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Abstract

From 1836 to 2011, the average real rate of phemge for gold in the United States is 1.1%
per year and the standard deviation is 13.1%, im@lg one-standard-deviation confidence band
for the mean of (0.1%, 2.1%). The covariancesotd’'g real rate of price change with
consumption and GDP growth rates are small angtstally insignificantly different from zero.
These negligible covariances suggest that golddeeted real rate of return—which includes an
unobserved dividend yield—would be close to thk-fiee rate, estimated to be around 1%. We
study these properties within an asset-pricing rhimde@hich ordinary consumption and gold
services are imperfect substitutes for the reptasga household. Disaster and other shocks
impinge directly on consumption and GDP but nostatks of gold. With a high elasticity of
substitution between gold services and ordinarysaomption, the model can generate a mean
real rate of price change within the (0.1%, 2.1%)fclence band along with a small risk
premium for gold. In this scenario, the bulk ofdjs expected return corresponds to the
unobserved dividend yield (the implicit rental ine® from holding gold) and only a small part
comprises expected real price appreciation. Neegkss, the uncertainty in gold returns is
concentrated in the price-change component. Thiehuan explain the time-varying volatility

of real gold prices if preference shocks for gadvges are small under the classical gold
standard but large in other periods particularlyduse of shifting monetary roles for gold.
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Gold has dominated monetary systems for centuaiesjt plays a prominent role in
transactions among financial institutions even odern systems that rely on fiat money.
Private holdings of gold are also important, faated in recent years by the availability of liquid
futures contracts on commodity exchanges. Gotdten viewed as a hedge against disaster
scenarios, although the risk premium associateld gatd is not well understood.

The present analysis begins by studying returngodehin a Lucas-tree model that
incorporates rare disasters associated with orgic@msumption. The baseline model is a two-
tree version with some reasonable restrictionsdblter tractability: ordinary consumption and
gold services are imperfect substitutes in an g#ffeconsumption flow, the outlay on gold
services is negligible compared to that on ordiranysumption, and disaster and other shocks
apply directly to ordinary consumption but not tddy In this setting, the expected rate of return
on gold ranges between the risk-free rate andxpeated rate of return on consumption-tree
equity if the elasticity of substitution betweeriorary consumption and gold services is
between infinity and one. Extensions to the madlelw for a monetary role for gold and
introduce shocks to preferences for ordinary coniaon versus gold services. These shocks
relate particularly to the shifting monetary rofegold, corresponding historically to movements
off or on the gold standard.

A later section relates the model to empiricalperties of real returns on gold and other
assets in the United States since 1836. From @B3611, the average real rate of price change
for gold is 1.1% per year, the standard deviatooh3.1%, and the covariance with consumption
and GDP growth rates is small in magnitude andssizlly insignificantly different from zero.

A problem is that the data reveal changes ingelal prices but not the dividend yields

that correspond to service flows on gold holdingge use the model to gauge the consequences



of these omissions and find that the measureda&zg of price change for gold provide
substantial underestimates of expected total e#asrof return. Nevertheless, the data on real
rates of price change should provide good measirthe uncertainty in real gold returns,
including the covariances between these returncansumption and GDP growth rates or with
other asset returns.

The baseline model accords with the long-term dateeal rates of change of gold prices
if the elasticity of substitution between ordinaonsumption and gold services is high.
Explaining the changing volatility of real gold pes over sub-periods requires that shocks to
preferences for gold services be minor under @semgold standard, notably 1880-1913, but

large in other periods, such as 1975-2011.

|. A BaselineModéd of Returnson Gold with Rare Disasters

In the baseline model, the underlying demand &id geflects a service value
proportional to the stock of gold. This perspegtimatches up with gold used as jewelry and
crafts or for electronics and medicine. As a shartd, we refer to this array of functions as
“lewelry.” Gold also provides monetary servicdsttis, a transactions and liquid store-of-value
benefit of the sort usually considered in analyfate demand for money. This monetary role
of gold is central in the operation of the worlddystandard.

An important difference in the two approachesa fewelry relates to the quantity of
gold in physical units, whereas monetary servieése to the quantity of gold expressed in units
of value in terms of other goods. That is, thatreé price of gold and other goods enters into
the monetary service flow and, hence, into houskttlity.

The initial model takes the view of gold as jewehlnd an extension considers

differences resulting from the allowance for mongtgervices. In the initial model, “gold” can



be viewed as any durable commodity that providesemption services to households. In
contrast, Goldstein and Kestenbaum (2010) reperatgument of the chemist Sanat Kumar that
the commodities (specifically, the naturally ocaugrelements) that can readily provide
monetary services are limited to a few preciousatsetvith gold emerging as the most
attractive. That is, gold’s prominent monetaryer@ not an historical accident.

The baseline model has the following key assumptio

» Ordinary consumption and gold services are impedebstitutes in the effective
consumption flow for the representative consuméh & constant elasticity of
substitutiong.

» The outlay on gold services is always negligiblenpared to that on ordinary
consumption.

» Disaster and other shocks apply directly to ordirmmsumption and GDP but not to
gold. Specifically, even during wars and depressithe quantity of gold never falls

precipitously.

We assume that the representative householdiyutdpends on an effective
consumption flow¢/, which relates to ordinary consumptiop,and the flow of services from

the gold stock, gin a CES form:

o—1 -1 4

1) ¢t =[a,c° +(1—ay) g,° o1,

where we assume>0 and 0<<1.! The variabley can be viewed as a preference shock for

ordinary consumption compared to gold servicesteihis functional form, the rental price,

The limit of the right-hand side asapproaches one is the Cobb-Douglas fapf, - g, =%,
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my > 0, for gold equals the ratio of the marginalitytof gold services to the marginal utility of

ordinary consumption and is given by
9 — 1z . (Ctyi/o
o) = (0 oY

Hence, gold is relatively highly valued wharggcis high andy; is low. This rental price
determines the dividend flow accruing to holdergafl?> We assume initially that equals the
constant,, where 0s<1. In this caser; in equation (2) is proportional t¢g; raised to the

power 16:3
3) m = (5 Y.

The stochastic process for per capita consumptioniewed as the fruit from a Lucas

tree, takes the same form as in Barro (2006, 2009):

(4) log(G+1) = 109(G) + h + U1 + Vieq,

where 20 is exogenous productivity growth ang;us an i.i.d. normal shock with mean 0 and
variances?. The number of trees is fixed, there is no palitsilof loss of ownership, and the
economy is closed.

