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Abstract

We consider a competitive equilibrium growth model where technological progress is embodied into new
jobs which are assigned to workers of different skills. In every period workers decide whether to actively
participate in the labor market and if so how many hours to work on the job. Balanced growth requires
that the job technology is complementary with the worker’s total labor input on the job, which is jointly
determined by his skill and his working hours. Since lower skilled workers can supply longer hours, we
show that the equilibrium features positive assortative matching (higher skilled workers are assigned to
better jobs) only if differences in consumption are small relative to differences in worker skills. When the
pace of technological progress accelerates, wage inequality increases and workers participate less often
in the labor market but supply longer hours on the job. This mechanism can explain why, as male wage
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inequality has increased in the US, labor force participation of male workers of different skills has fallen
while their working hours have increased.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

The idea that new technologies come embodied into a limited supply of new capital vintages
dates back at least to Solow (1960). If the production technology requires each worker to be as-
signed to a specific capital unit, technological progress also leads to heterogeneity in jobs. In the
words of Akerlof (1981), good jobs become a scarce resource, which the economy should assign
to workers with potentially different skills. This assignment friction has been widely studied, see
Sattinger (1993) for a literature review. But existing assignment models have typically abstracted
away from labor supply decisions either at the intensive margin (how many hours to work on the
job) or at the extensive margin (whether to actively participate in the labor market). This is an in-
teresting issue because, in assignment models, standard income and substitution effects in labor
supply lead to a non-trivial allocation problem between the number of hours worked on the job,
which determines the output each job produces, and labor force participation, which determines
the number and quality of operating jobs. Income and substitution effects also play a non-trivial
role in determining whether the equilibrium features positive assortative matching—i.e. whether
higher skilled workers are assigned to better jobs. This is because the amount of labor input sup-
plied by a worker on the job is determined by his skill as well as by his working hours. So a low
skilled worker can supply greater working hours to compensate for his lower skill level, which
implies that standard conditions for assortative matching based on capital-skill complementarity
(Becker, 1973) are directly affected by labor supply.

To study labor supply in an assignment model, we consider a simple neoclassical growth
model with perfectly competitive labor markets and vintage capital as in Jovanovic (1998). Tech-
nological progress is embodied into new jobs, which are slowly created over time. Hence in
equilibrium there is dispersion in job technologies. Workers differ in skills and they can be em-
ployed in at most one job. This leads to a simple assignment problem in the spirit of Becker
(1973) and Sattinger (1975). But in our framework labor supply is endogenous because in every
period each worker decides whether to actively participate in the labor market, which involves
a fixed utility cost, and how many hours to work on the job he is assigned to. To guarantee the
existence of a balanced growth path, we assume log preferences in consumption (so that in the
long run income and substitution effects cancel out) and a production technology on the job that
features unitary elasticity of substitution between the job technology and worker’s total labor
input, which is jointly determined by the worker’s skill and his working hours. In equilibrium,
the model endogenously generates inequality in jobs, wages, and labor supply, but all workers
of the same skill consume the same amount—which is a natural implication of the permanent
income hypothesis. Subject to the assignment friction, the competitive equilibrium is efficient
and its allocation coincides with the solution chosen by a social planner who gives (potentially)
different Pareto weights to workers of different skills.

When labor supply is exogenous, complementarity between the job technology and worker
skill ensures that the equilibrium features positive assortative matching (see for instance Becker,
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1973). But in our framework the amount of labor input supplied by a worker in a job is function
both of his skill and his working hours. Since working hours depend positively on the job tech-
nology (due to the substitution effect) and negatively on the worker’s wealth (due to the income
effect), the total labor input supplied by a poor low skilled workers assigned to a high technol-
ogy job could be higher than the analogous amount supplied by a wealthy high skilled worker
in the same job. This could make profitable assigning a low skilled worker to a high technology
job. We show that positive assortative matching requires that workers consumption differences
are small relative to their skill differences. This ensures that a low skilled worker assigned to a
high technology job faces a small substitution effect relative to the income effect, which in turn
guarantees that his total labor input on the job is smaller than the analogous amount supplied
by a high skilled worker in the same job. In the social planner problem consumption differences
just reflect differences in Pareto weights. But in the decentralized economy, consumption differ-
ences arise endogenously as the result of differences in wage income and non-labor income of
workers. In the absence of differences in non-labor income, the condition for positive assortative
matching requires that workers skill differences are large enough compared to differences in job
technologies. If this is not the case, positive assortative matching still arises in equilibrium if low
skilled workers enjoy a sufficiently large amount of non-labor income.

When capital embodied technological change accelerates older jobs become more obsolete
relative to the technological frontier. It is therefore optimal to reallocate working time from older
to newer jobs, which leads to a fall in the participation rate and an increase in average hours
per worker. Participation rate falls because older jobs are scrapped earlier. Average hours per
worker increase because the income effect on average dominates the substitution effect. This
is because the income effect is driven by aggregate detrended consumption, which falls both
because the relative technology of all jobs that remain in operation worsen and because aggregate
labor force participation falls, while the substitution effect is driven by the average difference in
technology between operating jobs and new jobs, which increases relatively little since only the
jobs close to the technological frontier remain in operation. The assignment friction is essential
for generating opposite movements in the intensive and extensive margins of labor supply in
response to faster technological progress. When workers can operate any amount of capital units,
so that the assignment friction is absent, income and substitution effect cancel out, and hence
hours per worker and labor force participation never move in opposite directions.

In principle, this mechanism can explain why in the US since the 70’s, as wage inequality
has increased, labor force participation of male workers has fallen while hours per employed
worker have increased. To study the quantitative relevance of the mechanism, we parameterize
the model to account for differences in employment rates, hours per worker, labor income, and
consumption across educational groups in the 1970’s. The calibrated model implies that, in the
70’s, 75 percent of the hourly wage premium between college graduates and workers with no
high school degree was due to skill differences, while the remaining 25 percent was due to
differences in job technologies. We then follow Greenwood and Yorokoglu (1997), Greenwood
et al. (1997) and Violante (2002) in arguing that the speed of technological progress embodied
in new jobs has increased over the period 1970-2000. In the model, the acceleration in the speed
of technological progress accounts for 40% of the observed fall in the labor income of workers
with no high school degree relative to college graduates. More importantly, the model generates
a fall of 8 percentage points in the participation rate and an increase of 1.2 hours worked per
week by an average employed worker. This is in line with the data, which show an 8 percent
fall in the aggregate participation rate and an increase of 1.5 weekly hours. Finally, the model
accounts reasonably well for the observed variation across educational groups. In particular the
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fact that highly educated workers have experienced a larger increase in hours per worker and a
less pronounced fall in participation rates.

Our findings are related to Elsby and Shapiro (2012) who argue that the fall in productivity
growth in the US since the 70’s has caused a decrease in the return to labor market experience,
which can explain why male employment rates for different skill groups have fallen. Our model
provides a novel alternative mechanism whereby changes in the long run rate of growth affect
labor supply in models with balanced growth preferences. According to our model, employment
rates have fallen because of an acceleration in technological progress which has exacerbated
technological differences across jobs.

The remaining of the article is organized as follows. In Section 2 we characterize the eco-
nomic environment and solve for the social planner problem. In Section 3 we discuss how to
decentralize the social planner allocation. Section 4 discusses our quantitative results. Section 5
concludes. The Appendix contains proofs and computational details.

2. Model

We analyze the trade-off between labor force participation and working longer hours in an
economy with a job assignment problem and worker heterogeneity. For expositional purposes
we focus the analysis on the social planner problem and postpone the discussion on how to de-
centralize the planner allocation to Section 3. After describing the economic environment, we
characterize the properties of the frictionless economy. We then turn to the economy with assign-
ment frictions. We study first the case where all workers are identical and then characterize the
conditions under which the allocation features positive assortative matching when workers differ
in their skills. The analysis focuses on the effects of technological progress on labor supply under
balanced growth, which is the topic of the quantitative exercise of Section 4. All propositions are
fully proved in the Appendix.

