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International Portfolio Allocation under Model Uncertainty’

By PIERPAOLO BENIGNO AND SALVATORE NISTICO™

This paper revisits an old argument, hedging real exchange rate
risk, as an explanation of the international home bias in equity.
In a dynamic model, the relevant risk to be hedged is the long-run
risk as opposed to the short-run risk. Domestic equity is indeed a
good hedge with respect to long-run real-exchange-rate risk. Two
new frameworks are able to explain a large share of the observed
US home bias: a model with Hansen-Sargent preferences in which
agents fear model misspecification and a model with Epstein-Zin
preferences. These two models are also immune to the risk-free rate
puzzle. (JEL C58, F31, G11, G15)

he lack of international diversification in equity portfolios is one of the most

persistent observations in international finance. Investors hold a large share of
their wealth in domestic securities, more than what would be dictated by the share
of these securities in the world market. This is known as the “the home-bias puzzle”
(French and Poterba 1991, Tesar and Werner 1995).

We address this puzzle by revisiting an old and popular argument, dating back to
the work of Adler and Dumas (1983), based on hedging real exchange rate (RER)
risk. Recently, this explanation has been dismissed for two reasons which both point
against the ability of the model to match the data. On the one side, it has been
argued that the risk to be hedged is quantitatively too small to explain a significant
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departure from full international diversification. Indeed, the relevant covariance
between real exchange rate and the cross-country excess return in the equity market
is negligible once taken conditional on the returns on other assets traded (see van
Wincoop and Warnock 2010). On the other side, the explanatory power of the model
can increase by raising the coefficient of risk aversion. However, with standard iso-
elastic preferences, high values of the risk aversion coefficient are linked to low
values of the intertemporal elasticity of substitution, and therefore the model might
produce counterfactual implications for the mean of the risk-free rate—the so-called
risk-free rate puzzle (Weil 1989).

In this work we revive hedging RER as a relevant channel by providing two new
arguments. First, we stress that what is really important is the medium- to long-run
real exchange rate risk as opposed to the short-run risk emphasized by the existing
literature. At longer horizons, we show that hedging RER risk is empirically rel-
evant, even conditional on other excess returns, and equities are a good hedge for
this risk. This is key for our model to succeed in explaining the home-bias puzzle.
Second, we show that there are three models which share the same implications
for the steady-state international portfolio allocation conditionally to the same
processes for the risks to be hedged and for the excess returns on the asset traded.”
The three models differ in the specification of preferences: (i) isoelastic expected-
utility, (ii) Hansen-Sargent, and (iii) Epstein-Zin preferences. As discussed above,
model (i) is in general subject to the risk-free rate puzzle, while the two alterna-
tive frameworks present a disconnection between the parameter measuring risk
aversion and the intertemporal elasticity of substitution. In this way, they can be
immune to the puzzle.

In particular, we show that under models (ii) and (iii), RER risk is still relevant even
when the intertemporal elasticity of substitution is unitary in contrast to model (i).
Specifically, in model (ii), building on Hansen and Sargent (2005, 2007), agents have
doubts about the true probability distribution and are averse to these doubts. These
agents have unitary elasticity of intertemporal substitution and unitary risk aversion,
and the relevance of RER risk is related to the degree of ambiguity aversion. With
Epstein and Zin (1989) preferences, the elasticity of intertemporal substitution is
decoupled from the degree of risk aversion, which depends here on the temporal reso-
lution of uncertainty and governs the relevance of the RER risk in this latter model.

The three models entail different reasons for why real exchange rate risk is rel-
evant. Agents enter financial markets with different appetites for state-contingent
wealth, and asset trading provides a way to reduce such differences.

With standard isoelastic preferences, the appetite for wealth is driven by the
marginal utility of consumption and indeed asset trading helps to reduce the idio-
syncratic movements in the marginal utilities across countries. In this case and
under a non-unitary intertemporal elasticity of substitution, real exchange rate

2Our approach differs from most of the existing literature which finds portfolio shares as a function of primitive
parameters, like the risk-aversion coefficient, the share of traded goods, or the trade cost. This is clearly a desirable
feature of general equilibrium models, but it has the drawback of hiding the hedging relationships based on observ-
able variables that are at the root of the portfolio decisions. van Wincoop and Warnock (2010) show that the covari-
ances between the asset returns and the sources of risk implied by these models are often counterfactual; once data
restrictions on asset prices are considered, these models fail to solve the portfolio home-bias puzzle.
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movements produce idiosyncratic variations in the marginal utilities of real wealth
that need to be hedged.

In the model with doubts and ambiguity aversion, differences in the appetite for
wealth can also be driven by differences in the beliefs. In particular, with Hansen-
Sargent preferences, beliefs depend on the worst-case scenario from the point of
view of utility, which, in our model, depends only on consumption. It follows that
ambiguity-averse agents are sensitive to the news regarding their consumption pro-
files. Therefore, cross-country variations in beliefs translate into news about the
cross-country differences in consumption growth. The real exchange rate is a source
of fluctuations for relative consumption growth and, through this channel, plays a
role in the model.

Finally, under Epstein-Zin preferences, the stochastic discount factor includes
an additional driver of the appetite of wealth which depends on the temporal
resolution of uncertainty. Cross-country differences in this component also map
into real exchange rate risk. In these three models (although for different reasons,
as explained above), an appreciation of the home-country real exchange rate, i.e.,
an increase in the domestic price level relative to the foreign one expressed in
units of domestic currency, raises the appetite for state-contingent wealth for the
domestic agent relative to the foreign one. If at the same time the excess return of
domestic over foreign equity increases, then domestic equity represents a good
hedge with respect to the movements in the real exchange rate and domestic agents
would like to hold more of this asset because it pays well when needed. Another
finding of our work is the empirical result that nondiversifiable labor-income
risk is not sufficient to explain asset home bias, confirming the previous work
of Baxter and Jermann (1997) and in contrast to recent findings of Coeurdacier
and Gourinchas (2009). The latter assumes that cross-country excess returns on
equity are a good proxy of the cross country returns on domestic human wealth.
We do not make this assumption and therefore we find that labor-income risk is
not much correlated with excess returns on the equity market.

The structure of this paper is the following. The next section gives the main intu-
ition of the results and discusses more extensively the contribution of the paper with
respect to related literature. Section II presents and discusses the empirical evidence
supporting our main results. Section III presents the theoretical discussion, present-
ing the three competing models and contrasting the relative implications for optimal
portfolio allocation.

I. Main Results, Intuition, and Related Literature

In this section, we describe the main results of the paper, provide their intuition,
and discuss the comparisons with related literature. We present three alternative
models implying the same optimal international portfolio allocation: (i) a standard
expected-utility model with isoelastic consumption utility and constant relative risk
aversion; (ii) a model with log-utility in consumption, where agents face and fear
model uncertainty as in the framework of Hansen and Sargent (2005, 2007); and
(iii) a model with unitary intertemporal elasticity of substitution and nonexpected
utility as in Epstein and Zin (1989) and Kreps and Porteus (1978). This paper argues
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that the three models can explain a good portion of the international portfolio diversi-
fication puzzle. However, model (i) is less desirable because it relies on implausibly
low values for the intertemporal elasticity of substitution, thereby implying a too
high real risk-free rate.

Under the three models considered, departures from full international portfolio
diversification arise for two classical reasons which have been extensively investi-
gated in the literature: hedging labor-income risk, on the one side; and hedging real-
exchange-rate risk, on the other side. This paper shows that the three models share
the same equation determining the steady-state portfolio allocation as it follows:®

(1) X =N S&?ﬁﬁ E:l E,(exr, - 51,z+1)

-1 B -1
- S o 1 — Et Et(exrt+l ' 6q,t+l)’

where X is a vector capturing the cross-country differences in portfolio holdings and
N represents the steady-state vector of portfolio holdings under full diversifica-
tion." Details on the underlying models and derivations are presented in Section IV.
Deviations from a fully diversified portfolio arise because of the co-movements
between the vector of excess returns, exr, ;, and labor-income risk, ¢;,,,, and
between the same vector and real-exchange-rate risk, ¢, ,, ;. In equation (1), s, is the
steady-state ratio between labor income and financial wealth and s, is the steady-
state ratio between consumption and financial wealth; [ is the time discount fac-
tor in consumer’s preferences; 3, is the time — ¢ conditional variance-covariance
matrix of the vector of excess returns exr,, ; and E,( - ) is the standard expectations
operator. Parameter ~ is the key parameter of our analysis, and is model specific. It
represents the risk-aversion coefficient and at the same time the inverse of the inter-
temporal elasticity of substitution in the model with standard isoelastic consumption
utility (model i), the degree of ambiguity aversion under Hansen-Sargent prefer-
ences (model ii), the risk-aversion coefficient under Epstein-Zin preferences (model
iii), which is, in this case, decoupled from the inverse of the intertemporal elasticity
of substitution (unitary in our case).’

Under model (i), equation (1) has been investigated in the literature in one form
or another with unsatisfactory results. On the one hand, there is controversy on the
sign and magnitude of the comovements between excess returns and labor-income
risk. Studies like Baxter and Jermann (1997) have shown that this covariance is

3The result of equivalance in the portfolio allocation across the three models holds only for the steady-state
portfolio allocations and conditionally on the same processes for excess returns, real exchange rate risk and labor
income risk. While models (ii) and (iii) imply the same equilibrium along all the other dimensions of the equilib-
rium allocation, model (i) has in general different implications.

“We consider trade in two equities and two bonds (one for each country) and therefore three excess returns. The
vector A has three dimensions and implies zero bond holdings and an equal split of equity between countries. See
Section IV for details. In particular X = 0.

5Tn model (iii), given unitary intertemporal elasticity of substitution, + also captures the risk attitude toward
the temporal resolution of uncertainty, with v > 1 (<1) implying a preference for an early (late) resolution of
uncertainty. Notice also that model (ii), Hansen-Sargent preferences, is defined only when y > 1, whereas the other
two models just require v > 0. However, v > 1 is the empirically relevant range to consider as will be shown later.
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small or even of the wrong sign pointing toward a worsening of the international
portfolio diversification puzzle. Others, as Coeurdacier and Gourinchas (2009),
have instead argued that it can provide the right comovements and the significant
magnitude to explain home bias in portfolio holdings. We contribute to this debate
by showing that our model-consistent measure of labor-income risk delivers weak
comovements with the relevant excess returns, and therefore it is not sufficient to
explain significant departures from a fully diversified portfolio.

What is left in (1) is hedging real exchange rate risk. However, along this dimen-
sion, two strong arguments against its relevance have been proposed in the literature.
First, when the menu of assets traded internationally is rich enough to include risk-
free nominal bonds and equities, home bias in equities arises when the excess return
of domestic versus foreign equity covaries in a significant way with the component
of the RER risk, which is orthogonal to what is already explained by the excess returns
in the international bond market. This conditional covariance turns out to be much
smaller than the unconditional one, as shown by van Wincoop and Warnock (2010).
The RER risk considered in this case is related to one-period-ahead changes in the real
exchange rate.’ Second, even when the covariance is small, the RER risk component
in (1) can be made as large as needed by increasing parameter . However, with the
standard isoleastic preferences of model (i), the values of - needed to produce some
home-bias in the equity portfolio are not only implausibly high as values measuring
risk aversion, but they also produce very low values for the intertemporal elasticity of
substitution, and are therefore subject to the risk-free rate puzzle.

In this work, we overturn these two arguments with three new results. First, we show
that in a dynamic model €, is not just the short-run real exchange risk on which
the literature has focused so far, but instead measures the present discounted value of
surprises in the real exchange rate, and therefore captures also the medium-to long-run
risk. Second, we show that at medium to long horizons domestic equities still repre-
sent a good hedge with respect to RER risk, even conditioning on other excess returns.
At the same time we confirm the result of the literature that domestic equities are not
a good hedge at short horizons, but this is not what really matters in (1). Finally under
models (ii) and (iii), the parameter -y is decoupled from the intertemporal elasticity of
substitution and can rise without falling in the risk-free rate puzzle, as is discussed in
Barillas, Hansen, and Sargent (2009), among others. Hansen-Sargent preferences are
particularly appealing because high values for  can be justified as plausible or not
depending on the model itself rather than relying on ad hoc calibrations, since -y can be
related to the probability that agents can detect the difference between the subjective
and the reference model. According to this criterion, we find that reasonable values of
~ are able to explain a substantial degree of home bias in US equity holdings.