The term w; in equation (4) is a disaster shock, governed byrstant Poisson arrival
probability p>0 (expressed per unit of time) and a proportiodeaster size, 30, which is
subject to a time-invariant probability distributio Specifically, the disaster shocki\equals

log(1-b), where b>0 in a disaster state and b=®nion-disaster state. The realization of b>0 can

“The analogous concept in Pindyck (1993) is the eni@nce yield from holding commodities such as gold

*This result is reminiscent of the treatment of teage in Campbell (1986, p. 796) and Abel (1999.5). In their
representations, dividends on stocks are propattimng raised to the powey, wherel>1 represents leverage. In
the present model, the dividend on gold is propaosi to ¢to the power b, which is less than one in the cases that
we emphasize (where>1).



be thought of as a sharp loss in productivity osw@dden depreciation or loss of trees. The

expected growth rate, h*, ofis given from equation (4) by

(5) h=h+(3) o —p-Eb.

Let R be the price of an unlevered equity claim on a.tr€he gross, one-period return

on tree equity is given by

_ Ct41+Pryq
©) R, = i

We assume that utility is time-additfvand depends arf in the usual iso-elastic way
with the curvature parameter (coefficient of relatrisk aversiony>0 and time-preference rate
p>0. A key (and reasonable) assumption that sineglifne asset-pricing analysis is that the
preference parameter, and the per capita quantities of golg,amd consumption,,care always
such that the outlay on gold servicedg,, is negligible compared tq.cThis condition implies
that the marginal utility ofican be approximated by the usgal. In this case, the first-order
condition for choosing;@ver time and holding assets as equity claimseastcan be

approximated using equation (6) as:

™) ¢’ = e B el - ()]

Pt

The consumption flow,cis the dividend accruing to the owner of treeigguBecause
the shocks to log{cin equation (4) are i.i.d., the ratio of the comption dividend to the equity

price, ¢P;, will be approximately constant in equilibriumsatme value denoted by d>0. (The

“with i.i.d. shocks, the main results will hold wiffpstein-Zin-Weil preferences, introduced by Epstid Zin
(1989) and Weil (1990).



approximation arises because we are neglectingtsefta the first-order condition from

changing ratios ofi¢o g.) Equations (7) and (4) imply a condition for d:

8 1/(1+d) ~exp|(1—-y)-h—p+(5)A—-1)0|-[1—p+p-EQA—b)'].

Define f to be the expectation of the rate of return oritggR; -1. Using equations (5),
(6), and (8), this expectation (constant in thiddeipis given, as the period length becomes

negligible, by:
9 rempHyh -2y (-1 -0 —p-[EA-b)T—1—(y—1)-Eb].

We use the first-order condition for choosin@er time and holding assets as risk-free

claims to determine the (constant) risk-free rdemoted 't
(10) rf ~p+yh* —%y(y+ Do2—p-[E(l—b)Y—1—y-Eb].

This result also holds as an approximation asehgth of the period becomes small.
The equity premium follows (as an approximationdbort periods) from equations (9)

and (10):
(11) r®—r/ =yol+p-[E(1—b)Y—E(1l—b)*"Y —Eb].

As in previous applications of this result (suctBasro [2006] and Barro and Ursua [2008]), we
use calibrations where the disaster term involyran the far right is the main contributor to the

equity premium. The term involvingf is negligible, as in Mehra and Prescott (1985).

®Barro (2009) shows that the formula for the eqpigmium in equation (11) remains valid in thigi.icase with
Epstein-Zin-Weil preferences, withrepresenting the coefficient of relative risk aien and (which does not
enter into equation [11]) representing the reciptaf the intertemporal elasticity of substitutiofihe other results
require a substitution fgr by an effective rate of time preferenpg, given by
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Consider now the pricing of gold. A unit of goletlds a dividend flow equal to the
rental pricesr > 0, in equation (3). We assume that gold do¢slepreciate in a physical
sense, and there are no costs of storage or passtof loss of ownership. In particular, gokl i
not subject directly to the kinds of disturbandest bbeset the consumption trees—the normal
shock, y and the disaster shock, i equation (4). LeR? be the price of gold. The gross, one-

period return on holding gold is given by

g g
Ter1tPeig
]

Py

(12) R/ =
The first-order condition for choosingaver time and holding assets as gold can be
approximated, using equation (12), as

g g
Ter1tPeig

(13) 6 et B[l - ()|
t

The assumption, as before, is that the outlay dehiganegligible compared to that on ordinary
consumption, so that the marginal utility of congtilon can be approximated by the usq%ﬂ.e

Recall that the rental price on gold is given by
9 — 2% . (fey1/0
3 = (0 Ve

We assume, for now, that the per capita gold stgpcirows deterministically at the

constant ratedywhich could be positive due to gold discoveriea@gative due to population

pr=p—@ -0 -{n—(3)yo* - (&) [EQ-b)'" —1-(y—1) - Eb]}. Ify=0, utiity is time-additive,

y—-1
andp*=p.
®Martin (2013) also emphasizes cases in which theeshof the dividends from some assets in tota$wmption are
negligible. However, he assumes that the dividdérain all assets are perfect substitutes in consiomp
corresponding te being infinite in our model. Then he allows theidiends provided from the various assets to be
subject to distinct shocks, whereas gold does xperience these kinds of shocks in our model. Gowh
Longstaff, and Santa Clara (2008) also have a te®4odel in which the consumption flows are pérfec
substitutes, and the trees are subject to disthmtks.



growth and depreciation or loss of gold. In paitc, we do not consider disaster or other
shocks that directly affect the quantity of goldioe services provided by the gold. Unlike
ordinary consumption, it is hard to see how thengjtyaof gold outstanding could change greatly
in a short period—even during a war or a depresskbowever, large changes in preferences for
gold versus other consumption services are possibtbwe explore these kinds of shocks later.

In a later section, we get a rough estimateydfdsed on the long-run growth rate of the
per capita world stock of gold. The results, sumnea in Figure 1, imply that this long-run
growth rate (from 1875 to 2011) is between 0.4% @B8&b6 per year if we neglect any loss or
depreciation of the gold stock.

As with tree equity, the dividend-price ratio fyold, 77 /P?, denoted by, will be

constant in this i.i.d. model. The constancy o thtio means, from equation (3), that the real
gold price,P?, moves along Wiﬂ@%)l/a. Thus, although the dividend from gold is noedtty
subject to disasters or other shocks, its pridenately reflects the shocks that affect
consumption trees, with the sensitivity of goldcps to these shocks depending on the elasticity
of substitutiong.

Equations (3), (4), and (13) imply that the coioditfor determining is:

) 1/a+0~ew|(E-v)h=(3)hg-p+iC-niai] - [1-p+p-EA-HET]

Note thaty does not depend on the preference parametek, change iru would affect gold’s
dividend,r?, and pricep?, in the same proportion and, thereby, not affeetdividend-price
ratio, . Asa approaches one, gold has no intrinsic serviceeyandr; approaches zero in
equation (3). Sincg does not depend an the price of goldP,? must also approach zeroas

approaches one. In other words, in this modegsitipe valuation of gold depends on its
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intrinsic usefulness—the equilibrium does not allgold to have positive value based on a
process for its real price that is unlinked to uinelerlying service value.
Definer? to be the expectation of the rate of return omigef-1. Using equations (3),

(12), and (14), this expectation is given by:
« 1 5 2 (l_y) 1
(15) r9=p+vyh —Eau-[y-(y+1—;)]—p-[E(1—b) o ") —E(—b)s—y-Eb].