2.1. Assumptions

The economy is in continuous time. There is a representative household with subjective
discount rate p. The consumption good is the numeraire and we assume log preferences in con-
sumption to guarantee the existence of a balanced growth path with constant aggregate labor
supply.” The household consists of an entrepreneur and a measure one of infinitely lived work-
ers who differ in their type i. There are N types of workers with skill level h; > h;;1 > 0 for
i=1,2,..., N — 1. The mass of type i workers is z; € (0, 1) with ZZN=1 z; = 1. We assume that
a worker with human capital #; working n hours supplies

e:h}79n9 (D

efficiency units of labor with 6 € (0, 1). For any worker’s type, worker’s disutility from working
n hours in the period is equal to

)»0+)»1'i1+—+; ifn>0
ifn=0

2

v(n)=

2 Since for convenience we assume separability between consumption utility and the disutility of working, we do not
allow for the more general specification of preferences discussed in King et al. (1988).
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where Ay > 0 measures the fixed cost of going to work, A; > 0 governs the magnitude of the
variable component and 1 > 0 regulates the Frisch elasticity. To allow consumption levels to
vary by worker’s type, we assume that the social planner gives different Pareto weights v; to
workers of different type. We impose v; > vj4 foralli =1,2,..., N — 1 with ZlNzl vizi = 1.
Strict equality implies equality of consumption across workers skill types. Strict inequality means
that more skilled workers enjoy higher consumption, which is the empirically relevant case. This
justifies why we disregard the case v; < vj4.

To produce consumption units a worker has to be matched with a job. We will think of a job
as a machine and we will use the term job and machine interchangeably. As in Jovanovic (1998),
at every instant in time ¢, m < 0o new jobs of quality e’ become available, with g > 0 mea-
suring the speed of embodied technical change. Jobs are in excess supply because the number
of potential workers is fixed to one while new jobs of relatively better quality become contin-
uously available. At each point in time we rank jobs by their age t and we denote by 7* the
(endogenously determined) critical age such that all jobs older than t* are scrapped. Then the
age distribution of operating jobs is uniform with support [0, t*], which implies a probability
density equal to 1/t*. Let p; denote the participation rate for workers of type i, i.e. the frac-
tion of workers of type i who actively participate to the labor market. We focus the analysis on
a balanced growth path equilibrium, where the aggregate participation rate p = ZlNzl DizZi, the
critical age threshold 7*, and the mass of newly created jobs m are constant over time. For sim-
plicity, we assume p; € (0, 1) Vi. Since every worker is paired with a job, the number of jobs in
operation is equal to the number of employed workers so that

T*

/mdr:p

0

which implies that 7* = %. This means that the age distribution of operating jobs has support
over the interval [0, £] and density m/p.

The quality of a job depreciates at constant rate §, so a job of age t at time ¢ has quality
Igf = e9U=1 =37 1n the rest of the paper we work with detrended job qualities defined as equal

to
kT = lzfefqt — e @t 3)

This implies that the detrended quality of the best job in operation is equal to k° = 1 while the
_@+dp

(detrended) quality of the marginal job is k* = e . We assume that, at a time, workers
cannot work in more than one job and that a job cannot be matched with more than one worker.
This is the key friction of our economy, which arises because workers and jobs are indivisible. To
guarantee the existence of a balanced growth path with constant growth, we assume that a job of
quality k when matched with a worker of type i = 1,2, ..., N who supplies n hours of work on
the job produces an amount of consumption units given by the following homogenous of degree
one Cobb-Douglas function

1—
f(k,hi,n):ko‘(hil_ene) Y we© ).

Jobs are created by entrepreneurs. Creating a job has a cost « in utility terms. This guarantees
the existence of a balanced growth with constant job creation, since both the cost and the value
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of a newly created job, once evaluated in utils, remain constant over time.’ The social planner
instantaneous utility can then be expressed as equal to

Zi—1+zi

N
> vi | zilogei — pi / v(n(j))dj | —km 4)

i=l Zi-1

with zg = 0 and n(j) denoting the hours worked by worker j € [0, 1], where workers are indexed
over the unit interval and ranked in (weakly) decreasing order of skill.

2.2. No assignment friction

We start characterizing the economy where workers can operate any amount of machines, so
that no assignment friction is present. In this economy aggregate consumption is obtained by
combining aggregate capital K with aggregate labor L according to the Cobb—Douglas produc-
tion function K*L!'~%. Detrended capital is equal to

oo oo

K =m / Kdr=m / ety = 5)
q+34
0 0
which means that all capital available in the economy is used in production. The aggregate supply
of labor is equal to L = ZlN:l piziei, where ¢; = h}_en? are the efficiency units supplied by an
employed worker of type i and p; is the participation rate of workers of type i. The social planner
cares equally for all individuals of the same type i and gives them the same level of (detrended)
per capita consumption c;. The problem of choosing consumption ¢;, labor force participation p;,

and hours worked n; for given m 1is intrinsically static and it amounts to maximizing

N
max v;izi |logei — pi | — 6
Jmax 13 vz [loge; — piv (n)] = m (©)
i=1
subject to the aggregate resource constraint C = ZZNZ 1zici = K* L'~* with associated Lagrange
multiplier . The first order conditions for consumption ¢; leads to
V;

w= (7N
ci

which implies that the relative consumption of different worker types is equal to their relative
Pareto weights. We can now multiply equation (7) by z;, and then add up over all i’s. After
remembering that ZlNzl v;z; = 1, we obtain that

w= ®)

1
ok

3 There are alternative ways of modelling the cost of job creation. For example we could assume that the cost of creating
anew job at time ¢ is in consumption units and equal to ke®9’, which would also guarantee the existence of a balanced
growth path with constant job creation. This alternative formulation would have the advantage of mimicking more closely
what is typically assumed in the neoclassical growth model, but at the cost of complicating substantially the theoretical
analysis. This is because changes in the job creation rate m would affect aggregate consumption via the aggregate
resource constraint, which thereby affects labor supply through income effects. We study this alternative formulation in
the quantitative analysis of Appendix B, where we find that these additional income effects are quantitatively unimportant.
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Taking the first order conditions with respect to n; and p; we obtain the two conditions:
e e
(l—a)0——=v;v'(n;) and (1 —a)—=viv(m;), Vi=1,2,...,N 9)
Ln; L
which implies that n; and p; are independent of ¢ for any worker type i.* This follows from
consumption log-preferences that make income and substitution effects cancel out exactly. We

then prove:

Proposition 1. In the absence of a job assignment problem, (i) labor force participation and

average hours worked on the job for any worker type i = 1,2, ..., N are unaffected by the pace
of technological progress q, and (ii) the optimal rate of job creation is equal to
o« q+o6

m—=— ———
kK qg+6+p

Proposition | implies that the rate of job creation m is weakly increasing in g. With higher ¢
the stock of detrended capital is lower, see (5), and its marginal product is larger, which increases
the value of new machines. But a higher ¢ also increases the obsolescence rate of detrended
capital, which makes new machines less valuable. With p > 0 the former effect dominates, and
m is strictly increasing in g. With p = 0 the two effects cancel out exactly and the rate of creation
of new machines m is independent of g.°

2.3. Solving the economy with homogeneous workers

We now go back to the economy where jobs have to be assigned to workers. We start char-
acterizing the economy where all workers are identical, h; =v; =1, Vi =1,2,..., N. In this
economy the social planner equalizes detrended consumption c¢ across all individuals. In every
period, the planner also chooses how many workers p should actively participate in the labor
market, the age of the job t each of them should be matched with and their working hours n’ in
the match. As workers are homogenous, the exact identity of workers is irrelevant and thereby
indeterminate, therefore we simply index workers by the age of the machine they are paired with.
We start characterizing the economy for constant job creation rate m, but we later show that the
results of the analysis generally survive when m is endogenized. For given rate of job creation m,
the planner’s problem is intrinsically static and consists in maximizing the sum of instantaneous
utilities

c,p,nt

2

max logc—m/v(n’)dr—/cm (10)
0

subject to the aggregate resource constraint for detrended consumption

4 For simplicity we are assuming that p; € (0, 1). If instead the participation rate of type i is at a corner, p; € {0, 1}, it
must be that [(1 — &) & — vjv (n;)] (1 —2p;) <0.

5 One can also notice that with p = 0, the optimal value of m is set to maximize the steady state utility of the represen-
tative household in (6). But when p is positive, the planner chooses a lower rate of job creation because increasing steady
state utility is costly today. This is the traditional distinction between the golden rule proposed by Phelps (1961), and
the modified golden rule emphasized in the neoclassical growth model by Ramsey (1928), Cass (1965), and Koopmans
(1965).
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»
c=m/f<e_(q+3)f,nr)dr (11)
0

In the Appendix (see Lemma 3), we show that n” decline with job quality e~ *97 and increase
with the Lagrange multiplier & = 1/c of the aggregate resource constraint in (11), which mea-
sures the marginal value of income. The former is a conventional substitution effect in labor
supply. The latter characterizes the income effect.