Although the three models share the same implications for the steady-state port-
folio allocation, the mechanisms at work behind each model are of a completely
different nature to deserve further discussion. A fundamental principle of finance,

Indeed, the few contributions that take the same methodological perspective as ours and focus on the hedg-
ing relationships that underlie portfolio choices (such as Coeurdacier and Gourinchas 2009, and van Wincoop and
Warnock 2010) typically use static models, which, by construction, neglect any possible source of RER risk related
to the medium and long run.
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based on the arbitrage theory, is that investors want to hold assets that pay well when
needed. A measure of the appetite for wealth is given by the stochastic discount
factor (SDF). The higher the stochastic discount factor in a particular state of nature,
the higher the appetite for wealth of the agent in that state. Therefore, when agents
have different SDF, they might exploit trade in assets in order to hedge such differ-
ences. Indeed, when perfect risk-sharing is achieved, the wedge between the SDF
across different agents is completely eliminated. In particular, in model (i), perfect
risk-sharing requires equalization of the stochastic discount factors evaluated in
units of the same consumption index:

4
(2) mH—] = mt-H qt+t1’

where m,_, is the real SDF for evaluating wealth in states of nature at time ¢ + 1 for
the household of a generic country H; m;, , is the respective factor for the household
in country F; and g, is the real exchange rate. In model (i), the stochastic discount
factors depend on the marginal utilities of consumption in the respective countries.
Given this preference specification, as we show in Section IV, deviations from full
risk-sharing can arise from three sources of risks:

(3) Inm,, + Alng,, — Inm},; ~ m(X\ — N"'")exr,,,
+ My, 1 T Mg,

where the coefficients m,,m,, and m; depend on structural model parameters./
Departures from full diversification are optimal when excess returns, exr,, ;, display
some covariance with the other two sources of risk. In particular, the real exchange
rate risk, €, .., is relevant only as long as the intertemporal elasticity of substitution
(and therefore the risk-aversion coefficient) is different from 1, otherwise m, = 0.
In this model, the intution for why real exchange rate risk matters relies on the fact
that, with nonunitary intertemporal elasticity of substitution, fluctuations in the real
exchange rate produce idiosyncratic variations in the way households belonging to
different countries evaluate future wealth. These idiosyncratic movements can be
hedged through asset markets if excess returns and RER risk covary. Under log-
utility, instead, substitution and income effects cancel each other out and relative-
inflation risk does not imply differences in the marginal utility of consumption across
countries, once evaluated in the same units of consumption goods.

Under Hansen-Sargent preferences, model (ii), agents in the two countries may
use different subjective probability distributions. The first important consequence
is that perfect risk sharing requires the equalization of the subjective stochastic dis-
count factors evaluated under the same probability measure,

* * q:
m = m -
8r+1Myp g 1My g1’

7When markets are incomplete, agents try to minimize the projection of the deviations from zero, described by
equation (3), on the space spanned by the asset returns.
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where g,,; and g;,, are the changes of measure from the subjective distributions
(which are country-specific) to the reference one (which is instead common across
countries). Accordingly, agents face an additional hedging motive with respect to
model (i), driven by the possible difference in the subjective probability measures;
differences in the appetite for wealth now arise not only from possible differences in
the marginal utilities of consumption across countries—first hedging motive, coming
from (3)—but also from differences in the probabilities that agents assign to states of
nature. More specifically, when agents are ambiguity averse, such subjective probabil-
ities reflect the fear of model misspecification and are related to revisions in the path
of consumption growth. Ambiguity-averse agents will assign a high subjective prob-
ability to those states of nature in which their consumption growth is lower than in the
other country, and will therefore want to invest more in assets that pay well precisely
in those states of nature. In a log-linear approximation, this additional hedging motive
can be written as a linear function of the same three sources of risk identified above:

(4) Ing, i — Ing/y ~ (v — 1)[ge(x - Xﬁt”)exrm + 84€41 T+ g151,t+1],

where, in this model, v, with v > 1, denotes the degree of ambiguity aversion, which
we assume to be equal across countries (v = +°), and g,, g4, and g, are parameters.
The optimal portfolio now seeks to “minimize” the sum of equations (3) and (4). We
show that g, = m, and g, = m,, and therefore the two sources of risk behind the two
hedging motives are collinear, implying the same portfolio, with respect to labor-
income risk. On the contrary, g, is always different from m,; hence, as long as there
are fluctuations in the real exchange rate, the degree of ambiguity aversion does
affect the optimal portfolio allocation. In particular, in the paper, we restrict atten-
tion to the case of log utility and therefore, m, = 0. With the standard preferences
of model (i), this would imply no role for the RER risk. Instead, with model uncer-
tainty, real exchange rate risk still matters because g, is different from zero. Why
it matters depends only on the desire to hedge differences in the distorted beliefs
rather than in the subjective evaluations of future wealth as in the case of model (i).
Since models (i) and (ii) coincide along every dimension when v = 1 (i.e., when
the coefficient of risk aversion of model (i) and the degree of ambiguity aversion of
model (ii) are unitary), and since in both cases raising - does not affect the optimal
portfolio that hedges labor-income risk, it is not just a coincidence that the portfolio
implications of the two models map into one another also for nonunitary but equal
values of 7.

Finally, it is a well-known result of the literature that, under a unitary intertem-
poral elasticity of substitution, Epstein-Zin and Hansen-Sargent preferences coin-
cide when the risk-aversion coefficient of the former model is interpreted as the
degree of ambiguity aversion in the latter, and therefore it is not surprising that
models (ii) and (iii) have the same portfolio implications. However, while with
Hansen-Sargent preferences the desire to hedge RER risk arises from differences
in the probability distributions that agents assign to a given state of nature, with
Epstein-Zin preferences what matters is the need to hedge differences in the subjec-
tive stochastic discount factors across countries. In particular, agents are no longer
indifferent with respect to the temporal resolution of uncertainty (i.e., they prefer an
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earlier resolution of uncertainty when -y is higher) and fear bad news with respect to
their future consumption path which they would like to risk-share. As with Hansen-
Sargent preferences, this additional hedging motive translates into hedging real
exchange rate fluctuations.

As already discussed, this paper is related to the classical literature which has
addressed the international portfolio diversification puzzle under standard prefer-
ences, but it is also related to the literature on ambiguity aversion and portfolio
choices. In this respect, the most relevant papers are Epstein and Miao (2003) and
Uppal and Wang (2003). Epstein and Miao (2003) incorporate Knightian uncer-
tainty in a multi-agent model by allowing for multiple priors. They explain home
bias in asset holdings by assuming heterogeneity among agents concerning the
degree of ambiguity about returns. They do not consider natural asymmetries com-
ing from the open-economy dimension, and therefore €,,., = €,,.; = 0 in their
model. Instead, in our model, the implied under-diversification is not the result of an
asymmetric attitude toward ambiguity across agents, since we assume vy = ", but
rather the consequence of natural open-economy asymmetries, which we show are
indeed relevant in the data. Uppal and Wang (2003), instead, analyze a single-agent
partial-equilibrium model with trading in multiple assets, which is indeed useful to
understand the investment decisions of a single agent, but less so for the portfolio
choices of different agents trading with each other, and therefore to address the
international home-bias puzzle. As in Epstein and Miao (2003), they too build key
asymmetries in the degrees of ambiguity aversion, though with respect to different
assets rather than across different agents.® Uppal and Wang (2003) build on the
framework proposed by Hansen and Sargent (2005, 2007), as we do, but in order to
obtain tractability they adopt a noninnocuous modification of the original problem,
as done also in Maenhout (2004, 2006). This makes our model and theirs not com-
parable.’ Our approach, instead, adheres completely to the methodology of Hansen
and Sargent (2005, 2007). In this respect, a further contribution of this paper is to
derive a simple solution of nonlinear robust-control problems through approxima-
tion methods.'Y Our paper is also the first to study the implications of Epstein-Zin
preferences for portfolio allocations in an international context.'"

8Kirabaeva (2007) adopts a similar perspective, within a partial-equilibrium multi-agent multiple-asset model
with “smooth ambiguity preferences” a la Klibanoff, Marinacci, and Mukerji (2005), and shows that an undiversi-
fied portfolio can arise as long as the agents are more optimistic and confident about the returns of the domestic
asset relative to the foreign one.

“Indeed, they transform a constant lagrange multiplier into a time-varying function of the value function to get
a closed-form solution. Pathak (2002) describes the transformation employed by Maenhout (2004, 2006) and Uppal
and Wang (2003) as poorly motivated and explains in detail the unappealing consequences.

'9Vardas and Xepapadeas (2004) also investigate the implications of multiplier preferences a la Hansen and
Sargent (2005, 2007) for the optimal (not necessarily international) portfolio allocation, within a partial equilibrium
multiple-asset model, and show that ambiguity aversion can affect the optimal total holdings of risky assets. Another
somewhat related contribution, although using a very different approach, is Ben-Haim and Jeske (2003), which also
addresses the home-bias puzzle in a partial equilibrium model incorporating Knightian uncertainty. Rather than
using any parametric model of ambiguity aversion, however, Ben-Haim and Jeske (2003) take a nonprobabilistic
approach, which makes their analysis not comparable to ours.

" Colacito and Croce (2011) use Epstein-Zin preferences in a two-country model to study the cross-country
correlation between stochastic discount factors. In their context, however, consumption processes are exogenous;
there is no international trade in goods and portfolio allocation is not explicitly taken into account.
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II. Empirical Evidence

In this section, we evaluate the portfolio implication of equation (1) using empir-
ical models for the processes of the excess returns, labor-income risk, and real
exchange rate risk. In a more extensive form, the three equations nested in (1) can
be written as

ne b b
(5) ab + ab — S¢ B COV, (€1 it Phrt — Taenr|exriiexri)
H F — &5 e ~b b
21-p var, (P — Per|exrio,exriy)
~e Ab b
+ s, (v — 1) g Covt(eqywl,r;—l,tﬂ - rH,r+l‘exrt+l»exrf+l)
_ ~e ~b b
2 v 1 ﬂ Var,(r‘,}.,ﬂ - rH,t+1|exrt+lvexrf+l)
A K A ~ b eb
—e 1 se B covi(ep P+ Adur — Fhlexrii,exr())
(6) Yn = 2 + 21 - 1] net Ad ~e b eb
Vart(rF,H—l + Agr — rH.t+l‘exrt+1aexrr+1)
A S ~ b b
+ so (v — 1) B cov(equ P i + AGin — Flqalexri,exrily)
- Aot S - b b
2 7 1 s var, (P51 + Agir — Pl exriy,exr(y))
A A Ab eb e
(7) ab o S¢ 164 COV:(EI,HI,’A%HI + AGi — rH,r+1‘exr;+1,exr;+1)
F — T &5 _ Ab* A~ Ab eh e
2 1 B var, (P70 + AGu — Pl lexrily,exrfy)
A S Ab b
se (v — 1) I} COVr(sq,rH,r}lg‘frH + AG1 — rH,z+1|exr;+1’exrf+|)
_ - P ~b b .
2 7 1 B var, (Pl + AGuy — Pl lexriiy,exriyy)

In the above equations, 7§, 74,74, and 7% denote real log-returns in the domestic
equity, foreign equity, domestic bond, and foreign bond, respectively. Moreover,
exr®®, exr¢, and exr” denote the excess returns on domestic equity (over domestic

bonds), foreign equity, and foreign bonds, respectively:

eb _ e ~b
(8) exrirr = THi1 — TH

e — net A ~e
(9) exriy = g T Agy — T H,1+1

b Ab* ~ ~b
(10) exriy = Froq + Agur — T

. . !
The vector exr,,; in (1) is defined as exr,,; = [exr ,exr?, ,exr?, |, and ¢;,.,
denotes labor-income risk, which in our model is given by

(11) e = Zﬁ[ 41 A§z+1+k — Agii1n) — Et(Aéf+l+k — A1)

and depends on the surprises in the present-discounted value of the cross-country
differences in labor-income growths, in units of the same consumptlon basket;
5 11 denotes the cross-country difference in labor income and 5 11 — .11 represents
indeed the cross-country difference evaluated in units of the same consumption
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basket, through the real exchange rate. Finally, €, .., denotes the real exchange rate
risk, which depends on the time- ¢ surprises in real exchange rate changes:

(12) g1 = Zﬂk[EmAétHJrk - EtAétHJrk]-
k=0

In particular, we show that, differently from the current literature, which has mainly
focused on “static” two-country models, our dynamic model implies that the rel-
evant source of real exchange rate risk is not simply related to one-period changes,
Ag,, 1, but rather to revisions in the full future path of the real exchange rate. In the
next section, we will stress that our focus on medium- to long-run risk is critical in
order to explain home bias in asset holdings.