Again, this result holds as an approximation whengeriod length is short. Note thét r
(constant in this model) does not depend on thiegmece parametes, or the growth rate of the
gold stock, B (These results depend on the assumption thiaysuin gold are negligible
compared to outlays on ordinary consumption.)

The expected rate of return on gofifrom equation (15), can be compared with the
expected rate of return on equityfrom equation (9), or the risk-free ratefrom equation (10).

When compared to the return on equity, the result i
e 2 (o-1 1— z =)
(16) r°—1r9 zyau-(7)+p-[1—Eb—E(1—b) Y —E(1-b)s+E(1—-b)&M),
When compared to the risk-free rate, the result is:

@7) r9 -1~ (Y) 02 +p [EQ-b)r—EQ -0~ 1+ EQ - b)),

g

Equations (16) and (17) remain valid in this i.sdtting with a switch to Epstein-Zin-Weil
preferences, with representing the coefficient of relative risk aien (see n. 4).

The comparison of gold returns with other retutapends ow, the elasticity of
substitution between gold services and ordinarysaomption in the effective consumption flow

in equation (1). Wheas=1, returns on gold mimic the returns on tree ggusib that® —r9 =0

10



in equation (16), and? — r/in equation (17) equals the equity premiuth—r/, in

equation (11). As approaches infinity, the rental price of gakd, in equation (3), becomes
unresponsive todgy, and gold becomes risk-free. Thereforé— r/= 0 in equation (17), and

r¢ — r9 in equation (16) equals the equity premiuth— 7/, in equation (11). In other words,
depending on the value o6fin the range where>1, the expected rate of return on gold ranges
between the expected rate of return on (unlevezedity, f, and the risk-free rate,r To put it
another way, given a measure of the expected fagwn on gold, —and assuming that this
value lies betweerl and f—there is a value af>1 that makes that observation consistent with
the model.

In the baseline model—with the demand for goldweer from its role in effective
consumptiong;/, in the form of equation (1)—there is 680 that generates an expected rate of
return on gold,% below the risk-free rate, rThat is, in this model, gold never serves asigho
of a disaster hedge so that its risk premium wbeldtegative. In the next section, we show that
a particular pattern of shocks to preferenagsnay generatékrf. However, since the
empirically observed covariance between consummgiowth and the growth rate of real gold

prices turns out to be negligible, it is uncleattbne wants a model that generafes .r

Il1. Shocksto Preferences

In the baseline model, the gold prig¥,, is the constant multiple46f the rental price or
dividend,r?, given in equation (3). Therefor®? fluctuates along WitIQ;—t)l/". This linkage
t

between real gold prices and consumption (expressative to the stock of gold) suggests that,

for reasonable values of the model will not generate the high volatiliyreal gold prices that

’If o<1, gold is riskier than tree equity, arffcexceedsr
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shows up in some periods, as discussed {afim.remedy this shortcoming, we introduce shocks

to the preference parametey, which affects the gold dividend in accordancenveguation (2):
g — 2%y, tty1/o
e = (29 Y.

In a more general model (such as that considereavhea natural interpretation of a shiftdpis
that it represents a change in the monetary rogwlof. In earlier periods—at least up to 1975—
these shifts may reflect movements off or on aspefcthe gold standard in the United States or
the rest of the world.

Under some specifications of the processifothe dividend-price ratio for golet? /7,
will still be a constanty. Under these circumstances, equation (2), (12),(&3) imply thaf

must satisfy:

(a8) /() = e G g ([ )

(1-ap)/ae ct

In the baseline model, the term involvim@n the right-hand side of equation (18) equals
one. More generally, if the covariance of thisitevith the consumption-growth term is zero
and the mean of theeterm equals one (implying no systematic driftirof]/ay), theny will be
constant. In this case, the formula fowill still be given by equation (14), and the farla for
the expected rate of returl, on gold will still be given by equation (15). wWever, the shocks
to o; will generate fluctuations in the real gold pr{ceatching in proportionate terms the

fluctuations in the gold dividend given in equatf@h so thaty remains fixedf. Thus, this

®The baseline model also has problems replicatiagttatility of dividend-price ratios for stockhis difficulty
can be alleviated by allowing for shifts to thegraeters that describe uncertainty and expectedtigresee Gabaix
(2012), Bansal and Yaron (2004), and Barro and &(2012).

°For stocks, this kind of result would be unsatisfagbecause observed dividend-price or earninge patios for
stocks are volatile (which can possibly be expldibg shocks to the model’'s parameters that govecertainty
and expected growth). For gold, the dividend isdiectly observed, and it is unclear whetherdhédend-price
ratio is volatile.
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extended model—which leaves intact the formula%ermay explain part of the observed
volatility of real gold prices in some periods. Mover, this perspective may explain the low
volatility in the sub-period 1880-1913—the high mtoof the gold standard (as discussed
below)—where the fluctuations in the preferencepaater o, were likely small.

The extension to allow shocksdpalso explains how gold’s expected return may fall
below the risk-free rate if the covariance patteetween the preference term and the
consumption-growth term is nonzero. In bad timé@sen ¢.1/c; is low, the term involving
consumption on the right-hand side of equation {@84is to be high (if>1/c). If the preference
for gold tends to be high at these bad times—#hat a..; tends to be low compareddg—the
term involvinga on the right-hand side of equation (18) tends tddme high. This positive
covariance tends to lower the dividend-price ratiahereby lowering the expected rate of return
on gold, P.

However, if shocks ta; reflect particularly movements off or on the getdndard, it is
unclear that the postulated covariance patterndvapply. Movements away from the gold
standard tend to associate with bad economic tinetaply wars and depressions. If these
movements correspond to decreased demand for gafivhlues oti—then the opposite
covariance relation tends to emerge. Or, perhasssatisfactory to assume that the relevant
covariance is small (as turns out to be true, ssudised later, for the observed covariance
between changes in real gold prices and consumatidrGDP growth rates over the long run).
In this case, shocks te would help to explain volatility in real gold rehs—perhaps
differentially across sub-periods—without havingjonamplications for the expected real rate of

return on gold.
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[11. Shocksto the Stock of Gold

We considered how shocks to preferenogsaffect the rental price of gold?, given by
9 _ (1=% | Cty1/o
o) = (0 GOV

We can allow similarly for effects of shocks to tingantity of gold (per capita);.gAn increase
in g affectsey and, thereby, real gold prices, in the directippasite to that from a rise in the
demand for gold (a fall iny).