Clearly an acceleration in the pace of technological progress (an increase in g) leads to an
increase in welfare. But, when focusing on detrended quantities, the increase in ¢ is equivalent
to a higher depreciation rate of capital. To see this notice that after detrending, the quality of a
newly created job is always equal to one, K’ = 1, while the quality of a job of age > 0 is equal

to k¥ = e~ W@+dT_ which falls with g and the more so the larger is t. This makes the levels of

detrended output and consumption fall, while differences in job technologies, as measured by
S)p
the ratio between the quality of a newly created job and a marginal job, equal to 1/k* = e ,

increase. In general we can prove that

Lemma 1. For given rate of job creation m, when technological progress accelerates (q goes
up), we have that: (i) Detrended consumption c falls; (ii) The ratio of the quality between the
top and the marginal job, ki* increases; (iii) Hours worked in newly created jobs n® increase;
(iv) Hours worked in the marginal job n* remain unchanged.

When technological change accelerates (g goes up), older jobs become more technologically
obsolete and so they are scrapped earlier, which immediately implies a fall in the participation
rate p. Instead average hours per employed worker, which are equal to

YA

m m
z:/w(f, 'z (12)
0

increase, because, on average, the income effect dominates the substitution effect. The income
effect is measured by the value of income 1 = 1/c, and thereby by aggregate (detrended) con-
sumption ¢, which falls both because the detrended quality of all jobs that remain in operation
worsen and because aggregate labor force participation p falls. In the aggregate, the substitution
effect is instead measured by the average difference in technology between operating jobs and
new jobs, which increases relatively little since old jobs are now scrapped earlier. As a result, the
intensive and the extensive margin of labor supply move in opposite directions in response to an
increase in ¢:

Proposition 2. For given rate of job creation m, when technological progress accelerates
(q increases) the participation rate p falls, while average hours per employed worker 1 in-
crease.

So far we have analyzed the properties of the economy for a given rate of job creation m. We
now show that Proposition 2 holds true also when m is endogenized, as long as the subjective
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discount rate of agents p is small enough, which in the quantitative exercise of Section 4 appears
to be the relevant case.’

Proposition 3. If p is close enough to zero, when technological progress accelerates (q in-
creases) we have that: (i) The rate of job creation m increases; (ii) The participation rate p
falls; (iii) Average hours per employed worker i increase.

2.4. Solving the economy with worker heterogeneity

We now characterize the economy with worker heterogeneity. Let n denote the working
hours of workers of type i when matched with a machine of age r. Again let ; denote the
Lagrange multiplier of the aggregate resource constraint, which measures the marginal value of
income to the social planner. Then the utility flow value of matching a job of age T with a worker
of type i is equal to:

5i (1) =max (0, 5; (7)) (13)

where s; (7) measures the flow value when supplying positive working hours on the job:
si (7) = max i,uf (e—“f“)f, hi, n) — w (n)} . (14)
n>

This is equal to the difference between the value of the income the worker produces on the job
and the disutility cost of working to the social planner. Notice that this expression is independent
of t. The zero value in (13) simply reflects the option value of not producing with the worker. For
given participation rates p;, it is optimal to assign higher skilled workers to higher quality jobs,
if and only if higher skilled workers are relatively more valuable in newer than in older jobs,
which is equivalent to requiring that M < 0. By solving for n in (14) we immediately
obtain that a worker of type i in a job of age t should supply an amount of hours equal to

A
. |:(1 —0{) ehlgl—a)(l—@)} I+n _a@tDA A
= e

,~ vy T, (15)
14
where A = Hr’(l(%”_)a)g > 1. By applying the envelope theorem in (14) it also follows that
as;(t
—5i ) =—n(g@+doaf (e_(’Ha)T, hi, nf) <0.
C 3[si (1) —=si11(1)] . s . . ,
This implies that ———————= < 0 holds, if and only if job output is increasing in worker’s type,

aT
(et by nT) > f (em@tDT hiy1,nl, ), which, given (15) and the definition of output,
happens if and only if the following condition holds:

h; Vi (1—9)9(1+rz) .
— > | — , Yi <N. (A1)
hit1 Vit

This immediately leads to the following proposition:
6 We were not able to prove the result for an arbitrary value of p. But, for plausible calibrations of the model we have

always found that in response to an increase in ¢ the participation rate p falls and average hours per employed worker n
increase. We further discuss this issue in Section 4 and Appendix B.
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Proposition 4. The optimal allocation features positive assortative matching if and only if job
output is increasing in worker’s type, which requires that condition (A1) holds true.

Condition (A1) states that human capital differences are large relative to Pareto weights. The
condition is more likely to hold when 0 is low, which implies that hours matter less for the total
labor input supplied on the job, or when n is large, which means that substitution effects have
small impact on working hours on the job.

We now write the social planner problem under assumption (A1), so that the optimal allocation
features positive assortative matching. Then the minimal age of the jobs where workers of type
i > 1 are employed is 7, while the maximal age is 7;*, where

fi*zritl+PZi, Vi=1,2,...,N. (16)

with the convention z; = 0. For given job creation m, the social planner then solves the following
(static) problem

x
T

N
max Zvi ziloge; — / U(nl-r)mdt —Kkm 17
Ci Pisng P J

Ti-1

subject to the resource constraint

.
T

N N
Yae=c=)" / f(e—w“)f,hi,nf)mdr (18)
i=l1 i=1r*

i—1
with associated Lagrange multiplier w. The first order condition with respect ¢; immediately
yields (7), which implies that Lagrange multiplier p still satisfies (8). To write the first order

condition with respect to p;, notice that (16) implies that d—Z = ;—’1 Vj > i and zero otherwise.
This is because, as the participation of type i workers increases, all workers of lower type, j > i,
are displaced to marginally older jobs, while workers of higher types, j < i, are left unaffected.
Let’s start assuming for simplicity that p; € (0, 1), Vi. The first order condition with respect to

pn immediately leads to
SN (rl’{‘,) =0, (19)

which means that the worst job operated by the lowest skill workers must have zero value to the
social planner. The analogous condition for p; i < N can be expressed as

N
S (‘L'l-*) — Z [sj (r;-‘_1> —sj (rf)] =0, (20)
j=i+1

which emphasizes that assigning a job to a worker of type i has an opportunity cost, because
other, less skilled, workers can no longer operate the job. So employing one more worker of type
i to operate a job of age 7* gives less than s; (r,.*) to the social planner, since this job was already
operated by a type i + 1 worker. The net increase in social value is then measured by the left
hand side in (20), which takes into account that, as the mass of type i workers used in production
increase, all employed workers of type j > i are displaced to marginally older jobs. Condition
(20) can be solved recursively using (19) and starting from i = N — 1 to obtain
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S (ri*) =Sit1 (ri*) , Vi<N 21

which says that at 7" using a type i or a type i + 1 worker gives the same return.

The working hours of type i workers n are given by (15). Exactly as in the one-type model,
hours worked decrease with job age T and increase with the marginal value of income . For
given t and p, hours worked are increasing in the worker’s skill /; and decreasing in the worker’s
Pareto weight v;, which, given (7) determine worker’s consumption. Since higher skilled workers
have both higher skill #; and higher Pareto weight v;, it is generally unclear whether working
hours are increasing in workers skills. By evaluating (15) for workers of different type i, we can
characterize the conditions under which n} decreases with i:

Lemma 2. For given marginal value of income |1 and job quality kT, working hours are increas-
ing in the skill type of workers if and only if

h; V; T
> Vi<N (22)

hit Vit]

This condition says that working hours are increasing in the skill type of workers when the
skill advantage of more productive workers is large relative to their disutility cost of working, as
measured by their Pareto weights. Of course, if (22) holds, also output in a job is increasing in
skill type but the converse is not necessarily true. For output to be increasing in the skill type of
a worker, (A1) should hold, which is less restrictive than (22).

A particular case arises when Pareto weights are independent of worker skills, v; = v Vi. In
this case consumption is equalized across workers, see (7), and, since (Al) is satisfied, the op-
timal allocation features positive assortative matching. By Lemma 2 we also have that working
hours are increasing in the skill type of workers. Finally, since the value of labor market par-
ticipation is higher for higher skilled workers at all machine ages, s;(t) > s;(7), Vi < j, V7,
condition (21) can never hold as an equality, leading to corner solutions in participation rates. In
particular, there will be an i* such that p; = 1,Vi < i* and p; =0, Vi > i*, which implies that
higher skilled workers participate more in the labor market.