Equations (5)—(7), together with the identity

(13) ay + as + ay + ab =1,

determine the shares of wealth &, a%, a%, a% that the representative agent in
country H holds in demestic equities, foreign equities, domestic bonds, and foreign
bonds, respectively.'? In particular, equation (5) determines the share of financial
wealth invested in the bond market. When s¢ # 0 and v = 1, and when ¢, ,,, co-var-
ies positively with the excess return of domestic equity over domestic bonds, domes-
tic agents will take an overall long position in the bond markets (a% + a% > 0).
In this case, indeed, in the face of a bad shock to labor income, domestic bonds
pay relatively better than equities; bonds are a better hedge with respect to labor-
income risk. When, instead, real exchange rate risk matters, and in particular when
v > land g, . co-varies positively with the excess return of domestic equity over
domestic bonds, domestic agents will further increase their long position in the bond
markets (a% + a% > 0) since, in the face of a bad shock to the real exchange rate,
bonds pay relatively better than equities.

Equation (6), instead, determines the optimal portfolio diversification between
domestic and foreign equities. Absent RER risk or when v = 1, the excess return
on foreign equity should co-vary positively with labor-income risk, to obtain home
bias in equity. In this case, the return on domestic equity increases, relative to that
on foreign equity, when, indeed, domestic agents receive a bad shock to their labor
income. This makes domestic equity a better hedge against labor-income risk rela-
tive to, foreign equity and points toward explaining the home bias in equity hold-
ings.'* When - is, instead, different from the unitary value, and in the most relevant
case of v > 1, the share invested in foreign equities further decreases when foreign

12The portfolio allocation of the agent in country F follows similarly.

3 A popular argument for international diversification being worse is the neoclassical model of Baxter and
Jermann (1997) in which labor income and dividends are correlated. In this case, the above covariance would
be negative, implying even larger holdings of foreign assets. Heathcote and Perri (2009), instead, show a case in
which the correlation can become positive in a model with capital accumulation and home bias in consumption
preferences. Furthermore, Coeurdacier and Gourinchas (2009) discuss several theoretical cases that can rationalize
a positive covariance and then imply home-bias in equity. See also Coeurdacier, Kollmann, and Martin (2008) and
Engel and Matsumoto (2009).
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equities are not a good hedge with respect to RER risk. This turns out to be the case
when, in the face of a bad shock on the real exchange rate, foreign equities pay little
relative to domestic equities.

Analogously, equation (7) describes the position taken in the foreign bond mar-
ket and as a consequence in the domestic bond market, given the overall position
implied by (5). When the covariance between ¢, and the excess return of the
foreign bond with respect to the domestic bond is positive, then foreign bonds do
not pay well when needed. In this case, the domestic agent would like to take a
short position in the foreign bond market (a% < 0). Similarly when the covariance
between real exchange rate risk, €, .., and the excess return of the foreign bond
with respect to the domestic bond is positive.'

In our empirical analysis, we study three alternative cases concerning the asset
structure. The first case assumes that the only asset available for international trade
is equity (henceforth Asset Menu I) as in Baxter and Jermann (1997). When bonds
are not traded, i.e., & f?, = ay = 0, the only relevant equation is (6), which together
with (13) determines the split between domestic and foreign equities. In this case,
variance and covariances will not be conditional on other excess returns, but just on
time— ¢ information. In the second case, we allow for trade in both risky and riskless
securities, but restrict the latter to an overall balanced position, i.e., aﬁ’, = —Qp,
(Asset Menu II), as in van Wincoop and Warnock (2010) and Coeurdacier and
Gourinchas (2009). In this case, therefore, a long position on domestic bonds
necessarily implies a short position of equal magnitude on foreign bonds. The
relevant conditions will be (6) and (7) involving only two excess returns (exry,,
exr?,,): covariances and variances will be conditional on the remaining excess
return. Finally, we consider the general case given by equations (5), (6), and (7),
in which bond and equity instruments are both available, and leveraged positions
between risky and riskless assets are also allowed for (Asset Menu IIT).

A. Data

To evaluate the empirical implications of equation (1), we collect and use quar-
terly data for the G7 countries, over the sample 1980:1-2007:1V. We consider
the United States as the home country and the aggregation of the remaining G7
countries as the foreign country.'

We define the CPI index for the foreign country, expressed in USD, as

S,P,' = Zwi,tSi,tPi,t’
1

4Note that this does not necessarily imply a long position in the domestic bond market. Indeed, the overall
position depends on equation (5), as previously discussed.

5In particular, we use data on aggregate nominal compensation of employees, from the OECD Quarterly
National Accounts (**OCOS02B, where ** is the two-letter country code), the Consumer Price Indexes from the
IFS database (**164 ... F), nominal returns on short-term treasury bills from the IFS database (**160C ... ), nominal
National Price and Gross Return indexes on the domestic stock market, from MSCI Barra (MS**#**L), in local cur-
rency, and bilateral nominal exchange rate vis-a-vis the USD, constructed using the domestic stock-price indexes in
USD, from the MSCI Barra (MS*##*$). Moving from the monthly National Price and Gross Return indexes from
MSCI database, we construct series for the quarterly nominal returns on equity (R{,) following Campbell (1999).
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in which P;, is the CPI in local currency for country i, S;, is the bilateral nominal
exchange rate between the local currency in country i and the dollar (US dollars for
one unit of local currency), and w;, is the GDP-weight of country i relative to the
aggregation of the G6 countries at time 7:'

GDP;,
> GDP,,

Wip =
Accordingly, the real exchange rate between the US and the G6 countries is simply
computed as

q4r = log P, = log P, s

. (S,Pf) Ziwi,tSi,tPi,t

where P, is the CPI index for the United States.
Analogously, we compute nominal labor income in US dollars for the foreign
country as
SWili = Zwi,zSi,tWi,tli,tv

in which W, , is the nominal wage of country i and 7,»,, is hours worked in country i.
We measure nominal compensation W; 17,-’, using data on aggregate nominal com-
pensation of employees in country i. Accordingly, relative labor income in units of
US dollars is the log difference between the aggregate nominal compensation in the
US and in the other G7 countries

W, 1 Wi, P, P ¢ .
lo % = lo tht t t t _ ,
g(S,Wfl:) g( RSP W, 1) o) =8

where we have defined ¢, = W, [,/P,, &, = W, 1/P;, & =g, — Inge.

Given nominal quarterly returns on the stock market, defined by R7, for each coun-
try i and R for the US, and nominal quarterly returns on bonds, defined by R?, for
each country i and R? for the US, we can obtain the real returns as rfft = Rff P 1/Pi,
and r{,= R;,P;, /P, for each country i and for the US. Using those, we construct
the three excess returns

eb _— ne
exr; :rH,t_

~>
S
Il
—
o
0]
—
~ |\
~ o[~
~—

Z e qi,t
Wi r g1

e — ~e ~ re —
exr; = rp, + Agq, — iy, = log

ry
Z b Yit
Wit LG
b — Ab* A Ab
exr; =g, + Aq, — 7y, = log rb

16To check for robustness, we repeated the analysis using average GDP-weights as an alternative aggregation
methodology, as in Coeurdacier and Gourinchas (2009), and using both aggregate and per capita levels for the
quantity variables. None of our results are significantly affected.
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TABLE 1—SOME DATA STATISTICS (Annual rates)

ni-) a(") p() e ALK - AG)  p(-,A§)
A"~ AG 0.77 13.05 0.02 1.00 —0.44
A§ 0.17 11.35 0.18 —0.44 1.00
Fe 4+ AG— Py 0.70 13.54 0.11 —0.53 0.44
PR AG— Y 0.98 10.72 0.03 —0.92 0.72
- 6.35 15.85 0.00 —0.03 —0.14

Note: Means and standard deviations are in percentage points.

Table 1|reports some summary statistics. We report the average level u(-) and
the standard deviation o(-), both annualized and in percentage points, the serial

correlation coefficient p(-) and the correlation with one-period changes in rela-
tive labor income, p(-, A& — Ag), and in the real exchange rate, p(-,Ag). These
unconditional correlations already suggest that domestic equity seems a poor hedge
against labor income risk, relative to foreign stocks, while both domestic equity and
domestic bonds seem somewhat useful in providing the right co-movement in hedg-
ing real exchange rate fluctuations. In the next sections we will refine and articulate
these results.

In order to evaluate the optimal portfolio allocation implied by our model, we need
to calibrate the steady-state ratio of consumption to financial wealth, s.. To this end,
we use the average financial wealth-to-disposable income ratio for the US computed
by Bertaut (2002), and the average consumption-to-disposable income ratio for the
US, computed using data on personal consumption of non-durable goods and per-
sonal disposable income.'’ The former, on a quarterly frequency, amounts to about
20, while the latter to around 0.3: by using these numbers we get a calibrated con-
sumption-to-wealth ratio s, = 0.3/20 = 0.015. We calibrate the quarterly time dis-
count factor following Tallarini (2000) and Barillas et al. (2009): 5 = 0.995. Using
the value of s, obtained above, we derive the model-consistent steady-state value of
the labor income-to-financial wealth ratio, by using s, = s, — (1 — )/3 = 0.01.

B. The Statistical Model

We define the data vector y, = [Aét, Aé‘ L AG, exr exr¢ exrl, 7 b ,] ", which
collects the relevant variables involved in our analysis, and estimate the following
VAR(p) model:

(14) Yo = n + ALy, + e,

in which e, is a k x 1 random vector (with k = 7) distributed as a multivariate nor-
mal with zero mean and variance-covariance matrix 2. Since we are interested

"Data for disposable income and nondurable consumption for the United States are taken from the Federal
Reserve Economic Dataset, FRB of St. Louis, “Real Disposable Personal Income,” series ID: DPIC96, and “Real
Personal Consumption Expenditures: Nondurable Goods,” series ID: PCNDGC96. We checked the sensitivity of
our results to the use of different measures of consumption, including services and durables, and found that our
qualitative results are unaffected.
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in characterizing the medium- and long-horizon properties of the data, and given
the quarterly frequency, we set the lag length to p = 4, at which standard Durbin-
Watson and White tests confirm lack of serial correlation and heteroskedasticity of
residuals.'¥ Using the above, we can construct the implied sources of risk (g4,
and ¢, ,,,) and evaluate the conditional moments needed to validate the theoretical
implications (5)—(7).

In particular, using the companion form for the above VAR(p)

Y, =M + BY, | + Ce,
and denoting with v, an appropriate column vector that “picks up” variable x from

the data vector y, (for example: v,y, = Ag,), and with Iy, the k - p x k - p identity
matrix, we can construct labor-income risk as

S AR n
L1 = Zﬁk(EtH - El)(AglJrlJrk - AC]r+l+k)
j=0

- (L§ - Lf’ - l’q)/C/(Ikp - ﬂB)_ICeHl

and real-exchange-rate risk as
=Y BYE., — E)A§ = /C'(I,, — BB)"'Ce
Eq.1+1 +1 1) G114k q kp 1
=0

displays the dynamic paths of the two relevant sources of risk implied
by the estimated VAR (14). The top panel confirms the basic insight of Table 1 also
in a dynamic setting: labor-income risk tends to co-move in a negative way with
respect to the real-exchange-rate risk, with a correlation of about —0.444. While
one-period changes in the real exchange rate are less volatile than changes in rela-
tive labor income (see Table 1), however, labor-income risk is basically as volatile
as RER risk. The bottom panel shows a first assessment of the differences between
short-run RER risk (one-period changes in the real exchange rate, Ag;,) and the
model-specific RER risk (revisions in the discounted stream of future RER changes,
€,4.1+1)- In particular, the bottom panel shows that the two notions of RER risk can
have rather different empirical features: the short-run risk is substantially more sta-
ble than the long-run risk (standard deviation of about 11.3 as opposed to about 15,
in annualized percentage terms), and is only partially correlated with the latter (the
correlation is about 0.65). This descriptive evidence points already to potentially
different implications for optimal portfolios depending on which notion of RER

'8 Standard statistical criteria for lag selection give different prescriptions in this case (e.g., Akaike’s Final
Prediction Error criterion tends to point to two/three lags, depending on the informational content of the data vec-
tor, while Schwarz’s Bayesian Criterion to only one), although the relevant statistics for both criteria show little
variability across lag specifications. The choice of our benchmark specification is therefore primarily disciplined
by the goal of a comprehensive characterization of the dynamic properties of the data, especially at medium- and
long-term horizons. In Benigno and Nisticd (2009), however, we explored different specifications of the statistical
model, both in terms of lag length and informational content of the data vector, without finding substantial changes
in our qualitative results.
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Model—consistent labor—income risk versus model-consistent RER risk
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FIGURE 1. SHORT-RUN REAL EXCHANGE RATE RISK (A g, 1), MODEL-CONSISTENT REAL EXCHANGE RATE RIsK
(€4.1+1)> AND LABOR-INCOME RISK (&)

risk is the relevant one. Such implications of the relevant sources of risk for optimal
portfolios are the subject of the next two subsections.