A new consideration is that increasesfh caused by movements inoe a;, tend to
stimulate expanded efforts in gold mining, as disedl in Barro (1979f. This supply response

tends to offset the effects on real gold pricesaaly discussed for changes iagdo;.

V. Monetary Demand for Gold
We now allow for a monetary demand for gold. Tdtaltgold stock, gis divided into a

part used, as before, to provide jewelry-like s&s|g;, and another for monetary servicgg':

(19) gt =9t + 9"

In our representative-household model, gold heldrfonetary purposes includes amounts held
as coins, etc. by individuals. However, we asstimaethe analysis applies also to official
reserves held by central banks and governments.

Agents can move gold costlessly between its twations, “jewelry” and monetary gold.
For individuals, monetary gold has a service anitigy value akin to that normally considered
in analyses of the demand for money. Specifically,analysis falls into the “money-in-the-

utility-function” literature, which captures thersiee value of money by entering the quantity of

%That paper also summarizes other features of clsspproaches to the workings of the gold standesd
developed by Thornton (1802), Ricardo (1819), NiB48), Fisher (1911), and Friedman (1951).
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real money balances directly into the utility funat** We assume that an analogous service
flow—corresponding to liquidity benefits that magtate to maintenance of exchange rates—
attaches to monetary gold held as reserves byatdr@nks and governments.

A key point is that the service flow from monetgogld depends not agf”*, the physical
guantity of gold held for monetary purposes, btiteéaon the real value (per capita) of that
guantity in units of consumption. Thus, the monetgervice flow depends gy multiplied by
the real gold priceB?. As before, in the cases that we emphag}Zeends up as a constanty,1/
times the dividend flow from holding gold?. In these cases, we can think of the monetary
service flow as depending on the real rental incéomegone by holding the monetary part of the
gold stocksty gi™.

We can expand the concept of effective consumptigrirom equation (1) to

incorporate monetary services from gold. An exgah@ES form is:

* (%1) o-1 o-1, 0
(20) ci=lacc, 7 +Be (@) T+ (L~ B (g 1o,
where 09:<1, 0<f<1, andu:+pi<1. This form assumes symmetry in the way thathihee
goods enter into effective consumption; thatigs the elasticity of substitution between any of
the goods. We assume, as in the main previougsisaihat the preference parameters are
constant, now at andp.

As an analogue to equation (3), the rental pocaybld used as “jewelry” satisfies:

(21) nd = (g) . (;_%)1/0.

YThis approach originates from Sidrauski (1967).
15



Another margin of substitution is between gold uasgewelry or for monetary purposes. The
associated first-order condition, which factorstia presence of?in the last term on the right-

hand side of equation (20), is

A-a-p)%a'"? (gf CtN(o—1
22 1 = Qze=P7a77 (68 | (Ceyo-1)/o,
(22) B (g%”) (95)

This equation implies that, at the margin, the @spntative household gets the same contribution
to utility from a unit of gold held as jewelry asrfmonetary purpose$. The same type of
condition would hold for official gold reserves @éntral banks and governments.

If 0=1, equation (22) implies that variations jrocg do not affect the ratio gf; to g{".
However, ifo>1, a rise in creduces the ratio gff to g{*, whereas a rise in gaises this ratio.
(These results are opposites#l.) If we takes>1 as the relevant case, the main new result is
that the rental price of golet? in equation (21), becomes more sensitive to varatin ¢
because of the tendency for monetary ggltl, to move along with;¢so that, for givenggold
held as jewelrygs, moves opposite tq)c

Another result is that the equilibrium is not Rareptimal, ultimately because of the
presence of the relative price], in the effective consumption flow;, in equation (20) and,
thereby, in utility. The utility attained by thepresentative household would rise if the
government taxed gold used for monetary purposesr@nitted the proceeds back to the
representative household). For example, the govenh could require households to buy a

durable certificate that has to be attached to gwldake it legitimate as “money.” The price of

2E0r given ¢0 and g0, the equilibrium implied by equations (19), (24)d (22) exists and is unique. One result
is that the real-money-balance term g, ends up equaling - (ﬂ)” and is, therefore, independent pagd
positive even if=0 (meaning that gold is not valued as jewelry);a[}/!approaches Q¢ approaches "
approaches,gandr? approacheéi) . (%)“ > 0. Therefore, valuation of gold as jewelryna necessary for

gold to be valued as money.
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the certificate would be in units of consumptiom geantity of gold held as money. By

imposing this form of tax, the government induceeerease in the gold content of money,
thereby freeing up more of the existing gold sttcke used for direct consumption purposes (as
“lewelry”). The optimal tax is high enough so thia¢ value of money approximates the value of
the attached certificates, with the value of treoamted monetary gold approximating zero. In
other words, the solution is a form of fiat money.

One issue about the equilibrium is that, at angditax rate, the government is motivated
subsequently to raise the tax rate to raise revbgumposing capital losses on existing holders
of monetary gold. That is, the government hagrliar form of time-consistency problem
whenever the quantity of gold held as money istp@si Since people would understand these
temptations, they would be reluctant to hold fraa#il-gold money. That is, the only full
equilibria may be either 100% gold money (wheregbeernment is somehow committed not to
tax this use of gold) or 0% gold money, which anteua paper money.

Another point is that, even with all gold driveat@f monetary purposes and toward
jewelry, the solution is still not Pareto optima&dause of the usual issues of the “optimal
guantity of fiat money,” as explored by Friedma@g®2). A full Pareto optimum requires the
government to pay a rate of return on money eitim@ugh explicit interest or through deflation
of the “general price level.” This setting als@atves the usual time-consistency issues related
to effects of inflation on the real value of thesianding stock of paper money.

For the purposes of studying the real rate ofrnetun gold, the most important
contribution from allowing for monetary gold is ¢ily to be the introduction of a new preference
shock in the form of the termd-p; (expressed relative tq andp;) that reflects monetary

services from gold. The volatility of this termdaits association with movements off or on the
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gold standard—including changes in the demandffaria gold reserves by central banks and
governments—seem more compelling than fluctuatioqseferences for gold jewelry versus
other forms of consumption (as in the initial mgdel

Official gold reserves are quantitatively impottarnen compared to the total world
stock of gold. Figure 2 shows that the share efwbrld’s gold stock held as official reserves by
central banks and governments was less than 1A%y7in but rose to a peak of 50-60% at the
end of World War Il in 1945. Then this share felaround 20% in 201

A more comprehensive measure of monetary gold avmelude amounts held privately
as minted coins and bullion. As an example, golchonetary circulation was roughly equal to
official gold reserves in 1903 and about half efgl reserves in 1913 (using data from U.S.
Treasury Department, Bureau of the Mint [1904,73;31915, p. 454]). At present, we lack a
long time series on a broad concept of monetarg ti@t includes amounts held privately as

coins and bullion.