Finally the planner chooses the optimal job creation rate m so as to equate the cost of a newly
created job to its present value V, which is equal to the discounted value of the utility flow values
generated by all workers who produce on the job over its entire production life. So in the optimal
allocation it must be that

k=V= Z f e PTsi(v)dr. (23)

3. Decentralization

We now discuss how the social planner allocation can be decentralized through prices using
employment lotteries in the same spirit as Hansen (1985) and Rogerson (1988). We focus on a
steady state equilibrium, where the labor market is characterized by a wage function w; (n), that
specifies the (detrended) income paid to workers of type i when supplying n > 0 hours in a job,
and by an assignment function ¢; (t) that specifies the probability density at which a worker of
type i actively participating in the labor market in any period 7 is assigned to a job of age t. Given
the functions w; and ¢;, jobs can freely choose their demand for working hours while workers
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choose whether to actively participate in the labor market and how many hours to supply on the
job. A stable assignment requires that no job and no worker should find optimal to deviate from
the allocation prescribed by the assignment function ¢; (t). We conjecture and later verify that
the equilibrium features positive assortative matching.

3.1. Households

There is a representative household of size z; for each type i of workers.” To guarantee that
(23) holds in the decentralized equilibrium, we assume that entrepreneurs are randomly assigned
across households, with a mass z; of entrepreneurs being part of the household of type i. Creating
a new job requires the effort of all entrepreneurs in the economy, with each of them incurring a
utility cost . The household of type i chooses the fraction p;; of its members that go to work in
period ¢ as well as how many hours n}, each worker should supply on the job 7 she is assigned
to. This yields per capita detrended labor income to the household equal to

W= pic [ i (1) (01 24)
Ry

All workers in the household obtain the same consumption level. The household chooses per
capita consumption ¢;; and assets b;;, labor supply p;; and nift, and entrepreneurial effort m; to

maximize

o

_ max /e"‘”zi log i — pis / v(nf,) @i (v)dt —kmy | dt (25)
C.'it,bit,Pit,",'r,,mt 0

Ry

subject to the sequence of budget constraints:
biy = "' Wiy + 4" ¢ym; — &iy + ribiy, (26)

where a dot denotes a time derivative while ¢; denotes the detrended compensation that each
entrepreneur in the household receives for creating a new job.

3.2. Jobs and assignment

A job of age T matched with a worker of type i chooses hours to maximize detrended profits
equal to
7; (T) = max {f (kr’ hi, ”zrt) —w; (”zrt)} . 27

T
T

In an equilibrium with positive assortative matching, the assignment function should be given
by:

: * *
Tt ifre [Ti—l’ T ]

. (28)
0, otherwise.

gi (t) =

7 The existence of a representative household for workers of the same type i requires that all workers of the same
type are initially endowed with the same amount of wealth b;q. Workers can then achieve perfect consumption insurance
because they can freely borrow and save and there is no aggregate uncertainty.
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where the job age thresholds z;* satisfy (16). Since there is an excess supply of jobs, it must also
be that at 7}, the jobs make zero profits

oy (tx) =0, (29)

while V1 € [ri*_l, ‘L’l-*] jobs should prefer to hire workers of type i rather than any other worker
type and should at least break even:

mi(t)=maxm;j(r) >0, Vre[r, 1], Vi=1. (30)
J
Clearly at 7;*, (30) should hold both for i and i + 1, which implies that at the marginal job, higher
skilled workers capture all rents so that
mi () =miq (1)), Vi<N. 31)

In an equilibrium with positive job creation m > 0, the cost of creating a new job at time ¢,
> zie*? ¢;, should be equal to its value, ¢*9’ P;, hence

N
D cudi=Ph (32)
i=1

where P; is the detrended present value of all profit generated by the job:

P=>" f e P (v) dr. (33)

In writing this expression for P; we used the fact that in steady state equilibrium the modified
golden rule applies so that the market interest rate satisfies r = p + agq.

3.3. Equilibrium

Market clearing in the goods market implies that aggregate consumption is equal to the total
amount of consumption units produced in the economy so that

N
CZZZiCiZZZiWi+H (34)
i=1

where IT denotes steady state aggregate detrended profits equal to

T

N ; N
HZZfﬂi(f)deZZZi (0bio + ¢im), 35)
i=1

i=1_x%
Tic1

where the last equality follows from the fact that aggregate profits should be equal to the sum
of all non-labor income earned by the household in the economy. Hence, non-labor income of a
type i household can be written as a constant fraction o; of aggregate profits

pbio + ¢pim = o; 11, (36)

where va:l zio; = 1. This means that differences in non-labor income across households’ types
can be parameterized indifferently in terms of either o;’s or b;o’s.
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Let ¢; and b; denote detrended consumption and detrended assets, respectively. After defining
the tuple

x =[ci,bi, I, w; (n), 7 (), @i (v), pi,nf, ¢i,m,r, P|

we can then state the following definition for a steady state equilibrium:

Definition. A steady state equilibrium is a tuple x such that (i) each representative household
maximizes her utility in (25); (ii) jobs maximize their profits in (27); (iii) the labor market clears,
so (16) and (28) hold; (iv) the conditions for stable assignment (29)—(30) are satisfied; (v) the
free-entry condition for job creation in (32) holds; and (vi) the goods market clears so (34)—(36)
are satisfied.

The following proposition clarifies the relation between the equilibrium of the decentralized
economy and the allocation chosen by the social planner:

Proposition 5. If the shares of type i households on aggregate non-labor income, o;’s, are such
that

h; cj e )
> , Vi<N, (A2)
i1 Citl

then the equilibrium of the decentralized economy features positive assortative matching and the
equilibrium allocation solves the social planner problem in (17) with the set of Pareto weights v;
satisfying v; = %, Vi > 1.

The difference between assumptions (A1) and (A2) is that in the decentralized allocation,
consumption differences are an equilibrium outcome, while in the social planner problem they
reflect differences in Pareto weights. Generally (A2) requires that skill differences are large rel-
ative to consumption differences, which is more likely to hold when technological differences
across jobs are smaller and when the share of non-labor income on total income of low skilled
workers is greater.

4. A quantitative exercise

Our theory states that an increase in the speed of embodied technical change rises wage
inequality, rises hours per employed worker, and diminishes participation. According to
Greenwood and Yorokoglu (1997) and Greenwood et al. (1997) investment specific techno-
logical progress has actually accelerated since the 1970, and it has been argued—see for instance
Violante (2002)—that this is the cause of the increase in US wage inequality documented among
others by Katz and Autor (1999) and Heathcote et al. (2010). In this Section we study the quan-
titative role of the observed change in the pace of investment specific technological progress
q in accounting for some important changes in male labor supply observed in the US over the
1970-2000 period. To analyze this question we consider the decentralized economy studied in
Section 3, with N = 4 household types corresponding to 4 education groups in the data: college
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(a) Hours per worker, males 25-65 (b) Employment, males 25-65
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Note. Employment rates and hours per worker are for male workers of age 25-65 from the US Census. CG refers to
college graduates, SC to high school graduates with some college education, HSD to high school graduates, and LHS to
workers with less than high school degree.

Fig. 1. Hours and participation.

graduates, workers with some college education but no college degree, high school graduates,
and workers without a high school degree.®

Male labor supply has indeed changed substantially in the US between 1970 and 2000. As
documented by Juhn (1992), Aaronson et al. (2006) and Michelacci and Pijoan-Mas (2012) the
participation rate of US male workers has fallen substantially while average hours worked per
employed worker have increased. Fig. 1 documents these facts using the 1 percent sample of the
decennial Census, as provided by the Integrated Public Use Microdata Series (IPUMS) at the
University of Minnesota (www.ipums.org). We focus the analysis on a sample of male workers
aged between 25 and 64 years old. Panels (a) and (b) describe the evolution of average hours
per employed worker and of the employment rate, respectively. It is also well known that these
changes have varied depending on the skill level of workers, here identified by their educational
level. As shown in Panels (c) and (d), high skilled workers have experienced a larger increase in
hours per worker and a smaller fall in employment rates.