C. The Role of Labor-Income Risk

Equation (1) shows that the optimal portfolio allocation consists of two compo-
nents: one related to hedging labor-income risk, and the other related to hedging real
exchange rate risk. In this section, we evaluate the empirical relevance of the first
component. In particular, this component can be useful in explaining the home-bias
puzzle in equity holdings as long as the covariance between the present discounted
value of domestic versus foreign labor income and the excess return of foreign ver-
sus domestic equity is positive.

This hedging motive, which is common to all three models regardless of the inter-
pretation or specific value of 7, has been emphasized by several studies without
reaching a clear consensus. Baxter and Jermann (1997) show that when equity is the
only asset that can be traded internationally, the presence of nondiversifiable income
risk actually implies a foreign-equity bias. On the other hand, Bottazzi, Pesenti,
and van Wincoop (1996) and more recently Julliard (2003) and Coeurdacier and
Gourinchas (2009) bring evidence supporting the view that hedging against labor-
income risk can explain some degree of home bias in equity holdings. Heathcote and
Perri (2009) and Coeurdacier and Gourinchas (2009), moreover, discuss some theo-
retical examples that can produce the required co-movements to explain home bias.

We analyze this interaction in the context of our dynamic model. Using the output
of the VAR, we construct the surprises in the path of relative labor income across
countries, and compute the time-f conditional moments needed. For comparisons
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TABLE 2—THE EMPIRICAL ROLE OF LABOR-INCOME RISk

Asset Menu [ Asset Menu 11 Asset Menu 111

Conditional covariance-to-variance ratios of LIR with selected excess returns

P&+ AG — P —0.782 —0.268 —0.365

P+ AG — Tl — —1.287 —1.271

Pl = Pl — — -0.206
Optimal portfolio allocation under rational expectations

ag 1.276 0.766 0.862

ajg —0.276 0.234 0.342

ab — 1.277 1.262

ap + af 1.000 1.000 1.204

al + al — 0.000 —0.204

as + ab 1.276 2.043 2.124

Notes: LIR denotes labor-income risk; Asset Menu I: equities only; Asset Menu II: equities and balanced bonds;

Asset Menu III: general model with equities and bonds. @ denotes the share of wealth invested in foreign

equity; @ §; denotes the share of wealth invested in domestic equity; @’ denotes the share of wealth invested in

foreign bonds; @, + @ measures the overall share of wealth invested in equity assets; @ % + @% measures the
overall share of wealth invested in debt instruments; and @ + @% measures the overall share of wealth invested
in foreign assets.

with existing literature, however, we also compute the unconditional covariance-to-
variance ratios, obtained through straightforward OLS projection of the surprises in
relative labor income on the excess returns of the assets available for trade.!” In the
simple case of Asset Menu I (only equities), we obtain

L1 = — (()6337? (P + A — i) + o,
where the standard error is reported in parenthesis. The unconditional covariance-
to-variance ratio is negative, statistically significant, and economically rather large.
The implication is that hedging labor-income risk does not produce home bias in
equity, but rather implies a foreign equity bias. This result, on the one hand, sup-
ports Baxter and Jermann (1997), and, on the other hand, weakens the argument of
Heathcote and Perri (2009).

In|Table 2,/ we report the time-f conditional covariance-to-variance ratios related
to labor-income risk, and the portfolio allocation implied by the first component
in equation (1), i.e., the optimal overall allocation under the assumption v = 1. In
particular, the first column of Table 2 confirms the finding of Baxter and Jermann
(1997) that the portfolio diversification puzzle is even worse than expected.

This result has been recently challenged, within a static framework, by
Coeurdacier and Gourinchas (2009). They emphasize that, with a richer set of
asset traded, variances and covariances should be computed conditional on the
other asset returns. In particular, they claim that results would be overturned when
moving from Asset Menu I to Asset Menu I1. They provide empirical support to this

19The unconditional covariance-to-variance ratios would be appropriate in our case if the process y, were in fact
a multivariate white noise. Our data, however, do not support this representation. This is particularly relevant for the
real exchange rate, since a pure random walk assumption, as discussed in the recent work of Backus et al. (2010),
would be inconsistent with the widely documented violation of the uncovered interest parity.
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claim (i.e., a positive covariance between excess returns on foreign versus domestic
equity and labor income risk).

The second column of Table 2 shows that the covariance between labor-income
risk and the excess return on equities is instead still inconsistent with an explanation
of the home-bias based on hedging labor-income risk, regardless of the tradability
of riskless bonds. Such substantial difference in the results, however, does not origi-
nate from the fact that our model is dynamic, but rather from the different empirical
definition of labor income risk.

Coeurdacier and Gourinchas (2009), indeed, use the unexpected component of
the (home relative to foreign) return-to-labor, constructed as

A~ A = AR A
(15) Fopp — Eiry = ];)pk(Et+l — E)(A& ik — AGiisi)

A pF

pk(ElJrl - Et)(?;-],H»lJrk - A(’?I+1+k - r;,t+l+k)’

|
gk

k=1

where p =1 — s, is a constant of linearization that depends on the average
consumption-wealth ratio. This measure is borrowed from Campbell (1996) and
relies on two implicit and critical assumptions. First, it is assumed that there exists
a market for domestically tradeable claims on the stream of future labor-income
flows, which implies that the return to labor is computed in analogy to the return
on any financial asset, using the log-linear approximation of Campbell and Shiller
(1988).7 Second, the term on the second line of equation (15) arises because inno-
vations in the future relative returns on domestic human wealth are assumed to be
equal to those in the future excess returns on domestic versus foreign equities.?’

With this definition, it follows that the return-to-labor is likely to be positively
related, by construction, with the excess return on foreign versus domestic equity.
This result is questionable, indeed Lustig and Van Nieuwerburgh (2008) perform
a simple consumption growth accounting exercise and show that innovations in
future returns on human wealth are actually negatively correlated with innovations
in future returns on financial assets.?

We do not make either of the assumptions above. Instead, in our framework,
the relevant measure of nondiversifiable labor-income risk is directly implied by
the theoretical model, and corresponds to the revision in the present discounted
value of cross-country labor income ¢, |, as shown by equation (11).> It is worth
noticing that our measure of labor-income risk is instead similar to those used
by Shiller (1995) and Baxter and Jermann (1997), which coincide with the first

20The first unappealing implication of this approach, in a two-country world, is that the claims on human wealth
would have to be restricted to domestic trade only (otherwise labor-income risk could also be diversified internationally).

2I'This is a strong assumption, as discussed by Campbell (1996).

22Van Nieuwerburgh, Lustig, and Verdelhan (2010), similarly, estimate an affine-yield model on bond yields
and stock returns, and document a very weak correlation between expected returns on human wealth and those on
equities.

23Note that in a first-order approximation (which is all that is needed to evaluate the relevant orthogonality con-
ditions and derive the steady-state portfolio allocation), expected excess returns are always zero, so the last terms in
(15) would drop even if we did make the two assumptions discussed above.
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TABLE 3—LOADINGS OF EXCESS RETURNS ON REAL EXCHANGE RATE DEPRECIATIONS

Loadings of: Asset Menu I Asset Menu I1 Asset Menu 11
Pt At — Py 0.365 0.021 -0026
(0.072) (0.068) (0.071)
Flor + Agor — Pl — 0.747 0.781
- (0.086) (0.086)
Fieer = Fls — — —0.098
— — (0.048)

Notes: Standard errors in parentheses. Dependent variable is Ag,. ;.

summation on the right-hand side of (15).> Using this definition, we find that
domestic equity is not a good hedge, reinforcing Baxter and Jermann’s (1997)
result even if we condition on bond returns.

The third column of Table 2 displays the results for Asset Menu 111, and shows
that allowing for leveraged positions between equity and riskless assets does not
substantially alter the results.

D. The Role of Real Exchange Rate Risk

In the above section, we showed that there is no support to the view that domes-
tic equity is a good hedge against nondiversifiable labor-income risk to explain the
home bias in US equity holdings. We now move to analyze the empirical relevance
of the second component in equation (1), related to real exchange rate risk.

The role of hedging real exchange rate fluctuations as an explanation for the
home-bias puzzle has been recently questioned by van Wincoop and Warnock
(2010) and Coeurdacier and Gourinchas (2009). Their main argument is based on
the evidence that the covariance between real exchange rate changes and the excess
return on foreign versus domestic equity becomes negligible once this covariance
is taken conditional on other returns, like the excess return on riskless bonds. This
observation comes from the results of a simple OLS regression between one-period
ahead changes in the real exchange rate and the vector of excess returns,

(16) A1 = kg + Pgexry + Uy,

reported i While the loading of the excess returns on foreign equity is sig-
nificant and positive if equity is the only tradeable asset, once the vector of excess
returns is augmented to include the excess return on foreign versus domestic bonds,
the covariance-to-variance ratio becomes negligible.

In a static, rational-expectations model, such small covariances (provided they
are of the right sign) would require an extremely high ~ to justify the hedging role
of domestic equities, which, however, would open room for other puzzles, like the
aforementioned risk-free rate puzzle.

?*Indeed, the only difference between (11) and the measure in Shiller (1995) and Baxter and Jermann (1997)
is the discount parameter. While they use p = 1 — 5., we use the time discount factor 5. Numerically, however, 3
and p are very close numbers.
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Asset Menu | Asset Menu Il Asset Menu Il

Time-horizon: quarters Time-horizon: quarters Time-horizon: quarters

FIGURE 2. THE COVARIANCE-TO-VARIANCE RATIO BETWEEN AE, ;| §i14% AND €xry,,
FOR INCREASING k (horizontal axis)

Notes: Asset Menu I equities only. Asset Menu II: equities and balanced bonds. Asset Menu I1I: general model with
equities and bonds. Thin lines: 68 percent confidence bands.

Instead, our dynamic model gives a new role to real exchange rate risk. What mat-
ters is not only the current real exchange rate risk, the short-run risk, but also the
revisions in the entire future expected path of the real exchange rate, the long-run risk.

To study whether shifting from a short-run to a long-run perspective affects the
hedging properties of equity with respect to real exchange rate risk, we start writing
equation (12) in terms of levels instead of growth rates:

(17) 5q,t+1 = ZﬁkAEtH Aét+l+k = (1 - 6)2 ﬂkAEtHétHJrka
k=0 k=0

in which AE,, () = E,,,(-) — E,(+) denotes the time-¢ + 1 revisions in condi-
tional expectations.

By looking at different terms in the summation above, we can investigate the co-
movement between asset returns and surprises in the real exchange rate path at dif-
ferent time horizons. In particular, we can evaluate whether the hedging properties
of equity and bonds change when the risk to be hedged is farther away in the future,
as opposed to very soon. To this end, given our estimated model (14), we com-
pute the time—¢ + 1 news about the real exchange rate k periods ahead—given by
AE,. | §;1.—and for each time horizon we evaluate the covariance-to-variance
ratios with respect to all excess returns of interest, conditional on time-# information
and on the residual asset space: X, 'E,(AE,, | G111 - €Xr,.).