V. An lllustrative Calibration
We use a calibration of the baseline model baseghampdated version of the analysis in

Barro and Ursua (2008). Thus, we assume the faligw

r" = 0.011 per year,
r®=0.059 per year,
h = 0.025 per year,
hyg=0,

oy = 0.02 per year,
p = 0.037 per year,
vy = 3.34,

p=0.027 per year,
Eb =0.208,

1At present, our measure of official gold resengemcomplete because holdings by some countriesabhot
China and the Soviet Union in some periods—areugberl in standard estimates. We are working to rekpize
data to include broader coverage by countries aadsy

18



E(1-b)" = 3.62,
E(1-b)” = 2.16.

The values associated with disaster sizes, hyel@om the empirically observed size
distribution of macroeconomic disasters (conditlarab>0.095) in the long-term history across
countries based on declines in real per capita @BRiscussed in Barro and Ursua [2008] and
Barro and Jin [2011])* The value for p comes from the empirically obserprobability per
year of entering into these disaster states. Emuéh) and the assumed parameter values imply
h*=0.0175 per year.

The valuey=3.34 was chosen to match the formula in equatid \{ith the assumed
(unlevered) equity premiun’-r'=0.048 per year. Matchin{=0.011 (a value discussed later) in
equation (10) turns out to requipe0.027 per yeal> We assume this value fpr although
comparisons among the various rates of return ddeywend omp (or h*). We consider below
the extension of this calibration exercise to mesusn gold.

As mentioned before, we estimate the long-terncppita growth rate of the gold stock,
hg, by using data on world gold production, as désttiin the notes to Figure 1. The data
before 1875, including an estimate of cumulativelevproduction from 1493 to 1875, are from
Soetbeer (1887). The reported cumulative stockarfd gold production (assuming no
depreciation or loss) from 1493 to 2011 is 155,8@22ric tons.

The calculations of stocks of gold require anahgtock in 1492, which is apparently
subject to controversy, as noted in GoldMoney Fatiod (2012). If we take this stock to be

close to zero, we end up with the time series forldvgold per capita since 1875 shown by the

“Results are similar using declines in real perteagonsumer expenditure, but the sample is smadieause of
missing data on consumer expenditure.

5ith Epstein-Zin-Weil preferences, the parameteorresponds to an effective rate of time prefezeptt; given
inn.4.
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lower graph in Figure 1. To get a plausible raofypossibilities, we assume as an alternative
that the world gold stock in 1493 equals the reggbdumulative production from 1493 to 1875
(9528 metric tons). In this case, we get the upgpaph in Figure 1°

The average growth rate of world gold per cafpden 1875 to 2011 is 0.88% per year
based on the lower graph in Figure 1 and 0.42%@@&r based on the upper graph. Hence,
0.4%-0.9% per year provides a reasonable ranghdédong-term per capita growth rate if we
maintain the assumption that gold stocks had zepoetiation and loss. However, even with
small rates of depreciation and loss, the long-teemcapita growth rate of the world gold stock

could be zero or slightly negative. We talehin our main calculations.

VI. Missing Data on Dividends

A problem in matching the model with data on asseirns is that dividend yields are
missing for some categories of assets, notably gottisilver:’ To assess this issue
conceptually, consider first how the returns onstonption-tree equity divide up between a

dividend yield and a price-appreciation teffThe gross return on equity is given by

(5) R, = Ct+1;Pt+1 _
t

Using the previous definition of the dividend-priegio as d=¢P;, the rate of return,R1, on

equity can be expressed as:

*The numbers on the per capita gold stock since ¥&#6 calculated using a time series for world paiin
based on McEvedy and Jones (1978) Afmild Development IndicatarsThe WDI data were used for annual
numbers since 1960, and the McEvedy-Jones dat & intervals were used before 1960. The groath of
world population from 1875 to 2011 is 1.17% perryea

YAn analogous problem might apply to residential essate, although the dividend could be approxéahdty the
explicit or imputed rental income on housing. Hewese the appropriate net rental income would haveubtract
maintenance costs and depreciation.

®\ote that consumption-tree equity is an unlevetaiircon the flow of consumption dividends. Therefca
match with observed equity returns requires ansanjant for leverage. Also, in the model, dividendsrespond to
earnings because there is no possibility of redentif earnings by “firms.”
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(23) Rt—1=d-(ctc—:1)+(%—1).

The first term on the right-hand side is the dividgrield, and the second term is the rate of price
change (because &ways moves in the same proportion @s As the length of the period
becomes negligible, the first term on the rightdharde of equation (23) approaches d, the
dividend-price ratio. The uncertainty about tleis is negligible for short period3that is, all

of the uncertainty about the rate of return is emti@ated into the second term, which reflects
price changes.

We know the expectation of the rate of returngnagion (23) from the formula fof in
equation (9). The expectation of the first terntloa right-hand side—the expected dividend
yield (which approximates the realized yield)—corfresn the formula for d in equation (8).

The expectation of the second term—the expectedtfrate of consumption—equals h*, given
by equation (5).

In the calibration of the model, we h&¢@.059 per year and h*=0.0175 per year. Hence,
the dividend yield was 0.0415 per year (a resuat tdan be verified from the formula for d in
equation [8]). To put it another way, 30% of theerall expected rate of return on tree equity
reflects expected real price appreciation and 7€3tessents the dividend yield. Hence, omitting
the dividend yield in the data would be a majorgbem with respect to matching the expected
rate of return in the model. On the other handlesady noted, all of the uncertainty in the
model is concentrated into the price-appreciatasmi with none appearing in the dividend yield

(if the length of the period is negligible). Thine, data on asset returns that omit dividend

*The dividend can jump in the model when a disasteurs. However, the probability, p, of a jump weing
during a period becomes negligible as the length@fperiod approaches zero.
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yields should be satisfactory for gauging standkdations of returns and covariances of
returns with consumption and GDP growth rates coragrassets.

We can check this theoretical reasoning agairnSt data on stock returns, as discussed
more fully later. Using a total-return stock-markelex and a consumer price index (provided
by Global Financial Data), the average real rateetefrn from 1836 to 2011 was 7.4% per year,
with a standard deviation of 16.1%s.(Note that these data refer to levered retuather than
the unlevered ones considered in the model.) mtrast, if one uses only stock-price-index data,
thereby omitting dividends, the average rate afrretvas 2.5% with a standard deviation of
15.4%. Therefore, the omission of dividends hasgor effect on the average rate of return—
with only 2.5 of the total 7.4 percentage point84% captured by real price appreciatfbron
the other hand, the standard deviation of the goi@nge series, 15.4%, is close to that for total
returns, 16.1%. Moreover, the covariance of tloewh rate of per capita consumption (personal
consumer expenditure) with the total-return seg&k00224 (correlation of 0.38j,compared to
0.00229 (correlation of 0.39) with the price-chasgees. Therefore, the covariance and
correlation computed from the price-change seneskse to those calculated from total
returns. Hence, as suggested theoretically, ticeqghange series captures well the uncertainty
in stock returns—and this result holds even thabhghdividend-price ratio is not constant in the
data (unlike in the baseline model), and the dedanalyzed annually, rather than at a higher

frequency.