4.1. Calibration in 1970

Calibrating a version of the model with N = 4 involves choosing 21 parameters, of which 3
are set using one normalization condition and two add-up constraints. Of the remaining 18 pa-

8 Alternatively we could have used a version of the social planner problem studied in Section 2. But in this model, for
given Pareto weights, a change in technological progress would have no effects on relative consumption by skill groups,
which as shown in Table 3 would be highly counterfactual.
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Table 1
Parameter values and calibration targets, 1970.
Symbol Model Calibration target
Benchmark Alternative Statistic Value
Preferences
o 0.04 0.04 - -
n 2 2 - -
Ao 0.65 0.92 Average employment to population ratio 0.84
A 6.97 9.82 Average hours per employed person 43.3
Technology
5 0.06 0.06 - -
q (%) 5.51 5.51 Rate of fall of price of investment goods 0.02
K, K 3.87 1.39 Average machine age 5.6
o 0.64 0.64 Capital share 0.33
[% 0.98 0.98 Labor income ratio between group 4 and 1, wy/w; 0.54
Population
71 0.15 0.15 Add-up constraint ) _z; =1 -
22 0.11 0.11 Population share of group 2 0.11
23 0.31 0.31 Population share of group 3 0.31
24 0.43 0.43 Population share of group 4 0.43
hy 1 1 Normalization -
hy 0.76 0.76 Consumption of group 2 relative to group 1, ¢z /¢y 0.84
h3 0.64 0.64 Consumption of group 3 relative to group 1, c¢3/c| 0.76
hy 0.51 0.51 Consumption of group 4 relative to group 1, c4/c1 0.68
o] 1.00 —1.12 Add-up constraint, Y 0;z; =1 -
o) 0.92 —0.31 Participation rate for group 2, p; 0.88
03 0.90 0.25 Participation rate for group 3, p3 0.88
oy 1.09 2.62 Participation rate for group 4, pg 0.78

Note. Benchmark refers to the benchmark model and Alternative refers to the model described in Appendix B, where job
creation costs are specified in consumption units. Groups 1 to 4 refer to college graduates, high school graduates with
some college education, high school graduates and workers with no high school degree, respectively. All statistics are for
male workers of age 25-65. Population shares, employment rates, hours per worker and income differences are from the
1970 US Census. Consumption levels are from 1980 CEX.

rameters, 6 are set directly while 12 are set by requiring that the model matches 12 moments from
the data. Table 1 summarizes the resulting parameter values and the corresponding calibration
targets.

We set the annual discount rate p to 4%, and the Frisch labor elasticity parameter n to 2.
The depreciation rate § is set to 6%, which is taken from Nadiri and Prucha (1996). The
shares of workers of different skill type i, z;, are chosen to match the corresponding values
in 1970. We choose Ay and A; to match the average male employment rate and average hours
per employed male worker in the US in 1970, which are equal to 0.84 and 43.3 weekly hours,
respectively.’

9 Hours in the model are calibrated to 43.3/112, where 112 corresponds to the amount of non-sleeping hours in a week
available to the worker (7 days a week times 16 hours a day). Hours in the model are then multiplied by 112 to report the
results in tables.
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The cost of job creation « determines the mass of newly created machines m, which affects
the average machine age in the model economy, equal to %. We then use as calibration target
the average age of capital equipment as reported by the Bureau of Economic Analysis (BEA),
which in the mid 60’s was equal to 5.6 years.'"

We set « to match a labor share of one third which in the model is calculated as

Y Wi

—c

which follows Cooley and Prescott (1995) in splitting entrepreneurial income between capital
and labor income in the same proportion as in the rest of the economy.

To determine the rate of growth of capital-embodied technical change g we follow Hornstein
et al. (2007) in reproducing the 2% rate of fall of the relative price of investment goods in the
70’s reported by Greenwood et al. (1997). As in Hornstein et al. (2007) the rate of decline of the
price of a new efficiency unit of capital is equal to (1 — «) ¢, which leads to a choice of g equal
to 5.51%."1

We normalize /1 to one. The remaining three values for %;, together with the three indepen-
dent values for o; and the value for 6 are chosen to match (i) the employment rate for the three
educational types (the fourth is then matched since the aggregate participation rate is a target),
(ii) the consumption level of each type of worker relative to the consumption of workers with a
college degree, and (iii) the average labor income per employed worker of the lowest skill group
relative to the highest skill group. Relative consumption comes from CEX in 1980, which is the
first wave available. Average labor incomes by skill group are calculated using the 1970 Census.

The calibrated economy satisfies the condition (A2) for assortative matching. Column 1 in
Panel (A) of Table 2 reports the value of the employment rates and hours worked in 1970 in
the data. The corresponding values for the calibrated economy are in column 1 of Panel (B).
Since the aggregate employment rate, the average hours per worker, and the employment rates
by educational groups are calibration targets, the model matches their values perfectly.

In the calibration we do not target hours per employed worker by educational group. The
model rightly predicts that better educated workers work longer hours, although it slightly over-
predicts differences by educational group. Column 1 in Table 3 reports the relative labor income
and the relative consumption by skill group in the data (in Panel (A)) and in the model (in
Panel (B)). Relative consumption patterns are matched by construction and so is the labor in-
come of workers with no high school degree relative to college graduates. But the relative labor
income of the two other educational groups was not targeted, still the model matches their value
quite accurately.

Finally, we can use the calibrated model to measure how much of the wage return to education
in 1970 was due to worker skill differences and how much was due to job differences. To do so,
we solve the calibrated model for a very small value of x such that in equilibrium m is very
large and hence all jobs are identical. We find that 75% of the hourly wage ratio between college
workers and workers with no high school degree is still present in the low x economy. This
implies that, in 1970, 3/4 of the college premium was due to differences in worker skills with the
remaining 1/4 was due to job differences.

Labor share =

10" See Table 2.10 at http://www.bea.gov/National/FAweb/AllIFATables.asp.
11" The value of creating a new capital unit is ¥4’ P;m and the capital unit embodies €9’ units of capital. Hence, the
relative price of an efficiency unit of capital is P,e*(lf"‘)q’, which falls at rate (1 — «) q.
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Table 2
Labor supply.
Statistic (A) Data (B) Benchmark (C) Same o; (D) Alternative
1970 Ago—70 1970 Ag,m  Aq 1970  Ag,m  Agq 1970 Ag,m  Agq
1) 2 €9) (2) 3) 6] @) 3 1) @) 3
Participation rate
Average 0.84 —0.08 0.84 —-0.14 —-0.08 0.84 -0.14 —0.08 0.84 —-0.06 —0.04
CG 0.90 —0.03 0.90 —0.11 —-0.07 0.90 -0.11 —0.07 0.90 -0.05 —0.04
SC 0.88 —0.08 0.88 —0.12 —0.07 0.85 -0.13 —0.08 0.88 —0.05 —0.04
HSG 0.88 —0.15 0.88 —0.12  —0.08 0.83 —-0.14 —0.08 0.88 —-0.04 —0.03
LHS 0.78 —0.23 0.78 —-0.16 —0.10 0.82 -0.15 —0.09 0.78 —0.08 —0.04
Hours per worker
Average 43.4 1.5 433 2.0 1.2 433 2.1 1.2 433 3.0 2.2
CG 44.1 2.5 47.3 3.6 2.1 47.3 3.6 2.1 47.3 5.2 3.8
SC 44.0 1.0 46.6 33 2.0 46.6 3.3 2.0 46.6 4.9 3.6
HSG 440 —-0.2 442 2.3 1.4 44.4 2.4 1.4 442 34 2.6
LHS 423 —05 40.0 0.7 0.4 40.1 0.9 0.5 40.0 1.1 0.9

Note. Panel (B) refers to the benchmark model; Panel (C) refers to the same model with the same parameters, but where
we impose o; = 1, Vi; Panel (D) refers to the model described in Appendix B, where job creation costs are in consumption
units rather than in utils. Employment rates and hours per worker in the data are for male workers of age 25-65 from
the 1970 US Census. Changes in columns 2 and 3 of each panel are differences in participation rates and weekly hours,
respectively. See footnote in Fig. 1 for education labels.

Table 3
Labor income and consumption.
Statistic (A) Data (B) Benchmark
1980 2000 1980 Ag,m Ag
€)) (2) 1) (2) (3)
Average labor income
CG 1.00 1.00 1.00 1.00 1.00
SC 0.79 0.66 0.81 0.77 0.79
HSG 0.69 0.54 0.71 0.65 0.68
LHS 0.54 0.39 0.54 0.44 0.48
Average consumption
CG 1.00 1.00 1.00 1.00 1.00
SC 0.84 0.77 0.84 0.81 0.83
HSG 0.76 0.68 0.76 0.72 0.74
LHS 0.68 0.54 0.68 0.64 0.66

Note. All statistics are for male workers of age 25-65. Labor income comes from the 1970 US Census; Consumption
from the 1980 CEX. See footnote in Fig. 1 for education labels.

4.2. Our economy in 2000

We now increase the value of ¢ from 5.51% to 12.39%. This matches the evidence in
Greenwood et al. (1997) that the rate of fall in the relative price of investment goods has in-
creased from 2% to 4.5%. All other parameters are left unchanged.
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Table 4
Labor income shares.