Figure 2 blots the covariance-to-variance ratios (and their one-standard-deviation
confidence bands) of RER risk at different horizons k with the current excess return
on foreign versus domestic equity. does the same for the excess return on
foreign versus domestic bonds, for the two asset menus which include bonds (11
and 111).
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FIGURE 3. THE COVARIANCE-TO-VARIANCE RATIO BETWEEN AE,. | ;111 AND exrl.,,
FOR INCREASING k (horizontal axis)

Notes: Asset Menu II: equities and balanced bonds. Asset Menu III: general model with equities and bonds. Thin
lines: 68 percent confidence bands.

The first point in each plot, marked with a red circle and corresponding to k = 0,
measures the covariance-to-variance ratio implied by a static model, in which only
the short-run risk matters. Moving from the left to the right panel of Figure 2, the
first point drops from about 0.4 to virtually zero, implying that the hedging power
of equity against real exchange rate risk fades away, when we condition on other
excess returns and, in particular, on bonds. This is the core of the results of van
Wincoop and Warnock (2010) and Coeurdacier and Gourinchas (2009).

The novel insight of Figure 2, however, is that at longer horizons the hedg-
ing properties of equity sharply improve, even when we condition on other excess
returns.?> The confidence bands reveal that (perhaps not surprisingly) the precision
of the estimated covariance-to-variance ratios decreases as the time-horizon rises,
reflecting the limited sample size and the parsimonious specification of the statisti-
cal model. However, most of the increase in the estimates’ uncertainty occurs at
time horizons higher than about 15 quarters, and mainly with respect to the upper
bound of the credible set. In order to scrutinize further the effect of sample uncer-
tainty on this result, we compute the relative contribution of each time horizon & to
the point estimate of the overall covariance-to-variance ratio, for each asset menu.
The results are displayed in|Figure 4, and show that the covariance-to-variance
ratio between the excess return on foreign equity and RER risk is mainly driven
by the co-movement with the news on the real exchange rate over medium time
horizons (within about ten quarters). Over such medium horizons, as shown by

25 A recent literature documents the quantitatively substantial implications of long-run risk for asset valuation,
in the context of nonexpected utility frameworks. See, among others, Hansen, Heaton, and Li (2008), who also
provide an interpretation related to model uncertainty.
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FIGURE 4. THE RELATIVE CONTRIBUTION OF EACH TIME-HORIZON TO THE
COVARIANCE-VARIANCE RATIO BETWEEN €, .| AND exr,

Notes: Asset Menu I: equities only. Asset Menu II: equities and balanced bonds. Asset Menu I1I: general model with
equities and bonds. Relative contribution in percentage points.

Figure 2, the estimated covariance-to-variance ratios are not excessively affected
by sample uncertainty.

Figure 3, instead, shows that the hedging properties of riskless bonds are affected
in the opposite direction by longer time horizons. Indeed, while the covariance-to-
variance ratio for k = 0 is significantly positive and large, as the time horizon rises,
the point estimate decreases and the effects of sample uncertainty become stronger.
The one-standard-deviation confidence interval widens to include zero after about
five quarters.

Finally, to give further robustness to our results, we compute the covariance-to-
variance ratio of real exchange rate risk with the excess return on foreign versus
domestic equity also for the United States, vis-a-vis each of the other G7 countries,
and report the results in As the first points in the figure show (marked with
a red circle), when k = 0, the covariance-to-variance ratio between RER risk and
the excess return on the equity of each of the G6 countries is basically zero, consis-
tent with the results of van Wincoop and Warnock (2010); the hedging properties of
US equity against short-run RER risk are very poor, regardless of the currency in
which the alternative asset is denominated. However, the figure also reveals that as
the relevant time horizon rises, the covariance-to-variance ratio with respect to all
countries (with the notable exception of Japan) becomes clearly positive; the hedg-
ing properties of US equity against long-run RER risk are substantially stronger.*®

26In Figure 2, the aggregation of the country-specific variables, discussed in Section ITA, implies that the agent
is allocating his/her wealth between domestic assets, on the one side, and a given portfolio of foreign assets, on the
other side, with weights equal to the GDP weights used in the aggregation. This further implies that the covariance-
to-variance ratio displayed in Figure 2 also reflects the co-movements between the bilateral exchange rates and
returns across different pairs of countries. These additional components explain why the pattern displayed in Figure
2 does not coincide with the average pattern implied by Figure 5.
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Notes: The US vis-a-vis each of the other G7 countries. Asset Menu III: general model with equities and bonds.

E. The Role of v

We now merge the results of the previous sections and discuss the role of v in
equation (1). In particular, y measures risk aversion and the inverse of the elasticity
of intertemporal substitution in model (i), ambiguity aversion in model (ii), and the
attitude toward the temporal resolution of uncertainty in model (iii).

reports the covariance-to-variance ratios of the two sources of risk implied
by our model (labor-income and real exchange rate), with the relevant excess returns,
for the three asset menus that we consider. In particular, the empirical co-move-
ments, with respect to the excess return on foreign equity, reveals that domestic
equity—relative to foreign—is qualitatively useful to hedge against real exchange
rate risk (positive ratio), while not against labor-income risk (negative ratio), also
when riskless bonds are available for trade. The two sources of risk, therefore, drive
the optimal portfolio allocation in opposite directions. However, the third column of
Table 4 shows that the empirical co-movements of exr ¢ with real exchange rate risk
are twice as strong as those with labor-income risk (three times stronger in Asset
Menu II), implying that hedging RER risk can potentially become the main driver
of the optimal portfolio allocation, provided that the relative component in equa-
tion (1) is relevant enough. Similarly, co-movements with exr” imply that domestic
bonds—relative to foreign—represent a useful hedge against real exchange rate risk
(positive ratio), but a bad hedge against labor-income risk (negative ratio). In the
general case of Asset Menu I11, finally, Table 4 also implies that equity assets are
a relatively better hedge against labor-income risk (negative co-movements with
exr e”), while debt instruments are relatively better to hedge real exchange rate risk
(positive ratio).

Figure 6/shows the implications of these empirical co-movements for the optimal
portfolio allocation by increasing -, and under the three asset menus considered.
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TABLE 4—THE EMPIRICAL ROLE OF REAL EXCHANGE RATE Risk

Asset Menu [ Asset Menu 11 Asset Menu 111

Conditional covariance-to-variance ratios of LIR with selected excess returns

P&+ Agi — P —0.782 —0.268 —0.365

??TT!H + A‘}LH - ;;’I,HI - —1.287 —1.271

Fron — Fhan — — —0.206
Conditional covariance-to-variance ratios of RERR with selected excess returns

FE i+ AG — P 0.809 0.622 0.769

P+ DG — Pl — 0.467 0.444

,ﬁ;[ﬂ - ’AAI'ZI.HI - - 0.311

Notes: LIR denotes labor-income risk; RERR denotes real exchange rate risk; Asser Menu I: equities only; Asset
Menu I1: equities and balanced bonds; Asset Menu II1: general model with equities and bonds.

The first point of each line captures the case of v = 1 which is driven by only labor-
income risk—the first component of the right-hand side of (1). As + increases, the
second component of (1), related to real exchange rate risk, becomes progressively
more important.

Figure 6 shows that, as + rises, the share of wealth allocated to domestic equity
(@) sharply increases, regardless of the specific asset structure (up to 87 percent
for Asset Menu I, 112 percent for Asset Menu I, and 99 percent for Asset Menu I ).
In particular, in the general case of Asset Menu I1I, when v = 5, the share of wealth
allocated to domestic equity reaches about 89 percent, explaining a large proportion
of the home bias found in the data, and in contrast with the 35 percent of the bench-
mark case with v = 1.

The three models under analysis can be successful in explaining the home bias
in the international portfolio allocation. However, as already discussed, under the
standard isoelastic expected utility of model (i),  corresponds to the inverse of
the intertemporal elasticity of substitution. By raising +, the mean of the risk-free
real rate increases and the model falls in the risk-free rate puzzle. Instead, in model
(ii) and (iii), there is an additional degree of freedom; the intertemporal elasticity
of substitution is assumed to be unitary, while v measures the degree of ambiguity
aversion and the risk-aversion coefficient, respectively.

III. The Models

In this section, we discuss, in detail, the three alternative preference specifica-
tions and show that they deliver the same steady-state portfolio allocation given by
equation (1). We consider a model with two countries, denoted domestic (H) and
foreign (F), each populated by a representative agent. Representative agents supply
a fixed amount of labor. In each country, there is a continuum of firms producing
a continuum of goods in a market characterized by monopolistic competition. All
goods are traded. Households enjoy consumption of both domestic and foreign goods
and can trade in a set of financial assets. Specifically, there are four assets traded in
the international markets: two risk-free nominal bonds, denominated in each cur-
rency, and two equity assets, representing claims on the dividends of domestic and
foreign firms, respectively.
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FIGURE 6. OPTIMAL PORTFOLIO ALLOCATION: THE EFFECT OF FEARS OF MODEL MISSPECIFICATION

Notes: Asset Menu I: equities only. Asset Menu II: equities and balanced bonds. Asset Menu I11: general model with
equities and bonds. ay; = 0.5 implies full diversification in equity holdings.

A. Three Alternative Preference Specifications

We consider the following alternative specifications of preferences: model (i) a
standard model with isoelastic consumption utility and constant relative risk aver-
sion, model (ii) a model with log-utility in consumption in which agents face and
fear model uncertainty as in the framework developed by Hansen and Sargent (2005,
2007), and model (iii) a model with unitary intertemporal elasticity of substitution
and nonexpected utility as in Epstein and Zin (1989) and Kreps and Porteus (1978).

In model (i), the representative agent maximizes the present discounted values of
the utility flow, which is isoelastic with respect to current consumption

o0 cl-r
(13 RS

=1y - p

where (3, with 0 < (3 < 1, is the intertemporal discount factor; p, with p > 0, is the
risk aversion coefficient and the inverse of the intertemporal elasticity of substitu-
tion; ¢, is consumption at date #; and E,(-) is the time — ¢, expectation operator.
Preferences are similar in the foreign country in reference to foreign consumption.

In model (ii), model uncertainty is assumed. Agents are endowed with some “ref-
erence” probability distribution, which is common across countries, but which they
do not trust, and might instead act using a nearby distorted “subjective” distribution,
possibly specific to each country. In this case, the representative agent in the domes-
tic economy maximizes utility given by

(19) E{i g 1}

=1,

where the utility flow is logarithmic in current consumption, and where, now, E,O( 2)
is the time —7, expectation operator taken with respect to the distorted probability
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measure. We assume that the distorted measure is absolutely continuous with respect
to the “reference” measure and such that the expected utility can be written in terms
of the “reference” distribution as

Et(){z ﬁ[7t0 lncl} = El(){z 617t0 thnct}’

=1y 1=ty

where G, is a nonnegative martingale with G,, = 1 that acts as a change of measure
from the “approximating” to the “subjective” distribution. The representative agent
in the other country has similar preferences but a possibly different expectation
operator E; ().

Notice that this way of modelling model uncertainty is observationally equivalent
to a model with preference shocks, as in Pavlova and Rigobon (2007), but in which
the preference shocks are restricted to be a martingale. Moreover, in our context, the
preference shocks are not exogenous but will correspond to the optimizing behav-
iour of an “evil” agent that manipulates the distorted beliefs to minimize the above
utility. Indeed, in this environment, we consider the sophisticated agents of the
robust-control theory of Hansen and Sargent (2005, 2007). These agents fear model
misspecification, and seek decision rules that are robust to it. Following Hansen
and Sargent (2005, 2007), we can regard such a robust decision-making process as
a two-player game between the representative household and an “evil” agent. The
household surrounds the reference model with a set of alternative distributions, in
which he/she believes the true one lies. The “evil” agent will choose the most unfa-
vorable distribution in this set, and the household will act accordingly. To choose the
worst-case distribution, the “evil” agent seeks to minimize the utility of the decision
maker under an entropy constraint which defines the size of the set of alternative
models, and imposes a bound on the allowed discrepancy between the distorted
and the approximating measures. Hansen and Sargent (2005) propose an alternative
formulation of this problem in which the entropy constraint is added to the utility of
the agent to form a modified objective function?’