“These results are based on stock-return indexe€Biid averaged over each year, as discussedslater
presented in Table 1.

“This kind of effect from the omission of dividenols measured mean real stock returns is well kneem®; for
example, Jorion and Goetzmann (1999, Table IlI).

#’See Table 1. The covariance of the growth ratealfper capita GDP with the total-return serie.@0289
(correlation of 0.39), compared to 0.00282 (cotretaof 0.39) with the price-change series.

22



The baseline model’s implications for dividendlgtiand price appreciation are
analogous for gold. The gross return on galf), is defined in equation (12), the dividend on
gold, 7, is given by equation (3), and the dividend-priego, y, is determined from
equation (14). Analogous to equation (23), the ddtreturn on gold®? — 1, can be broken
down into a dividend yield and a price-appreciatem:

24 RI—1 =y (T 4 a1
(24) ¢ =X g+(n9 )-

T t

As before, the first term on the right-hand sidprapches the dividend-price ratjg,as the
length of the period becomes negligible. The sddemm, which reflects real gold-price

appreciation (because the ratio of dividend togpiscconstant), is more complicated than for
consumption-tree equity becausg depends orﬁ%)l/".

Analogous to equity returns, when the length efgleriod is negligible, all of the
uncertainty about gold returns is concentrated tinéoprice-appreciation term (the second part of
the right-hand side of equation [24]), and nonecapp in the dividend-yield term (the first term
on the right-hand side). Therefore, the availasaiea on real gold-price appreciation should
provide good information about the standard demmtif gold returns and about the covariances
of these returns with consumption and GDP growtésrar with other asset returns.

We know the expectation of the rate of return old gn equation (24) from the formula
for ¥ in equation (15). The expectation of the firstrten the right-hand side—the dividend
yield—comes from the formula fgrin equation (14). The expectation of the secench+-the
expected growth rate of gold dividends (and, heategal gold prices)—can be determined as:

(25) E(%—l)=e)-(h*—hg)—(%)aﬁ-i-(a—_l)+p-[i-Eb—1+E(1—b)§].

t g
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Thus, if6=1, the expected rate of real price change ishtwhereas it is infinite, this rate is
zero.

As discussed in the next section, the mean groatthof real gold prices from 1836 to
2011 is 1.1% per year (based on the U.S. dollat gnte and CPI). This observation provides
an estimate of the expression on the right-hangl sicequation (25). If we use the parameter
values assumed before, then this expected raeabprice change equals 1.1%#1.5.
Correspondingly, the expected overall rate of retur gold, ¢, is 4.7% (from equation [15]),
and the dividend yield on gold is 3.6% (from egoiatjl4]). That is, the unobserved dividend
yield is 77% of the expected total real rate ofimeton gold, and the expected rate of real price
change is 23% of the total.

A problem with this calculation is that the startbldeviation of the observed growth rate
of real gold prices is 13.1% per year, which cqroggls to a standard deviation for the mean
over 176 years of 1.0% per year. Therefore, astaedard-deviation confidence interval for the
mean growth rate of real gold prices is roughlft 90, 2.1%). Using the method applied before,
this range corresponds to an interval for the estiahs from 16 to 0.84. Correspondingly, r
ranges from 1.6% to 6.4%, and the share of thelend yield in this expected total return varies
from 94% to 67%. In other words, this method Isglit does not provide a precise way to pin
down the unobserved dividend yield on gold andiewg, the expected total real rate of return
on gold. In the next section, we bring in addiibmformation related to the observed

covariance between changes in real gold pricecansumption growtf;®

Zpindyck (1993, Figure 4 and Table 4) estimatesithieend yield (which he calls the percentage rasis) on
gold and other commodities using observed spof@ndes prices for periods in which liquid futunagrkets exist.
He infers that the average dividend yield for goid1975-1989 was only 0.1% per year and remairegoivir 3%
per year except for a spike in 1981. These reauoiterd with our analysis for high valuessefthe region that we
emphasize in the next section.
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VII. Empirical Regularitieson Gold and other Asset Returns

A. Meansand standard deviations

Table 1 shows means and standard deviations ofreaSreturns (computed
arithmetically) from 1836 to 2011 on gold, silvetocks, T-Bills, and 10-year U.S. government
bonds, along with inflation rates and growth raieeeal per capita consumption and GDP. The
starting date was chosen based on the availabteagses of U.S. consumption (personal
consumer expenditure). The real returns are atipeded from a U.S. perspective, including the
deflation of U.S. dollar gold and silver pricesthg U.S. CPIl. An important extension of this
analysis to the global economy would allow for rgald and silver returns calculated from the
perspective of various countries.

As already noted, a serious problem is that wemasonly the parts of returns on gold
and silver based on rates of change of real galdsdwer prices, computed from nominal gold
and silver prices and consumer price indexes. iBhate do not observe the dividend yields,
corresponding to implicit rental incomes, on thpsecious metals. The table covers four sub-
periods, 1836-1879, 1880-1913, 1914-1974, and P®23- chosen to reflect changes in the
regime for gold or silvet?

Figure 3 shows the U.S. dollar gold price from@#® 1971, the year in which the
United States dropped its commitment to buy fromh sell gold to foreign central banks at a
fixed dollar price” Figure 4 shows the real gold price since 180&(dollar price divided by

the U.S. CPI, with the real gold price in 1800tset.0).

%Erh and Harvey (2013) emphasize the period sin@& 1&fter the lifting of the U.S. prohibition oniyate
holdings of monetary gold. They focus on effeatglte real price of gold from inflation, exchangeer
movements, and tail risks.

®The data on dollar gold prices are from Global Raial Data. Their main sources &emmercial and Financial
Chronicle Warren and Pearson (1937), and Commodity Res@&naau,Commodity Yearbook
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Over the full sample, 1836-2011, the mean reakrat price change on gold and silver
are similar—1.1% and 1.2% per year, respectivelgolumns 2 and 3 of Table’d.The mean
real stock return (based on total-return indexeshie S&P 500 and analogous measures
computed by Global Financial Data up to 1970) ®88-2011 is 7.4% (column 4). Since the
available proxies for returns on short-term U.Suegament securities (“T-Bills”) up to 1919 are
unreliable?’ it seems advisable to focus on the mean reabfatturn, 1.0% per year, that
applies for 1920-2011 (column 5). For longer-té&#rs. government bonds (roughly 10-year
maturity), the mean real rate of return for 1838-2% 2.9% (column 6). (The mean is similar,
2.8%, for 1920-2011, where the T-Bill data are made.)