Total CG SC HSG LHS
Benchmark model 0.67 0.74 0.72 0.70 0.59
Model with o; =1 0.67 0.75 0.70 0.67 0.63

Note. See footnote in Fig. 1 for education labels.

Column 2 of Panel (B) in Table 2 reports the implied changes in the economy when we keep
m constant. The model predicts a fall in the aggregate participation rate of 14 percentage points,
which is larger than the 8 percentage fall observed in the data. The model also predicts an increase
of 2 weekly hours, in line with the observed increase of 1.5 hours. Finally, the model is also
consistent with the increase in the dispersion of employment rates and hours per worker between
education groups. In particular, the drop in participation rates is larger for the less educated,
while the increase in hours per worker is larger for the more educated. But when ¢ increases
the value of new jobs increases. In equilibrium this leads to an increase in m, which reduces the
increase in the dispersion of job technologies. As shown in column 3 of Panel (B), this leads to
slightly more muted responses in the labor market: the aggregate employment rate now declines
by 8 percentage points while weekly hours increase by 1.2 hours. These numbers are still in
line with the actual changes in the data. Regarding the differences by education groups, they
are qualitatively identical to the model with fixed m but quantitatively slightly less pronounced.
In the model m increases by 20%, from 0.075 to 0.090, and the average age of a machine falls
by 1.4 years. In the data, the average age of capital equipment as reported by the Bureau of
Economic Analysis (BEA) fell only by 0.7 years. This might suggest that the model tends to
slightly overpredict the response of job creation in the data.

Finally, in columns 2 and 3 of Panel (B) in Table 3 we report the model implications for
relative labor income and relative consumption across educational groups for constant m and
once allowing m to respond. With constant m, the increase in g generates a substantial increase
in labor income inequality: the labor income of workers with no high school degree relative
to college graduates falls from 0.54 to 0.44 in the model. This is around two thirds of the fall
observed in the data (see column 2 in Panel (A)). The consumption of workers with no high
school degree relative to college graduates falls from 0.68 to 0.64. Once allowing m to respond,
the increase in g makes the labor income of workers with no high school degree relative to
college graduates fall from 0.54 to 0.48 and the consumption of workers with no high school
degree relative to college graduates fall from 0.68 to 0.66 (see column 5). Overall the differences
between the two specifications are quantitatively small.

4.3. Changing the non-labor income shares

As shown in Table 1, the calibrated differences in the shares of non-labor income by educa-
tional group o; are small: the share is 9% higher for workers with no high school degree (i =4)
than for workers in the reference group (college graduates, i = 1), 10% lower for high school
graduates (i = 3), and 8% lower for high school graduates with some college (i = 2). As a result,
forcing the shares o; to be identical across household types changes little the quantitative results,
see Panel (C) in Table 2. This is because the labor income shares for the baseline calibration and
for the calibration with ¢; = 1 remain increasing in workers skill (see Table 4), which is a feature
of the calibration consistent with the US evidence by Budria et al. (2002) who report that in the
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Fig. 2. The effect of changing the non-labor income shares o;’s.

Survey of Consumer Finances of 1998 the share of labor income in total income is 67.2% for
college graduates and 64.1% for workers with no high school degree.

The distribution of non-labor income is important for the model implications on labor supply,
but it is not critical for having an equilibrium with positive assortative matching. To see this, we
now change the share of the economy’s non-labor income accruing to the most skilled workers o
while we adjust the share of the economy’s non-labor income accruing to the least skilled work-
ers o4 to guarantee that Z,N= 12io; = 1. In Panel (a) of Fig. 2 we plot the participation rate p;
of each type i = 1, 2, 3, 4 against 0. The point o1 = 1 corresponds to the benchmark economy.
Panel (a) shows that as the most (least) educated individuals get more (less) non-labor income
they participate less (more) in the labor market. The participation rates of the intermediate types
decline monotonically as we increase o1 due to general equilibrium effects. In Panel (b), we plot
hours worked per employee, which increase for all worker types as we increase o1. As the par-
ticipation rate of the most skilled type declines, the average machine quality used by workers of
all other types improves and thereby working longer hours becomes more profitable. In Panel (c)
we report the consumption of each worker type relative to workers with a college degree, i = 1.
Relative consumption falls for all types, since workers of type i = 1 receive a higher amount of
non-labor income and so consume more. But the effects are quantitatively small. This is because,
as non-labor income of type 1 increases with o1, the labor income of type 1 workers falls due to
the reduction in the participation rate. This pattern guarantees that the condition for an equilib-
rium with positive assortative matching is always satisfied in our numerical exercises. Positive
assortative matching requires that condition (A2) holds, which implies that the quantities
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must be larger than one, for i = 1,2, 3. In Panel (d), we plot these ratios for different values
of o1. We observe that they are larger than one for every type i, and that they change little when
o1 changes. This follows directly from the previous discussion: k;/ h;41 is exogenous and hence
independent of o1, while ¢;/c;+1 changes very little because increases in non-labor income are
partly offset by reductions in labor income, due to a reduction in labor force participation, see
Panel (a) of Fig. 2.

5. Conclusions

We have studied labor supply decisions in an assignment model with balanced growth. In the
model, technological progress is embodied into new jobs which are slowly created over time.
Hence there is dispersion in job technologies. Workers differ in skills and they can be employed
in at most one job. This leads to a simple assignment problem in the spirit of Becker (1973) and
Sattinger (1975). But in our framework labor supply is endogenous because in every period each
worker decides whether to actively participate in the labor market, and how many hours to work
on the job he is assigned to. Since lower skilled workers can supply longer hours, we have shown
that the equilibrium features positive assortative matching (higher skilled workers are assigned
to better jobs) only if differences in consumption are small relative to differences in workers
skills, which guarantees that low skilled workers do not compensate their lower skill level with
much greater working hours. In equilibrium, the model endogenously generates inequality in
jobs, wages, and labor supply, but all workers of the same skill consume the same amount. When
the pace of technological progress accelerates, differences in job technologies widen, wage in-
equality increases and workers participate less often in the labor market but supply longer hours
on the job. We have shown quantitatively that this mechanism can explain why, as male wage
inequality has increased in the US, labor force participation of male workers of different skills
has fallen while their working hours have increased. The model also matches reasonably well the
observed variation by skill groups.

Our analysis could be extended along several dimensions. In particular, in our model skill
differences are perfectly observable, constant over time, and exogenously given. This simpli-
fies the analysis, but it neglects some important features of the labor market, such as worker
types learning, as in Eeckhout and Weng (2011) and Groes et al. (2015), or human capital ac-
cumulation as in Eeckhout and Jovanovic (2002), Imai and Keane (2004), and Michelacci and
Pijoan-Mas (2012). Introducing dynamic elements into the analysis would make the return to
labor supply intertemporal, which would affect the incentive to participate in the labor market,
working hours decisions and the value of being matched to a specific job. Following Jovanovic
(1998) we have also assumed that different jobs produce perfectly substitutable goods. But as
emphasized by Costinot and Vogel (2010), different vintages could produce different goods and
it would be worth characterizing how the elasticity of substitution across these goods affects
the conditions under which the equilibrium features positive assortative matching as well as the
response of labor supply to changes in the pace of technological progress. Additionally, in our
model machines and workers are combined in a fixed proportion which is exogenously given.
As in Eeckhout and Kircher (2011), it would be interesting to have a richer theory of the firm
where not only the skill level but also the number of workers matched with each machine is
endogenously determined.
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Appendix A. Proofs
A.l. Proof that equ_l is increasing in q when yy > 0 and q > 0

Let o > 0. The derivative of the function

evd — |
2(qg)=— (37
q

has the same sign as

8(q) =yoe"q — e +1,

which is positive for g > 0, since g(0) = 0 and g(q) is increasing in g for all g > 0 which follows
from

§'(q)=yje g >0.

A.2. Proof of Proposition 1

Proof. Part (i) follows directly from (9). The optimal choice for the number of newly created
machines m is determined by equalizing the cost of a machine « to its value. Let U; (t) denote
the value in utils of a unit of capital of age 7 at time 7. This value solves the asset type equation

I & _y AU(1) U ()
U, (1) = —a~Le=0
PUI = zagre ™+ — =+ =4

where K; = ¢? K and ¢; = ¢“? c. The first term in the right hand side measures the instantaneous
value in utils of one unit of capital of age 7 at time 7—equal to the marginal value in utils of one
unit of capital times the number of units of capital of the machine of age t, while the last two
terms measure capital gains due to the change of time. After using (5), it is easy to check that
U, (t) = Ue 9e 7 with

o q+34

== ——. (38)
m q+8+p

Since the creation of a new job at time ¢ involves the creation of ¢4 units of capital, we have that
the social planner will choose m so that xk = U which, given (38), implies that

o« q+94

m = _— .
Kk g+8+p

A.3. Proof of Lemma 3

Lemma 3. Hours worked are decreasing in the age of the job the worker is matched with and
increasing in the marginal utility of consumption. Hours worked in the marginal job n* depend
Jjust on preferences and the output elasticity to labor.

