO S |:)\
I y Ot

el

%

-+ (1 + n)}

+(141n)

w(st—l)%ﬂun)g(su( zt -0y 7V ”

el
Therefore the optimal monetary wedge satisfies:

o s (st 1-1/p f(st 1-1/p iig
Mot (=) o) (B3] (- e [$9]) T - 200 Sy i)

T(s) + (1+7) [wo(s=) by + (1 = W) sy — O iy 7]
(133)

17 () =

where Z(s;) and # are defined in (78).
Threshold. We first consider the conditions under which 7;,(s") = 0. In this state:
yi(st) = y/(s') = Y(s') = A(s;)L(s'). Condition (133) reduces to:
Hot (1= ) [ro(s1) + (1= 0E(S!) = 250 ey T
C I(s) 4+ (1+1n) [ku(st1) + (1 — K)E(sY) — O, TVioy]
Furthermore, conditions (87) and (88) imply that £(s*) = v(s'~!) in this state. Therefore:
LA (L () — (1 9) 0 Y 7o)
Z(se) + (L +mu(s'™) = (L+n)d Yoo, mviog
Solving this for Z(s;) we obtain the following threshold:
To(s™Y) = H — (n+)o(s™1) + {(1_1_77) (1— _1] 1927#1/06

el

Therefore if Z(s;) = Zy(s'"!), the optimal monetary tax is equal to zero: 73,(s’) = 0.
Finally, lettingZ,(s*~!) = H — (n + v)v(s'1), we obtain the following expression:

(s M) = To(s" 1) + [(1 +n) + p— —1) ] 9> wiop. (134)

el
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The fictitious tax wedge. We next define a fictitious tax wedge as follows:

HA (L=o(s' ™) = (L =) 50 3, m'v'og

I(s)) + (L 4+n)v(st=) = (1 4+ )0, mrvio] (135)

1—79(s") =

The wedge 1 — 7(s') is continuous and strictly decreasing in Z(s;), as all other terms are
constants (conditional on s'~!). Furthermore, note that 7(s*) = 0 if and only if Z(s;) =
Ts(s'71). As aresult, the fictitious tax 7(s!) trivially satisfies:

Fo(st) >0 ifand only if Z(s;) > Zy(s''),
7o(s') =0 ifand only if Z(s;) = Zy(s'™1),
Ta(sh) <0 ifand onlyif Z(s,) < Zy(s"1).

The remainder of the proof follows the exact same steps as in the proof of Theorem 1.

E.4 Proofof Theorem 4

The Ramsey optimum satisfies (117). Substituting in our expressions for Wc(s') and
WL(st) from (115) and (116):

Wil(s) = (9 e, wivio) [UF (1) + Ug(s)L(sH)] + €U () 1t

Wels') = X(51) 525 (0 ey w0) [U8(51) + Ui ()C(0] + (x5~ 0io(s0) (4)

p—1

This optimality condition, along with our expressions for W (s') and Wy (s') in (76) and
(77), imply that the optimal monetary wedge, defined in (37), satisfies:

m_ (gt t _1/ .
Ho(s"1) 4+ £(s") %crr?(it)) [%f((;t))] g (1— 7),,%119 Zie[ T'v'oy
1 —77(s") = 2 LD i . (136)
I<St) + g(st) ULer%(st) A (1 + 77)19 Zz‘el TVt
where Z(s;) is defined in (78) and we let Hy(s'™1) = x (s 1)1 Qc(p) > 0.
First, note that when £(s*) = 0, the constraint is slack. Therefore, 7;,(s") = 0 if and
only if

I(se) = To(s'™) = Ho(s"") + [(1 +1) = (1~ v)prl] )y m'vio
iel
Note that Zy(s'~!) = Ho(s'1). Substituting the optimal monetary wedge from (136) into
(84) we obtain:

_ Uz (sh) [yl (st)] /P i i
yf(Sg]w_ Ho(s ™) + 60T [69] T - 00 Siamvio’ | vy
- )
)

A St t t)’
(5 [Y(st) I(s)) + (") b ey — (L+ 00 Xy, wvicr L(s")
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With the iso-elastic preferences, this reduces to:

€(s) iy Y []
0 =Z(s¢) + (n+ V)W — Hals )A(St)L(St) {Y(St)}
p Y(St) yf(st) 1/p P
_{(1+17)—(1—’}/)p_1A(St)L<St> [Y(St)} }(79iezl7r7/00>

Again using condition (84), we have that that optimal monetary tax satisfies:
0 =Z(s¢) + (0 +7)Ha(s' (") = Ha(s' ™)1 = 7ar(s")) ™!