(20) EIO{Z B G,lnc,} + QEIO{Z B GzﬁEz(gtHlngtH)}’

=19 =t,

where € > 0 is a penalty parameter on discounted relative entropy, and where g, is
the martingale increment with the properties that

(21) Gy = 811G,
(22) Eg = 1

The problem of the “evil” agent becomes that of choosing the path {g,} to mini-
mize (20) under the constraints (21) and (22). Higher values of 6 imply less fear

2"Hansen and Sargent (2005) label this preference structure “multiplier preferences.” See Strzalecki (2011) for
a complete axiomatization.
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of model misspecification, because the “evil” agent is penalized more by raising
entropy when minimizing the utility of the decision maker. When € goes to infinity,
the optimal choice of the “evil” agent is to set g,.; = 1 at all times, meaning that the
optimal distortion is zero. The rational expectations equilibrium with standard log
utility of model (i) is nested under this limiting case. In this context, the decision
maker chooses sequences for consumption and portfolio shares to maximize (20),
taking into account the minimizing action of the “evil” agent.

In model (iii), we consider a particular form of Epstein-Zin preferences with
unitary intertemporal elasticity of substitution. Here, the indirect utility, v,, can be
written in a recursive form

(23) Vi = Crliﬂ ( [Ez(vtﬁ-l)lﬂ] 1/(17W))ﬁ’

in which ~, with v > 0, measures risk aversion and the attitude toward the temporal
resolution of uncertainty.

It is established in the literature (see among others Barillas et al. 2009) that the
solution of the inner minimization problem of model (ii), in which the “evil” agent
chooses distortions to minimize the utility of the decision maker, implies a trans-
formation of the original utility function (20) into a nonexpected recursive utility
function of the form (23), where the parameter - is the following monotonic trans-
formation of 6:?®

_ 1
(24) =1+ g5

It follows that under this restriction, and in the range v > 1, models (ii) and
(iii) imply the same equilibrium allocations of quantity and prices.”’ Moreover,
model (i) will coincide with (ii) and (iii) under the assumptions: p = 1, § — oo,
« = 1 for each respective model. However, we will show that model (i) implies the
same steady-state portfolio allocation of models (ii) and (iii), conditional on the
same processes for the excess return, real exchange rate risk, and labor-income risk,
when p = v and 6 is consistent with (24) for the same .

B. The Model Economy

The consumption index ¢ is a CES aggregator of domestic (cy) and imported
(cr) goods:

c = [nl/ﬁ(cH)(ﬁ*l)/ﬂ 4 (1 o n)1/19<CF)(1971)/19]’19/(1971)’

28Barillas et al. (2009) discuss the relation between fear of model misspecification and the class of risk-adjusted
preferences described in Kreps and Porteus (1978) and Epstein and Zin (1989). See also Strzalecki (2009) for an
analysis on how models of ambiguity aversion imply different preferences for the timing resolution of uncertainty.
*°In the range 0 < < 1, instead, model (ii) is not defined.



170 AMERICAN ECONOMIC JOURNAL: MACROECONOMICS JANUARY 2012

in which n, with 0 < n < 1, is the weight given to the consumption of domestic
goods; and ¢, with ¥ > 0, is the intratemporal elasticity of substitution between
domestic and foreign goods. The consumption sub-indexes cy and ¢ are Dixit-
Stiglitz aggregators of the continuum of differentiated goods produced in country H

and F, respectively:
1 0‘1/(”171) 1 ‘7:/(‘717 1)
ey = j; C(h)(afl>/mdh cr fo c(f)<”'*1>/”'df ,

where o, is the time-varying elasticity of substitution across the continuum of mea-
sure one of goods produced in each country, with o, > 1, for all ¢. The appropriate
consumption-based price indices expressed in units of the domestic currency are
defined as

(25) P = [n(PH)I*ﬁ + (1 — n)(PF)lfﬂ]l/(l—ﬂ)’

with

Py =

1 1/(1—0y) 1 1/(1=0y)
[ o™ o= [[ o] "

A similar structure of preferences holds for the foreign agent marked with the appro-
priate asterisks. In particular, the weight n” in the foreign consumption index might
not be equal to n. In the case in which n > n”*, home bias in consumption arises. More
generally, when n # n”, there are deviations from purchasing power parity and fluctua-
tions in the real exchange rate, even if the law-of-one price holds for each traded good.
In our model, this is a possible source of risk to be hedged through portfolio choices.™

In each country, there is a continuum of firms of measure one producing the
goods in a monopolistic-competitive market. A domestic firm of type % has a
constant-return-to-scale production technology y,(h) = Z¢1!~¢, where Z, is a natu-
ral resource available in the country and /, denotes labor which is employed at the
wage rate W,; ¢ is a parameter with 0 < ¢ < 1. When ¢ = 1, the model collapses
to an endowment economy. The variables Z, and Z;, in the foreign economy, are
exogenous stochastic processes.

Prices are set without frictions and the law-of-one price holds. Equilibrium implies
that prices are equalized across all firms within a country and set as a time-varying
markup y,, with 1, = o0,/[(0, — 1)(1 — ¢)] > 1, over nominal marginal costs

Wt ll

L Y

PH,t: H

3%Notice that we could have alternatively modeled fluctuations in the real exchange rate through deviations
from the law-of-one price without affecting our conclusions.
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implying that the wage payments are inversely related to the markup:

Py yu,
Wil =~
Firms make profits and distribute them in the form of dividends. The aggregate divi-
dends in the domestic economy are given by

p — 1)
DH,t = PH,tyH,t - tht = (ITPH,tyH,t’

which displays a positive correlation between dividends and the markup. The exis-
tence of nondiversifiable labor income is another source of risk to be hedged through
portfolio choices.?’ The markups, y, and 1), in the foreign economy are exogenous
stochastic processes and allow for a possible negative correlation between labor
income and equity returns.’

The market for foreign goods works in a similar way with the appropriate
modifications.

There are two equity markets—one for each country—with shares that are traded
internationally. The market prices for equity shares in local currency are Vy , and
V1., for the domestic and foreign country, respectively. Households can also trade in
two risk-free nominal bonds, denominated in units of the two currencies. The flow-
budget constraint of the domestic agent is

(26) By, + SBr; + x4 Vu, + xp,SVi, < Ry By, 1 + StR};:tBF,t—l
+ xH,tfl(VH,t + DH,r) + xF,FlSt(V;,z + D;t) + tht - Ptct’

in which By, , and B, are the amounts of one-period nominal bonds, in units of the
two currencies, held at time #; R, and R, are the risk-free returns from period
t — 1 to period ¢, in the respective currencies; xy, and xz, are the shares of the
domestic and foreign equity, respectively, held by the domestic agent. Finally S,
is the nominal exchange rate, defined as the price of foreign currency in terms of
domestic currency. The flow-budget constraint (26) can be written in a more com-
pact form and in real terms (in units of the domestic consumption index) as

(27) a; = Ty + 51‘ - G,
where we have defined

By, + SBp, + x4 Vy, + xp,SVr,
a, = b

3'When ¢ = 1, we are in a pure endowment economy, in which all income is diversifiable. In this case, 11, goes
to infinity.

32Markup shocks can fall in the category of redistributive shocks, discussed by Coeurdacier, Kollmann, and
Martin (2008) and Coeurdacier and Gourinchas (2009).



172 AMERICAN ECONOMIC JOURNAL: MACROECONOMICS JANUARY 2012
and

b q:

_ b b b * e e e & dr
Tpt = QueaTHe T Qpealpeg T+ Ol + OF Ry

qr-1 "

In the definition above, o}, ,, a%,, a§ ,, o, represent the shares of wealth that the
domestic agent invests in the domestic bond, foreign bond, domestic equity, and
foreign equity, respectively, satisfying the following restriction:

(28) alb-l,t + O‘?’,t + O‘le'-l,t + Oé;,, = 1.

Moreover %, rf:,, . and rfp: are the respective real returns.? The variable &,
denotes nondiversifiable real labor income, defined as &, = W,[,/P,, and g, is the real
exchange rate defined as ¢, = S,P; /P,

The domestic agents optimization problem is to choose consumption and the
portfolio allocations to maximize their intertemporal objective function—(18) for
model (i), (20) for model (ii), and (23) for model (iii)—under the flow-budget con-
straint (27) and appropriate no-Ponzi game conditions.

C. Optimality Conditions

The optimality condition with respect to consumption implies an orthogonality
condition, in expectation, between the real stochastic discount factor and the real
portfolio return

(29) Et(mt+1rp,z+l) = L
A similar condition applies to the foreign economy:
(30) E;k(m;—lr;,t-k—l) = L

The optimality conditions with respect to the portfolio allocation imply a set of four
restrictions for each agent, one for each asset, given by:

(31) Et(mt+1r?-l,t+1) =1, Ef(m;lrbH‘H_] %) =1,
(32) Et(mwrl}fm %) =1 E:(mfﬂ”?rﬂ) =1
(33) Emarin) = L Ei(miariagly) = 1
(34) Er(mm’”;:ﬂ %) =1, Ef(m;r]r;;r]) = 1.

33Lower case variables denote the real counterpart of the respective upper case variable. Please refer to the
Appendix for details on the derivations and definitions.
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The above formulation of the orthogonality conditions nest the three alternative
preference specifications. Model (i) implies E,(-) = E;(-) = E,(-), and the domes-
tic and foreign stochastic discount factors are defined by

P O\ P
(35) my, = ’8(031) mpy = ﬁ( < ) .

ES
Ciy1

In model (ii), the subjective expectation operators apply, and the stochastic discount
factors are given by

¢

(36) my, = f8 c

mf+1 =0

CT
+1 c;kH

In model (iii), instead, E,(-) = E,(-) = E,(-), and the stochastic discount factors
are defined by

1— x #l—ry
(37) m., = ﬁ ¢ ( Virl ) m, = ﬂ Cy ( Vitl )
[Ei(

S E () G \[Evi) ]

Notice, moreover, that in model (ii) the martingale increments g,,; and g/, pro-
vide a mapping between conditional expectations under the (country-specific) “dis-
torted” measure and the (common) “approximating” one:

(38) Et(XtH) = Ez(gt+1Xr+1) E:(Xt+l) = Ef(g;k+1Xt+l)’

for a generic random variable X, ;. Such distortions in beliefs are chosen optimally
by the “evil” agent, and are such that

W e () - ()
=1 — _ +1 — « _ H
[Et(vt+l)l W] [Et(vt+l)1 7]

as shown, among others, by Barillas, Hansen, and Sargent (2009). Equation (39),
therefore, implies that models (ii) and (iii) share the same set of orthogonality condi-
tions (29)—(34), once they are evaluated under the “reference” probability measure.

Equilibrium in the goods market requires the production of each good to be equal
to world consumption

YHi = Cg,; T c;{,t yl*”.l = cp,; + C;,t'
The labor markets are in equilibrium at the exogenously supplied quantities of labor

L, =1, I, =13,
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where [, and [ are exogenous stochastic processes. Bonds are in zero-net supply
worldwide:

BH,t + B;I,t = BF,t + B;,t = 0.
Equity shares sum to one:
XH,t + X;I,t = Xpt + x;,t = L

Given the path of the stochastic disturbances { 1,,1,,2,7;, ,u,, ,u,} an equilibrium is
an allocation of quantities {c,, Cy,, Cr. /s Ciy 1o Cr1o ab ok, ol ab .ok, ok,
O‘Ht’ aFt’ a;, a; }and prices {rHt’r];Vt’rHtert’CIt’PHt/PF » Wi/ P, Wi [P} such that
each agent’s consumption, portfolio shares, and wealth are optimal given prices, and
goods, labor, and asset markets are in equilibrium.

Although we have written a general equilibrium model, in the next section, we
show that we do not really need to solve the entire model to understand the deter-
minants of the portfolio allocation. Instead, we can isolate a block of the general
equ111br1um condltlons to determine the portfolio shares {a/% . ,,a Foo Qg t,a G QU
ab Lol af -~} by taking as given the path of returns {r rF DT sl E -}, the real
exchange rate g,, and the processes of nondiversifiable labor incomes {¢,,&; }. The
optimal portfolio allocation, therefore, depends on the co-movements between these
sources of risk.’