Proof. Let u denote the Lagrange multiplier of the resource constraint in (11). Then, by max-
imizing (10) with respect to ¢ we immediately obtain that p is equal to the marginal utility of
consumption: u = 1/c. By writing the first order conditions with respect to p and n* we obtain:
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v(n*)=p f (K n") (39)
v'(n") = ufz(kf n’) (40)

where n* = n" denotes hours worked in the marginal job. Equation (39) implicitly determines
the participation rate by equating the disutility of sending the marginal individual to work to
the value of output in the marginal job. Equation (40) determines working hours in jobs of age
7, n', by equating the marginal disutility of a working hour to the marginal value of hours in
production. This condition determines n* as a function of job age t and the marginal value of
income pu:

ok
nf=w<r,m=( x a)n e TR @1
1

This implies that hours are increasing in job quality so decreasing in job age, 1 < 0, which
characterizes the substitution effect. Hours are also increasing in the marginal value of income
W, Yo > 0, which characterizes the income effect. The amount of hours in the marginal job
can be characterized by evaluating (40) at k* = k* and n* = n*, and then dividing the resulting
expression side by side by (39). After rearranging this yields

*v (n ) L
v(n*) =1-« (42)

which determines n* just as a function of preferences and the output elasticity to labor, which is
constant under a Cobb—Douglas production function. 0O

A.4. Proof of Lemma 1

Proof. Points (iii) and (iv) follow from Lemma 3, see equations (41) and (42) and the result that
= 1/c. To prove (i), we first use (41) to totally differentiate (11):

ya
d m
—m fo fjwz ‘ de= f (k*,n*)dp — /mt |:e_(q+5)ff1 + ¢
c n+
0

leﬂ} dt ¢ dq
(0%

(43)

Similarly by taking logs in (39), and then totally differentiating, after remembering that (42)
implies that n* is independent of ¢, we obtain:

dc o
— =——[pdq + (g +)dp]. (44)
C m
After solving for dp in (44) we obtain:
dp =— n P dq

dc —
a(g +6)c g+
which substituted into (43), and after some rearranging, leads to:

y
de _f (k*,n*)acp +a(qg +8)em [)" T I:e_(q+6)rfl e leﬁ] 0

P
dq a(q +8)c + LU [ £ dr 4+ mf (k*,n*)

To prove (ii) just notice that (39), for given n*, implies that when p goes up (which happens
when c falls), k* falls. O




C. Michelacci, J. Pijoan-Mas / Journal of Economic Theory 163 (2016) 110-140 133

A.5. Proof of Proposition 2

Proof. The resource constraint in (11) can be written as

VA
l—a

l —a)nte r _ (4
c= (M ; ) /me e @FOT g0
1

After solving the integral, remembering that u = 1/¢, and some rearranging we obtain

-
C;i_gz(l—ot>”+“ (m+a)ym [l—e_m#w]. (45)
Al (I+malg+9)

By rewriting (39) and then solving for consumption we obtain

1—
— @ +D) L ()™

v(n*) ’

which can be used to replace ¢ in (45) to yield

c

(46)

p

Ly l-a (+na »
|:(”*)laj| - - (1 —O‘)m (+a)ym et 4Tm _

v (n*) A 1+na q+s

The left hand side is independent of ¢ by point (iii) in Lemma 1. The right hand side is increasing
both in p and in g since we have shown above that the function emx—_l is increasing in x when

o > 0. This proves that Z_p <0.
Integrating (12) after using (41) yields

n+a (1 —a)nﬁ 1 — ¢ T @n
Aic (g+0L

After using (46) to replace consumption we finally obtain

n

o

n=

n+a [a —a (n*)}ﬁ ene Y ! @7

A (n)1 (g+0L

which implies that average hours per worker 7 are increasing in (¢ + §) p, due again to the
. . X _ . . . ey e
properties of the function ¢ —1 This concludes the proof, since point (ii) in Lemma 1 states

o

that k* = e~ @D s decreasinging. O
A.6. Proof of Proposition 3

Proof. Let s(z, ) denote the current net flow value in utils of a job of age t € [0, t*) at time ¢.
This is equal to the difference between the utility value of the job output and the disutility cost
of working on the job:

s(t, )= Eif (e’f’kr, n’) —v (nr)
t

where ¢; = ¢“% ¢ denotes consumption at time 7, so 1/¢; denotes the corresponding value of
income. After using (41) to replace n* we obtain that s (¢, 7) is independent of ¢ and equal to
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_ L (dma(gtd) o
s(t,t)=s(t) =suntee e — A0

where u is the steady state value of detrended income while s is a constant equal to

_ ( l—« ) i n+o
5= .
A I+n
The value of a newly created job is equal to the discounted sum of all the s(7)’s generated during
its production life:

* 1+n

< +a _ | d4+malg+d) P
V= e_‘"S(r)dr:—s/” l1—e [ G +p]’f' _Mo l—e ). (48)
(+ma(g+d)
e TP p

The optimal level of job creation satisfies the condition
K=V, (49)

which says that jobs are created up to the exhaustion of any surplus from job creation.

We use continuity arguments and prove the result for p = 0. When p = 0, the optimal allo-
cation is characterized by the following system of three equations in the three unknowns w, m
and p:

P
l4g ] — e~ m?@
P R LW 4 (50)
v(q) m
1-a )
o (1 —a\me  l—e @
u=( ) m-———— (s1)
A v(q)
p= et VO (52)
(n*)" ™%
where
14+na
v(g) = UT (g +9)

which is linear in g. Equation (50) is (49) evaluated at p = 0, equation (51) corresponds to (45)
after using the definition of y(q) and the fact that ¢ = 1/u, equation (52) corresponds to (46).
Notice that n* is constant and determined by (42). To simplify this system we get rid of u by
substituting equation (51) into (50) and (52). This delivers the following system in m and p:

11—«
5 A T
m=i< 1)" — 202 (53)
Kk \1l—«o K
Loy —a 4
()t | l—a\me ePhf —1
= —_— 54)
v (n*) MM v@)
m

The first equation establishes a negative (linear) relation between m and p. The right hand side of
the second equation is decreasing in m (again due to the properties of the function em;_l , which
is increasing in x when )y > 0) and increasing in p. This means that (54) establishes a positive
relation between p and m. This implies that the system (53) and (54) yields a unique solution
for m and p. We can also notice that (53) is independent of ¢ while the right hand side of (54)
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is increasing in g. So (54) implies that, when g goes up, p should fall for given m. But since
(53) establishes a negative relation between m and p, we immediately have that an increase in ¢
leads to an increase in m (dm/dq > 0) and a decrease in p (dp/dq < 0), which proves points (i)
and (ii) of the proposition. Now multiply and divide by p the right hand side of (54) to obtain

N R LR
v (n*) =( 2 ) P rv(q@)
m

We know that p falls and that the last fraction in the above expression is increasing in %(4)_

This implies that % increases when g goes up. To see that average hours per worker increases
(point (iii)), we can then just use (47) to notice that 7 is an increasing function of %. O

A.7. Proof of Proposition 5

Proof. By solving the problem in (25) with respect to consumption we obtain
&
—=r—p-og (55)
Cit
where c¢;; = e~%9'¢;, is detrended per capita consumption of workers of type i. This condition
can be used to integrate forward (26), which, together with the transversality condition, yields

o o
f e~ D ¢y dt = big + / e~ D (Wiy + pimy) dt. (56)
0 0
By solving (56) and after using the fact that (55) implies that in steady state
r=p+agq (57)
we obtain that
ci = Wi + pbio + ¢im (58)

which says that per capita consumption of type i household is equal to permanent income. The
first order condition for nift in the household problem (25) reads as

1
V' (nf,) = —wj (nf,). (59)

121

We assume that the first order condition of the household problem (25) for labor market partici-
pation p;,, holds as an equality, p;; € (0, 1).'” This yields

1
v (”zrt) = C_”wi (n;[t) : (60)

The first order condition for m; in the household problem (25) yields

12 If instead participation rates are at a corner, p; € {0, 1}, we should have that

[wir (nf,) = cirv (nf,)] (1 =2pi) <0

which says that the value of participating in the labor market is negative (positive) if p; =0 (p; = 1).
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i = Cirk, (61)
which implies that (32) can be written as
K= ﬁ (62)
o

where C; =Y z;ciy.
By solving the firm problem in (27) we obtain

f3 (K7, hiynfy) = wi (nf,) . (63)

We conjecture that, if Vi p; € (0, 1), the equilibrium features the wage function

wi(n):{gl)\,0+cl)&l]+,’v iiZig (64)

which implies that (59) and (60) in the household problem hold as an identity.'* As in Prescott
et al. (2009), this means that, in every period, households are just indifferent about whether to
participate in the labor market and about how many hours to supply in the job. In equilibrium the
aggregate use of labor is determined by firms demand for labor.