_ [(1—1—7})—(1—7)pr1(1—7]\/1 } (ﬁZ#M@)

el

where £(s) is defined according to:
£(s") = ————H(s" )7 (137)

We define a function

G(T(50), () =T(s0) + Hals' ™) [(n+7)é(s) — (1 - TM<st>>*}
(1+mn) (ﬁZW’I/Ué) — (19 Z 7T1V10'6> (1 —1ar(sh)) L

The optimal monetary tax satisfies: §(Z(s;), 7;;(s")) = 0. By the implicit function theo-
rem:

dris(s) | dg/dT(s)
dZ(s;) dg/dryi,(st)

1
Ha(s=) {0+ 97280 = (1= 7i(s) 2} + (1= 2)5250 Loy mivior (1= 74, (s1)) 2

Therefore the derivative of the optimal monetary tax satisfies:

dri;(sh) Hyo(st71)t

) 1= (1= 9)585 (9 Tie mvi0h) Halst ) (L= 3, (1)) 2 = (4 7) goseds
(138)
Our next goal is to obtain an expression for £(s*). Following the same steps as in the
proof of Theorem 2, we obtain the following expression for &(st):

ity p Mol [ A= R ()
)= rtmaa ) e e ] -
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Next we use the planner’s optimality condition in (110). Following the same steps as in
the proof of Theorem 4, we find that ¢¥ (s*) satisfies:

ke(s) P+ (1 — k)
e(s")' 77+ (L= yp)(1 = w)e(s') +7p(1 — k)
Substituting this expression for ¢¥ (s) into (139), we obtain the following expression for
£(s') as a function of ¢(s"):

F(s") = Wels')~

Flty H( >1A8t (st — (st L
£(s) P00 () )Um(st)WC< )E(e(s") (1 = (s"))
where >(¢) is defined by

(1—-k)(1—c¢)
ke =P+ (1 = yp)(1 — K)e +vp(1 — k)

2(e)

as in the proof of Theorem 2. Furthermore, substituting in our expression for W (s")
from (115), we obtain:

Tt (st H(1 - <1927r v 00>] €)1 — 1pr(sH) 7!

el

Using the fact that W (s) = UZ(s')Qc (), the above expression reduces to:

£(s) = p [1 —(1- (ﬁZW’I/JB) st

el

Y(e)(1 — 1ar(sh)) 7 (140)

Derivative of 7 (s"). The derivative of the optimal monetary tax satisfies (138). Eval-
uating this derivative at the benchmark in which 7,,(s") = 0, we have:

dry(sh) B H(st—1)!
dZ(st) |1, (st)=0 [1 — (L =7);5 (0 e mivioh) Ho(s!)~ } (n+7) dné(;)) s (s1)=0
(141)
where é (s') satisfies (140). Taking the first derivative of the expression in (140), we get:
d§ gt—1)-1 9 1dX de
1—(1-— h 1-— 1-—
— p[ (-7 (ﬁ;w%) L R e
(142)

Note that the last term in (142) coincides with the last term in (131). Therefore, as in the
proof of Theorem 2, we have that the last term in (142) satisfies (132). Evaluating this
term at 7, = 0, or equivalently at e = 1, we have:

R
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And furthermore evaluating (142) at 7, = 0, we get:

% . = —p1 ; n [1 —(1- V)p—fl (ﬁ;ﬂiuiaé> H(st_l)_ll
Substituting this expression into (141) yields:
dry(s") B 1
W) Lm0 (14 pln+7)55) [Ho(s17) + (7 = 1)5210 i mivic

Therefore, to a first-order Taylor approximation around Z(s,) = Z(s" ),

log M*(s") — log M = 13,(s")
1 _
~ 1 ———[Z(s1) — Zy(s")
(L p(n+7)52) [Ha(s1) + (7 = 1)5250 Yoy mivic]

as was to be shown.
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