D. Portfolio Choices with Isoelastic Preferences

Under model (i), we can characterize the equilibrium portfolio allocation com-
bining equations (31)—(34) to obtain the following set of orthogonality conditions:

- q e
(40) E, (mt+1 - M Qr—i1> (”H,z+1 - ”Z,zﬂ) =0
(41) Et|:<mt+l - m;k+1 %) (r?:zﬂ qule - r?l,zﬂ) =0
* q * q
(42) Er[(mz-H — My C]t—Jil)(r};”H lq-:l - r?l,zﬂ)] =0,

where the stochastic discount factors are given in (35). The above conditions require
the cross-country difference in the real stochastic discount factors—evaluated in
terms of domestic consumption—to be orthogonal to three relevant excess returns:
the excess return of domestic equity on domestic bonds, the excess return on foreign

34Empirical restrictions of this kind should apply to any general equilibrium model of international portfolio
allocation. Indeed, recent papers in the literature characterize the optimal portfolio allocation in terms of primitive
parameters or shocks, yet without considering such empirical restrictions. Along this dimension, they would be less
successful. See van Wincoop and Warnock (2010) and Coeurdacier and Gourinchas (2009) for a related argument
and for models that are, instead, evaluated under data restrictions.
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versus domestic equity, and the excess return on foreign versus domestic bonds.
Indeed, conditions (40)—(42) and restriction (28) are sufficient to characterize the
equilibrium portfolio allocation.

Given the assumption of incomplete markets, we cannot solve for the optimal
portfolio allocation in nonlinear closed form.’> However, we can still derive many
insights by using the approximation methods developed by Devereux and Sutherland
(2011) and Tille and van Wincoop (2010). As a first step, we solve for the paths of
consumption and wealth, given returns and the steady-state portfolio shares, using
a first-order approximation of the Euler equations and the budget constraints. In
particular, letting variables with hats denote log deviations from the steady state and
variables with upper bars denote the steady-state level, this yields

(43) Ay + Ag — gy
= —(pA@ﬁl - AC}HI)

(1 -0« S¢

o !
= —p—)\ exr,,; — ps—fz,m - (p - 1)64»l+1’
Bsc ¢

where a superscript R denotes the difference between the domestic and the respec-
tive foreign variable; s, is the steady-state ratio between nontraded income and
financial wealth, which is common across countries and given by s, = &/a;
and s, is the steady-state ratio between consumption and financial wealth and such
that s, = (1 — )/ + s¢; the vector of excess returns exr,,, is defined in (8), (9),
and (10); labor-income risk and real exchange rate risk are defined in (11) and (12),
respectively. Moreover, X\ = & — & captures the cross-country difference in opti-
mal portfolios and is given by’

@y + @y -2
(44) X = 2@ — 1

—b
2ap

Equation (43) captures the familiar hedging motive, related to the wedge between
the marginal utilities of consumption, and is the equivalent to equation (3), with the
coefficients now defined by

_ 1 - S¢

me:—pT m; = qul—p,

i

|
AS
|

and where clearly X' = 0.

35 van Wincoop and Warnock (2010) work with a closed-form solution, but in a partial-equilibrium, two-period
model. Coeurdacier and Gourinchas (2009), Coeurdacier, Kollmann, and Martin (2008), Heathcote and Perri
(2009), and Kollmann (2006) obtain closed-form solutions by assuming that markets are locally complete.

3%In a symmetric steady state, where A = S A*, it can be shown that a¢" = 1 — a¢ and @’ = —a?, for
i=HF.
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As a second step, we use equation (43) and a second-order approximation of the
orthogonality conditions (40)—(42) to determine the steady-state portfolio shares
as a function of prices, returns, and nondiversifiable labor income.?’ The optimal
steady-state portfolio shares, hence, satisfy the following equation:

(45) X = —SglfﬁﬁE,lEz(exm 1)

p—-1 p
P 1-53

-1
- Sc E[ E,(exr,, - 5q,t+1)-

The above equation coincides with equation (1) discussed in Section II, when indeed
p replaces 7.
E. Portfolio Choices under Model Uncertainty and Epstein-Zin Preferences
Since models (ii) and (iii) are equivalent, we are going to focus only on the deri-
vation of the equilibrium portfolio allocations under model (ii). Under model uncer-

tainty conditional expectations under the “reference” and “subjective” distributions
are linked by the mapping of (38); therefore, we can write conditions (40)—(42) as

* ® q: e b _
Et[<gt+lmt+l — 1My th)(”H,rH - rH,t+1> =0

* * q e* q e -
Er[<gt+lmz+l - gt-‘rlmH»lqt—J:l)(rF,erltq—tl - "H,r+1> =0

* = 4 b Gl b
Et[<gt+lmt+l o ngthq[—il)(”F,tH# - rH,t+l>- = 0.
The above set of equations implies the three restrictions needed to determine the

portfolio allocation. In a second-order approximation, and in compact form, they
read as

(46) Er[(gﬁrl - (Aéﬁl - Aét+l)) ) exrt+l] = 0.

With model uncertainty and fears of model misspecification, the cross-country
difference in the appetite for wealth is given by the sum of a first hedging motive,
described by the wedge between the marginal utilities of consumption, and a sec-
ond hedging motive given by the wedge between the distortions in the subjective
beliefs.

37Details of the derivation are shown in the Appendix.
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Since we assume logarithmic utility, the first hedging motive implies only two
sources of risk:

@7) gy + Ay — iy = = (AL — Agp)

1 -5 8¢
= _7>\/exrl+l - S_Cgl,t-‘rl’

Bse

and no role for the real-exchange-rate risk.

The second hedging motive depends on the factor g%, |, which measures the cross-
country difference between the subjective distortions. Since g;,; and g7, are given
by (39) and continuation values scaled by consumption can be written as

u= (e cm)lfv
C; - ! Ct+l C;

it is easy to see that g,,; and g;,, can be related to the current and future consump-
tion path. In particular, in a first-order approximation, which suffices to evaluate
(46), we can write

B/(1=)

2

81 = _('7 - I)Z 5kAEt+lAét+l+k’
k=0

in which g, increases when the agent fears bad news with respect to the consump-
tion-growth profile.’® Higher values of g,.; imply that the agent is assigning a higher
probability to those states of nature where there is bad news on the consumption-
growth profile. When g, increases, the appetite for receiving additional wealth
increases as well. In this case, the agent would like to hold assets that pay well when
there is indeed bad news about the consumption-growth profile. The above deriva-
tions apply also to the foreign agent. In the symmetric case in which v = ~*, we can
show that the optimal relative distortion depends negatively on the surprises in the
consumption-growth differential across countries:

(48) 2Ry = —(v — 1)) BYAE AGY
k=0
(1 -5 < s
=-( -1 S Nexr,; + s_f51,t+1 + Egr41]s

where the second equality substitutes for relative consumption growth using a first-
order approximation of the Euler equations and the budget constraints. Equation (48)
corresponds to equation (4).

38Hansen, Heaton, and Li (2008) show how to derive g, as a closed-form solution including risk-premia terms,
which, however, are not important in our approximation for computing the steady-state portfolio shares.
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Under model uncertainty and fears of model misspecification, the cross-country
difference in the appetite for wealth is given by the sum of (47)—capturing the
first hedging motive described by the wedge between the standard marginal utilities
of consumption—and (48)—capturing the additional hedging motive given by the
wedge between the subjective distortions.

As shown by equaton (48), this second hedging motive is driven by three sources
of risk: fluctuations in the excess returns, the labor-income risk, and fluctua-
tions in the real exchange rate. As argued in Section II, the coefficients related to
excess returns and labor-income risk are the same for the two hedging motives:
m, =g, = —(1 —B3)/Bs. and m; = g = —s¢/s.. It follows that, absent real
exchange rate risk, the optimal portfolio allocation under model uncertainty is the
same as the one under no model uncertainty. The degree of ambiguity aversion ~y
would be irrelevant in this case. On the contrary, the coefficient on real exchange
rate risk is different across the two components: m, = 0 and g4 = —1. As a conse-
quence, under log-utility, ambiguity aversion implies the existence of an additional
channel driving the optimal steady-state portfolio shares. Such additional channel
depends on the covariances between the excess returns and the surprises in the real
exchange rate, and on the degree of ambiguity aversion 7.

Notice that the sum of (47) and (48) implies (43) when ~ is replaced by p. It
follows that also model (ii) implies the steady-state portfolio allocation (45), when
~ replaces p. Therefore, models (i), (ii), and (iii) are equivalent with respect to
their steady-state portfolio implications, conditionally on the same processes for the
excess returns, labor-income, and RER risks.

F. Calibrating v Using Detection Error Probabilities

An appealing feature of model (ii), compared to model (iii), is that the parameter
v, which measures the concerns for model misspecification, can be calibrated within
the model, using its stochastic properties. We follow Anderson, Hansen, and Sargent
(2003) and Hansen and Sargent (2007) in using detection error probabilities.

Let us call model A the approximating model and model B(~y) the worst-case
model associated with a specific 7. Agents start with the belief that the models
are equally likely. That is, they assign 50 percent prior probability to each model.
After having seen T observations, they can perform a likelihood ratio test for dis-
tinguishing the two models. Under the hypothesis that model A is correct, we
denote, with p,(~y), the probability that a likelihood ratio test would instead falsely
say that model B(y) generated the data. Conversely, we denote, with pg(y), the
probability that a likelihood ratio test would falsely say that model A generated
the data, when in fact model B(~) is correct. The detection error probability, then,
is the weighted average of p,(v) and pg(+y) with the weights given by the prior
probabilities:

P(Y) = 2 (Pa(y) + Ps(7)).

The detection error probability is a decreasing function of ~, since a larger - (and
therefore a smaller §) implies a lower penalization upon relaxing the entropy
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constraint in equation (20). Indeed, a higher -y implies a wider entropy ball, inside
which the consumer allows the evil agent to choose the worst-case distortion, and
ultimately a consumer more afraid of misspecification. Accordingly, higher values
of vimply a larger divergence between the worst-case model and the approximating
one, and is therefore less probable that the likelihood-ratio test will favor the wrong
model. When v = 1, on the contrary, the two models are equivalent and p(~) is
therefore equal to 1/2.

It is important to notice that the mapping between -y and p(+y), is model-specific
and varies in different contexts. This is why the plausibility of a given value of ~,
as a measure of the concern about model misspecification, should be appropriately
determined in terms of the detection error probability that it implies, which can
instead be regarded as a context-invariant measure.

In our context the approximating model is given by the VAR in (14):

Y. = 1B + ALy, + e,

where e, is distributed as a multivariate normal with zero mean and variance-covariance
matrix €2. We can show that the worst-case models, associated with specific values of
~and ~", imply a distortion in the mean of the VAR, and take the form

(49) Ve = w + w(y) + ALy + ¢
for consumers in country H and
(50) Vo= w + W) + ALy + e

for those in country F, where w(y) and w"(~") are the optimal distortions in the
mean.””

We simulated 100,000 samples, each of size 112 observations (corresponding to
the sample 1980:1-2007:1V that we use in the VAR estimation), and computed the
detection error probabilities associated with the approximating and the worst-case
models, by varying the parameters v and ~". The results are displayed in

Figure 7 then shows the detection error probabilities, p(y) and p(v"), plotted
against v and ", and the associated discounted relative entropies, defined by:

Ny = Eto{z /at_toGtEt(gtJrllngH»l)}’

1=t

and analogously for 7y, .
We follow Anderson, Hansen, and Sargent (2003), Maenhout (2006), and Barillas
et al. (2009), and consider alternative models whose detection error probabilities are

39Please refer to the Appendix for details on the derivation.
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DEP versus discounted relative entropy
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FIGURE 7. DETECTION ERROR PROBABILITIES (DEP) VERSUS FEAR OF MODEL MISSPECIFICATION (7 and «y *, left panel)
AND VERSUS DISCOUNTED CONDITIONAL RELATIVE ENTROPY (1) and 1", right panel)

around 10 percent as “difficult to detect.”” Figure 6 has shown that values of ~y or 7"
around five are sufficient to get the most of the model fit in terms of home-bias in
equity holdings. Figure 7 then shows that values of v and v* between 5 and 7 are still
associated with detection error probabilities around 0.10.