In terms of volatilities, the standard deviatidrtlee T-Bill return is the smallest among
the assets considered—4.3% from 1920 to 2011. skaislard deviation is much larger for
1920-1974, which includes the Great Depressionvdodd War 11, than for 1975-2011. The
pattern in the changing volatility of real T-Biturns reflects particularly the changing volatilit
of inflation, shown in column 7 of Table 1.

The standard deviation of real stock returns fi@86 to 2011 is high, 16.1% per year.
The means and standard deviations of real stoakn®tre reasonably stable over the sub-
periods, and the standard deviation is well abbwesé on T-Bills and government bonds.

For 1836-2011, the standard deviations of theredak of price change for gold and

silver, 13.1% and 17.9%, respectively, are simitathose on stockS. As noted before, these

%We can cover a much longer period using U.K. datsing information from Global Financial Data ommioal
gold and silver prices and retail price indexes, rttean real rates of price change from 1258 to 2@ldold and
silver, respectively, are 0.8% (s.d.=11.9%) and®(8.d.=13.9%). From 1258 to 1835, the respectigans are
0.6% (s.d.=12.0%) and 0.5% (s.d.=11.8%).

?'Global Financial Data attempts to proxy U.S. T-Béfturns before 1919 by using nominal yields on wemcial
paper or coupons on U.S. government bonds.

“According to data provided on Bob Shiller's webgitevw.econ.yale.edu/~shiller/data.htm), the meathefreal
rate of price change for U.S. residential housiogif1891 to 2011 was 0.4% per year, with a standaviéhtion of
7.3%.
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measures should be reasonable proxies for stadéarations of total returns even though the
dividend yields are not observed. However, thedded deviations depend a good deal on the
sub-period considered. For example, the standarihion of real rates of price change for gold
for 1880-1913 (the peak of the world gold standaes Figure 3) is only 2.6% per year, whereas
that for 1975-2011 is 20.7%, even higher than tiastocks. (The standard deviations of real

rates of price change for silver are 6.9% for 18823 and 29.4% for 1975-2011.)

B. Covarianceswith consumption and GDP growth rates

Table 2 shows sample covariances and correlatibtie ovarious real asset returns and
the inflation rates with growth rates of real papita consumption (personal consumer
expenditure) and GDP. Also included are 95% camfae intervals for these statistics, based on
bootstrap methods.

For 1920-2011, the sample covariance of the rdillTreturn with the growth rate of
real per capita consumption (based on personalicogisexpenditure) is small in magnitude,
-0.0003 (with a correlation of -0.21), and is sttially insignificantly different from zero
(column 5). In a standard model with iso-elastiity and i.i.d. normal shocks, the return
premium for T-Bills over a hypothetical risk-frelaien equals the covariance of the real T-Bill
return with consumption growth multiplied by theefficient of relative risk aversiory, Hence,
if we gauge the covariance between real bill ret@nd consumption growth by the sample
covariance of -0.0003, thenyaround 4° implies that the mean real bill return of 1.0%r (fo
1920-2011) would be about one-tenth of a percerpagée below the risk-free rate; that is, the

(average) risk-free rate would be around 1.1%.

A v around 3-4 emerges in the analysis of stock alhdehiirns in Barro and Ursta (2008) and Barro and
Jin (2011).
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The real stock return is clearly procyclical, gaddpy the covariances with consumption
or GDP growth rates shown over the various subedsrin Table 2 (column 4). For 1836-2011,
the sample covariance with consumption growth@22 (correlation of 0.36) and is
statistically significantly different from zero.h& sample correlations over the sub-periods range
from 0.22 for 1836-1879 to 0.47 for 1914-1974 alhéxcept for 1836-1879 are statistically
significantly different from zero.

One reason that the annual correlations of stetkms with consumption or GDP growth
rates are strongly positive is that the data wesembled to achieve reasonably comparable
timing in the variables. The growth rates of canption or GDP involve first differences of
annual flows observed each year. The comparabdé se¢turns (and other returns considered in
Tables 1 and 2) involve averages of nominal tealms and CPI values for each year, based on
underlying daily or monthly value. A more common procedure computes annual reak stoc
returns (or other asset returns) based on yeawvands of total-return indexes and price levels.
This approach yields the average real stock resyperienced during each year but does not line
up with the available measures of annual consumatiml GDP growth rates (because of the
lack of data for much of the sample on the macrmeroc aggregates applying close to the end
of each year). If the year-end procedure had beehed to calculating real stock returns, the
correlation with consumption growth for 1836-201iints out to be 0.17, rather than 0.36, and

the corresponding covariance turns out to be 0.50E2her than 0.00224. That is, the sample

The available price-level data before 1875 are ahut these data are probably satisfactory bectney
approximate annual averages for each year. Thefdal875-1912 are rough estimates of monthlyesfuom
Snyder (1924). The data since 1913 are the stdndanthly CPI numbers for urban consumers fromBiweau of
Labor Statistics.

¥The main effect comes from the timing of the stoeturn data, not the price-level data. If we cotepeal stock
returns from averages of daily or monthly totaliratindexes for stocks along with year-end datgpfare levels
(while retaining the available annual data befd@@85), the covariance of the real stock return wghsumption
growth is 0.00208, with a correlation of 0.35, naich different from the values in Table 2, whick hased on
averages of monthly data on the price level sirg€1
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covariance would have been lower by a factor of. t{feor GDP growth rates, the sample
covariance would have been lower by a factor cfehr

In the standard model with iso-elastic utility andl. normal shocks, the equity premium
(excess of the expected real stock return overiskefree rate) equals the covariance of the real
stock return with consumption growth multiplied ttne coefficient of relative risk aversion,
Hence, if we gauge the covariance between stookngtind consumption growth by the sample
value of 0.0022, a of 4 means that the model explains about 0.00Beobbserved equity
premium of 0.063 (based on a mean stock return0d0and a risk-free rate of 0.011). To put it
another way, the model requirgs28 to explain the equity premium of 0.063. Intrast, if we
use the sample covariance of 0.0012 computed fiean-gnd-return values, the model wjthd
would explain only 0.005 of the observed equitynprem, andy=50 would be required to
generate the equity premium of 0.063. This lastifig is reminiscent of the results stressed by
Mehra and Prescott (1985).

The rare-disasters literature makes a major adgrst by noting that the assumed
normality of the shocks greatly understates theefsg of the tails for consumption growth and
stock returns. In this view, the observed covamaipetween stock returns and consumption
growth of 0.00224 substantially understates thesrassociated with holding stocks. However,
the fat-tail or disaster effects cannot be sattsfdg estimated solely from the U.S. data
considered in Tables 1 and 2. Rather, the approagimated by Rietz (1988) and applied in
Barro (2006) and Barro and Ursua (2008) relieshenbrroad history of macroeconomic disasters
observed for many countries over a century or more.