By comparing (14) with (27), we also have that, under (64), the value of a job to the social
planner is equal to the firm’s private value, Cs;(t) = m;(t), VT > 0 and i > 1, if and only if type
i households consume the same in the two economies. Given (7), this requires that the share of
type i household on aggregate non-labor income, o, is such that the consumption ¢; that solves
(58) is equal to a fraction v; of the aggregate consumption units C, ¢; = v;C, Vi > 1.

When v; = 2 holds, it can be easily checked that the equilibrium conditions of the decentral-
ized economy are identical to the conditions that characterize the solution of the social planner
problem. For example by comparing (19) and (21) with (29) and (31), we immediately see that
the critical age thresholds 7;*’s are equal, while by comparing (15) with (63) we obtain the same
working hours decisions n]. We can also notice that V = g, where V is given in (48) and P
is given in (33). After comparing (23) with (62) this implies that the job creation rates m are
also equal. To analyze under which conditions the decentralized equilibrium features positive
assortative matching we can use (30) and apply the same logic that allowed us to prove Proposi-
tion4. O

Appendix B. Job creation costs in consumption units

The model discussed in the paper assumes that jobs are created by entrepreneurs who incur
a utility cost « for each newly created job. We now assume that job creation involves a cost in
terms of consumption units equal to ke*?’. This cost is paid by a representative firm that de-
cides how many jobs to create to maximize its profits. At the end of the period the firm rebates
back to households the amount (IT — &m) e®?" as dividend payments. In this new set-up, all the
equilibrium equations of the model remain unchanged except for the determination of type i con-
sumption in (58) and the optimal job creation condition in (62). Type i (detrended) consumption
per capita is now given by

13 If some pi’s are at a corner, then the fixed terms in the wage compensation schedule w; (n) in (64), call it ag;, will
have to be modified slightly. Generally the ag;’s are pinned down by the conditions (29) and (31) leading to ag; < ¢jrg
if pi =0,to0 ag; > cirg if p; =1, and to ag; =c;rg if p; € (0, 1).
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ci=W;+o0; (Il —xkm), (65)

where the key difference relative to the utility model is that now job creation costs affect the
non-labor income transferred to households, so changes in the job creation rate m will affect
labor supply through income effects. The optimal choice for m is now governed by

k=P, (66)

which says that the cost and the value of a newly created job, both measured in consumption
units, should be equalized.

We calibrate this economy to the same targets as before and we change g to match the ob-
served increase in the relative price of investment. In Table 1 we report the parameters for this
economy. In comparing this economy with the baseline economy, we see that there are two
groups of parameters that change substantially: the preference parameters in the utility function
Ao and A1, and the households’ shares in aggregate non-labor income o;. These differences can
be explained by comparing (58) with (65): for given m, in the specification with creation costs in
consumption units, less non-labor income is transferred to households, so consumption is lower,
which makes workers more willing to work. To compensate for this the utility cost parameters
Ao and A1 should increase. Similarly, the lower non-labor income implies that the dispersion in
the shares o;’s should increase to match the same dispersion in participation rates.

Panel (C) in Table 2 (which corresponds to Panel (B) for the baseline economy) shows that the
properties of this economy are qualitatively similar to those of the benchmark model. The accel-
eration in the pace of technological progress leads to a fall in the aggregate participation rate and
an increase in weekly hours. But now the participation rate falls less while weekly hours increase
more. For example, when holding m constant, the participation rate falls by 6 percentage points,
compared with 14 percentage points in the baseline model, while hours increase by 3.0 hours per
week, compared with the increase of 2.0 hours obtained in the benchmark model. Differences in
the response of hours by educational groups are also now more pronounced than in the baseline
economy. When allowing m to increase, changes in participation and in hours are smaller but the
quantitative effect of endogenizing m is less important than in the benchmark model.

Appendix C. Numerical solution

To solve the model, we use the conditions for stable assignment (30) and (31), the households
intertemporal budget constraints (58), and the job creation condition (62). This yields a system
of 2N + 1 non-linear equations that we solve for ¢;, p;, and m with a Gauss—Seidel algorithm
that uses a bisection method for each equation. To calibrate the economy we write a system of 12
non-linear equations (the 12 model statistics described in Section 4.1) in the 12 unknown model
parameters. This system is solved exactly with the Broyden’s method.

In this appendix we start deriving the expressions for firm profits (see expression (68) be-
low), which are needed to write the conditions for stable assignment that form the first set of N
equations. Then we rewrite the household budget constraints, which represent the second set of
N equations (see expression (72) below). Finally we obtain the expression for the optimal job
creation condition, which completes the system (see equation (73) below).

C.1. Firm profits

Firms profits 7; (7) can be written as
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ni (v)1*0
i (1) = f (K*, hi,ni (7)) — ciho — cihy ll g
where
1
1-a)6 T+
ni (1) = [Tf (K7, hi,n; () ,
which can be substituted in the expression for profits to obtain
1
mi(t)=—f (K%, hi,ni () = cio. (67)

The optimal demand for labor by firms comes from (63) which implies that

|:(1 — )0 (k7)™ hl(lfa)(lfe) :| F?';'I
n; (‘L’) = .

CiA

Substituting this expression into output we obtain that
A-1
f <g—<‘1+5>f h; n.f) - d-oe o~ 0AG+O)Tp I—)(1=0)A
s by Ity Cl)\,l i
which can be plugged into (67) to obtain
1TA-—ao]*! ey
7 (1)=& [%] e AT A= U=0A _ 50, (68)
1

Note that 7r; (7) is function of model parameters and of the endogenous variable c;, and once
evaluated at 7* it will also be function of p; ¥j <i and m. Substituting (68) into the conditions
for stable assignment (30) and (31) gives us the first set of N equations in the 2N + 1 unknowns.

C.2. The household budget constraint

The intertemporal budget constraint of household i implies that
ci=W;+o0o1Il (69)

where I, which is defined in (35), can be written as

N
= ZZiHi
i=1

where W; and I1; are average labor income and profits generated by workers of type i

T *

i g
Wizl/w,-(nf)mdf and Hi=l/ﬂi("f)mdf~
Zi <

T (=

Let F; denote the average output generated by jobs assigned to workers of type i:

T*
1
Fi=— / f (e—@”ﬁ, hi, n) mdrt (70)
L
ltl
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Using (67) and the fact that F; = W; 4 I1; we write average profits and average wages as:
1 1
Wi = <1 - Z) Fi+Xocipi and I, = ZFi — AOCi Pi (71)
After integrating (70), average output F; can be expressed as equal to

A1 N
=" |:(1 - 0‘)9} pl-oa-0a__ 1 _aagtor, [1 _ efaA(qu(S)piT":I

Zi Alci ! aA(qg+9)
The additional set of N equations is then obtained by substituting (71) into (69) to obtain
1 AS|
¢i = (1 - Z) Fi+hocipi +0i ) _zi <ZFi - )»ocipi) ; (72)

i=1

where F; is defined in (70). The equation in (72) again depends on ¢;, p;, and through F;, on m.
C.3. Job creation

To write the condition (62) for the optimal choice of m, we need an expression for P. From
(33) we have:

P=Z/e_mm(r)dr=2/e_‘” [%f(kr,hi,ni (r))—Koci]dr

After integrating we obtain

1 (1 — a)0]A~! N hlgl—a)(l—a)A

{e—[ozA(lI-|-3)+;o]rl-*_1 _ e—[aA(q+6)+p]ri*}

S AleA@+)+p] S (e
N

- Z hoci (ef‘”i*fl — e_p’i*) (73)
i=1 p

This is the final equation that completes the system of 2N + 1 equations that we solve at the
computer.
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