The degree of ambiguity aversion needed to explain the empirical facts is there-
fore consistent with conservative values of the detection error probabilities, thus
validating the empirical relevance of the model’s implications. Given that the left
panel shows that for similar detection error probability v and " are very close, we
can also conclude that the assumption v = ~* is generally innocuous.*

IV. Conclusions

The observation that international investors hold a disproportionate share of their
wealth in domestic rather than foreign assets is one of the most persistent facts in
international finance. This is named the international home-bias puzzle, which the
literature has been dealing with for a couple of decades.

This paper revives an old argument, hedging real exchange rate risk, within a
dynamic general equilibrium model of portfolio and consumption choices, with
incomplete markets, under three alternative preference specifications: a standard
model with isoelastic utility, amodel with Hansen-Sargent preferences for robustness,
and a model with Epstein-Zin preferences. We show that these three models share
the same implications for international portfolios. We characterize them in terms
of covariances between measurable sources of risk to be hedged (nondiversifiable

40 At the threshold value of 10 percent, the values for  and " are, respectively, 7.5 and 5.5.
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labor-income risk and real exchange rate risk) and a vector of cross-country excess
returns, and evaluate their empirical relevance using financial and macro data on the
G7 countries.

From an empirical perspective, our results suggest that, contrary to what has been
claimed in recent related contributions, hedging nondiversifiable labor-income risk
does not seem sufficient to account for the lack of international portfolio diversifica-
tion. Indeed, in a setting in which equity is the only available asset, correlations in
financial data support a large foreign-equity bias, as in Baxter and Jermann (1997).
Adding further assets does not help in identifying a clear role for this risk in explain-
ing the home-bias puzzle, once the former is measured in a model-consistent way.
On the other hand, hedging real exchange rate risk is able to generate a substan-
tial equilibrium home bias in equity holdings. Most importantly, the models with
Hansen-Sargent and Epstein-Zin preferences are not subject to the risk-free rate
puzzle. Moreover, we show that the relevant notion of real exchange rate risk in
a dynamic model is not simply related to one-period changes (short-run risk), but
rather to news about the full path of the RER (long-run risk). This distinction turns
out to be empirically relevant; the hedging properties of domestic equities, which
were shown to be very weak toward short-run RER risk, substantially improve when
evaluated with respect to longer time horizons.

From a theoretical perspective, we show that the relevance of the RER risk
depends crucially on a structural parameter, v, whose economic interpretation
marks the difference among the competing models. Indeed, although the three
models share the same implications for the optimal portfolio allocation, the theo-
retical mechanisms behind the relevance of the real exchange rate risk are of com-
pletely different nature. In model (i), the stronger relevance of RER risk implied
by a higher « is due to the lower elasticity of intertemporal substitution that it
implies (equal to 1 /), which introduces a relative inflation risk that reduces cur-
rent domestic consumption (relative to foreign) when the RER appreciates. In
model (ii), instead, an increase in ¥ means a higher degree of ambiguity aversion,
which introduces a cross-country wedge in the subjective probability measures,
in the form of downward revisions in current domestic consumption (relative to
foreign). In model (iii), finally, a higher ~ captures a preference for an earlier
resolution of uncertainty, which implies that revisions in the future consumption
profile widen the cross-country difference in the subjective stochastic discount
factors that the agents seek to hedge.

The methodological contribution of the paper goes beyond the analysis of the
home-bias puzzle. The class of preferences that we suggest, in fact, produces a
perturbation of the equilibrium stochastic discount factor, which decouples the
attitudes toward intertemporal substitution with those toward ambiguity, and can
prove useful in addressing other failures of standard preference specifications
along the asset-price dimension.'' Indeed, it has been shown in closed-economy
settings that disentangling the elasticity of intertemporal substitution from the
degree of risk aversion helps in accounting for the equity premium puzzle. Once

41 See for a discussion Backus, Routledge, and Zin (2005).
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we open the economy to international trade in assets, there are additional puz-
zling features of financial data, among which the foreign equity- and bond-premia
puzzles and the Backus-Smith anomaly are notable examples.*? All these stylized
facts imply restrictions on the stochastic discount factor that standard preferences
cannot meet at the same time, and that might be all reconnected to some com-
mon misspecification.™ The modification of the stochastic discount factor that our
preference specification implies is a promising tool to correct this misspecification
and build macro models whose predictions are closer to the empirical implications
of financial data.

APPENDIX
A. Some Useful Definitions
To get equation (27), we have defined
A, = By, + SBr, + x4V, + X7, Vi,
and

S, S,
R,, = af Ry, + af, lRFtS + ap, Ry, + ap, lRFtS
-1 -1

with
oo — Vi + Du,
H,t == ’
Vi -1
% *
s _ Ve.+ Dp,
Ft = % >
Ve
and

b
BH,[ Qg tAta

SiBr.:

Il
Q
~

=

e
xH,tVH,t = aH,tAt’

xF,tStVF,t = aF,tAt‘

42Barillas et al. (2009) discusses the implications of model uncertainty for the equity premium puzzle; Piazzesi
and Schneider (2007) studies the slope of the yield curve with Epstein-Zin preferences. Ilut (2008) studies how
ambiguity aversion can help explain the uncovered-interest-rate puzzle.

43 All excess-return puzzles, for example, imply “high” lower bounds on the volatility of the equilibrium sto-
chastic discount factor, as discussed for the equity premium by Hansen and Jagannathan (1991).
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Analogously for the foreign country:
By, = af,AlS,
Bp, = of A,
X Vi = 0 ATS,

* * *
xF,tVF,t = O‘F,tAz-

B. The Equilibrium Portfolio with Isoelastic Preferences
Here, we derive the optimal portfolio allocation for the case with isoelastic pref-
erences, equation (45).
In what follows, a variable with an “upper-bar” denotes the symmetric steady

state, and a “hat” denotes the log-deviation with respect to such steady state. A first-
order approximation of the Euler conditions (29) and (30) implies

— Ap’ N
(A1) PEAC Eir, i

(A2) pE,ACA‘;‘H = Etf;,tﬂ .

In particular, the portfolio returns can be approximated to first order as

~ _ nb —

Foipt = ThHppr T OUEXE g,

2% _ — %/ A
Tpirl = Thepr + O XKy — AV/ A

where we have defined

—b —p*
af JOF
[ _ _ — % o _
(A3) o = |ay + af a = |ay + ar |
_ — *
ay ayg

In a first-order approximation, the no-arbitrage conditions imply that excess returns
have zero conditional means, E,exr,,; = 0. It follows, using equations (A1) and
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(A2), that the cross-country differential in the expected consumption growth
depends on the expected depreciation in the real exchange rate

(A4) pE,Aéﬁr] = EAG,

where an upper-script R denotes the difference between the domestic and foreign
variables.

A first-order approximation of the flow budget constraint (27), together with the
budget constraint of the foreign agent, implies

(AS5) Bak = aR | + Nexr, + A, + fBsc&; — Oscek,

where s is the steady-state ratio between nontraded income and financial wealth,
given by s, = {/a, which is equal in the two countries; s, is the steady-state ratio
between consumption and financial wealth and such that s, = (1 — 5)/3 + s,.
Moreover, the vector X is defined as

- 2077
(A6) A= [2@y + ap) — 2]
2as — 1
The set of difference equations (A4) and (AS5) can be solved forward to obtain rela-
tive consumption and relative wealth (¢F, aR) as a function of the states (a¥X |,§, ;)

and the processes of excess returns, relative non-diversifiable income and the real
exchange rate {exr,,§ R @t} In particular, we obtain

(1 -5 (a8 (I - BEx

(A7) (pef — q) = e G gi1) + QTXGXI}

+ oD By (@ - 4
+ (1= B)p = DEL A4

T=t

and

A A ~ A N/ ~R A - 1 A
(A8> (af - %) = (aﬁl - QIfl) + >\exr, + S&(St - LIt) + Se & q:

- (1 = ﬁ)ngzTZ:[ﬁT*t(%[Te — 51T)

-1 e o
~ (1 = s 5= EY. B4y,
T=t
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Using the above, we can derive the hedging motive (43):

(1 -5+

(A9) —(pACHy — Agiy) = —PTC

S
3
- ps_(,ElJH - (p - 1)5q,r+1’

where ¢, is defined as in (11) and ¢, as in (12).

To determine the portfolio shares we use a second-order approximation of the
moment conditions (40)—(42). In particular, we just need three restrictions to deter-
mine the vector X:

Er[(AéfH - AC}HI)(’A’;{,HI - 'A‘[I?J,erl)] - O,

Et[(Aéﬁl — Aém)(fim + AG1 — ?Z,m)] = 0.
E[(AeR, — Ag)Phiy + Adey — )] =0,

We can now use equation (A9) in the conditions above and solve for the steady-state
vector of portfolio shares and obtain equation (45).

C. The Equilibrium Portfolio with Ambiguity Aversion

Under model uncertainty and ambiguity aversion, when risk aversion and inter-
temporal elasticity of substitution are unitary, it is still true that (A4) and (AS5) hold,
although now p = 1. This implies that the solution for relative consumption and
relative wealth now reads

o) @ —ay =P - o+ S e

1 — > A
+ WS e 3 gt~ a,

(All) (&f - ‘}t) = (&ﬁl - étfl) + X,BXI‘,

+ sl —q) - (1 - ﬁ)ngtgﬁT*f(éﬁ ~ ),

and implies that the wedge between the SDF’s is

A N 1 — B <, s
(Al2) _(AC§+1 - A%+l) — _(/B—S)X eXl',H - s_fel’t+1,



186 AMERICAN ECONOMIC JOURNAL: MACROECONOMICS JANUARY 2012

where there is no role for the RER ¢, ;.
However, we can use (A10) and (A11) to write (48) as

~ 1 - /8 N/ S
gk, = —(’7 - 1)(57s)>\ eXr,,; — (7 - 1)s—f5/,z+1 - (’Y - 1)5q,t+1-

Therefore, the left-hand side of the orthogonality condition (46) can be written as

~ N A 1 - /8 N/
ghi — (ACk) — Agy) = _’Y(ﬁ%x XTIy

S
£
- ’Ys_cgl,tﬂ - ('7 - 1)Eq,t+1a

from which it follows that (46) implies equation (45), in which, indeed, y replaces p.

D. Derivation of Equations (49)—(50)

Consider the companion form of the approximating model

Y, = M + BY,, + Ce,

the vector of shocks e, is distributed as a multivariate normal with zero mean and
variance-covariance matrix 2. Accordingly, the probability density of e,, denoted
by f(e,), is proportional to

1 -1
exp<—7e,’Q et>.
The approximating and the worst-case models are linked through the martingale
increments g and g" for the agents of country H and F, respectively. We showed, in
Section V, that in a first-order approximation g and g* are related to the revisions
in the expected future path of the respective consumption growth:

g = _('7 - I)Z ﬂk(EtAéerk - EtflAéerk)
k=0
G = —0" - DL (BN - EAL)

in which we are allowing for different ~ and ~*.
Using equations (A1)—(A2) and a first-order approximation of the flow-budget
constraint (27), we can solve for the growth rate of domestic consumption, as a
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function of steady-state portfolio shares, asset returns and labor income. It follows
that we can write g and g" as linear combinations of the VAR innovations:

8 = _(’Y - 1)2(7),et
g = -0 — D’(v)e,

in which vectors z and z* depend on ~ and ~* through the steady-state portfolio
shares. Indeed, simple algebra shows that

I — — / S /
Z(’7> = Tﬁl‘exr 0"(7) + HLr + S_iH (l’ﬁ - l’r)

for country H, and

S
Lexra*(ry*> + Hl('—’r - Lq) + s_iH,(LE + "‘q - l’r)’

N
a
—
=2
%
~—
1l
—_
[
sy

for country F, in which & and & are defined in (A3),and H= C'(I — 3B)"'C.
It follows that the probability distribution of the distorted model for the agent in
country H, denoted by f(e,), is given by

fle) = fle) - g exp(—%e;nlet)exm—w ~ 1a(y)'e).

Completing the square finally allows us to write f(e,) as

Fle) o exp(—L(e, — w2 e, - W),

in which w(y = —(y — 1)Qz(~) is the mean distortion implied by the preference
for robustness. Similarly, the distorted probability distribution function for the agent
in country F, f(e,), is given by

Fle) = fle) - &f o exp(—%@, — W) (e - w*w*))),

in which w*(v") = —(v" — 1)Qz"(v").
Equations (49)—(50) directly follow.
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