As already noted, the mean real rate of price ghdor gold for 1836-2011 (column 2 of

Table 1) is 1.1%, with a standard deviation of ¥3.1In contrast, during the high point of the
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world gold standard from 1880 t01913 (following tH&5. resumption in 1879), the average real
rate of price change was slightly negative, -1.08th a small standard deviation, 2.6%. Since
the nominal gold price was essentially constargufé 3), these patterns reflect the behavior of
inflation (Table 1, column 6).

In the first sub-period, 1836-1879, the U.S. manesystem was linked to silver or gold
for much of the sample, but a suspension of mopetmvertibility occurred near the beginning
of the U.S. Civil War in 1861, with full convertilty restored only in 1879 (see Figure 3). For
1914-1974, the United States maintained aspedteeajold standard, but a rise in the nominal
gold price and the prohibition of private holdir@fsmonetary gold occurred in 1933 (Figure 3).
In 1971, the United States formally dropped its notment to foreign central banks to convert
U.S. dollars into gold at a fixed dollar price. eFhat the beginning of 1975, the prohibition on
private holdings of monetary gold in the Unitedt&savas lifted. In the most recent sub-period,
1975-2011, gold retained a commodity-reserve rleéntral banks but one that was largely
divorced from domestic monetary systems.

Table 1, column 2, shows that, for gold’s reat ratt price change, the mean and standard
deviation vary substantially across the sub-peridtis also clear, however, that focusing on a
period such as 1880-1913—the high point of thermaonal gold standard—involves a strong
element of ex post selection. From an ex anteppetive, the 1880-1913 period likely shares
with the preceding and subsequent periods the lpbigsof moving off the gold standard in
certain circumstances, particularly associated wah Examples are the U.S. movement off of
a gold/silver commodity standard in 1861 during @l War, movements of many countries
off gold with the start of World War | in 1914, gnduch earlier, the British movement off gold

in 1797 during the long period of wars with Franéd.times of suspension, an important issue
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was the prospect of eventual return to the golgodd/silver standard, likely during peacetime,
and at what parity. The British resumption of ¢joéd standard in 1821 was at the old parity (as
urged by David Ricardo), as was the U.S. resumptidi879 (Figure 3). However, the British
return to gold in 1925 at the previous parity prebuasuccessful in the wake of the Great
Depression.

When compared with earlier times, the most resahtperiod, 1975-2011, shows a
substantially higher mean and standard deviatidhefeal rate of price change for gold—4.0%
and 20.7%, respectively. For silver, the meanstaddard deviation are even higher: 5.1% and
29.4%, respectively. Although the increase in wiatha of these real rates of price change for the
most recent sub-period is clear, the change imt&an is less sure because it is hard to pin down
the expected value when the volatility is this hidgfor example, if the annual standard deviation
were known to be 20.7% (the sample standard dewi&br the real rate of price change for gold
for 1975-2011), the standard error of the mean 8Veyears would be 3.4%. That is, the
observed mean real rate of price change of 4.086tistatistically significantly different from
zero (or from the mean rates of change in earkeiogs) at typical significance levels.

Given this last perspective and the sample-seledssues, it seems best to focus on
statistics for gold over the full sample, 1836-20114 this context, the key points from Tables 1
and 2 are that the mean real rate of price chanfjel% per year, the standard deviation is
13.1%, and the covariance with consumption growtmall, -0.0002 (with a correlation of
-0.05), and not statistically significantly differtefrom zero. With a coefficient of relative risk

aversiony, around 4 (and with i.i.d. normal shocks), theeslaed covariance implies that the

¥\We reach the same conclusion by noting that, wighstandard deviation having to be estimated,atie of the
sample mean, 4.0%, to the sample standard devifmidghe mean of 3.4% follows a t-distribution wib degrees
of freedom.
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expected real rate of return on gold should beecloghe risk-free rate; as a point estimate,
about 1.0% if the risk-free rate is 1.1%.

In the baseline model, it is impossible to getekpected real rate of return on gofj to
fall below the risk-free rate’, ralthough a high value efgets fclose to & Therefore, we need a
high value ofs to be consistent with the negligible covarianceveen gold’s real rate of price
change and consumption growth.

We can combine the last observation with the figdrom before that the long-term
sample mean of gold’s real rate of price change-%Ipér year, with a one-standard-deviation
confidence interval of roughly (0.1%, 2.1%)—corresged in the baseline model to a range for
o from 16 to 0.84. Low values efwithin this range are inconsistent wiftbeing close to'r
For example, using equation (16}%1 implies P = 5.9% (the same as the expected return on
unlevered equity), ans=2 implies P=4.0%. Therefore, with a risk-free rate aroundd,.the
risk premia on gold implied by these valuess@re too high, given the negligible observed
covariance of gold’s real rate of price change withsumption growth.

The high end of the range feproduces more satisfactory results. For exanapi&d
generates’+1.8%, with an expected rate of change of real gdltks of 0.2%, and=16
generates’+1.6%, with an expected rate of change of real galtes of 0.1%. Hence, these
specifications with high values ofgenerate values of that are only small amounts above the
estimated risk-free rate of 1.1%, while also prodg@xpected rates of change of real gold
prices that fall within the one-standard-error b&rdhe long-run mean, (0.1%, 2.1%). A
notable feature of these results is that the bluiotd’s expected rate of return comes from the
unobserved dividend yield, with only a small paftecting the expected real rate of price

change.
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C. Covariances between gold returnsand other asset returns

In the baseline model, with only i.i.d. shocks tOR5and consumption, the covariance
between real gold returns and the growth ratesi® @nd consumption is positive but small if
the elasticity of substitutiom, is high. The same prediction applies to the tanae between
real gold returns and real stock returns.

Table 3 shows covariances and correlations ofgedl returns with other real asset
returns and inflation rates for 1836-2011 and thieous sub-periods. For stock returns
(column 3), the covariance is significantly postior 1836-1879 but otherwise small in
magnitude and statistically insignificantly diffetefrom zero. The results for the periods since
1880 are similar to those for the covariance betweal gold returns and consumption or GDP
growth rates shown in Table 2 (column 1). As dssed before, these results accord reasonably
well with the model ifs is high.

In the baseline model, which abstracts from indlabr default on government debt, the
real T-bill return is constant and equals the stenrn risk-free rate, and the real term structare i
flat. Hence, the model predicts zero covarianceséen real gold returns and real returns on
T-Bills or 10-year government bonds. This predietmight change if we bring in effects of
inflation on the real returns on government se@sior if we allow for stochastic shifts in
parameters, such as the disaster probability, theopreference parameter,that governs
demand for gold services versus ordinary consumptio

In Table 3, columns 4 and 5, the covariance betweal gold returns and real returns on
the two forms of government securities is posiforesub-periods between 1836 and 1974 and
negative for 1975-2011. These covariances arsstatatly significantly different from zero at

the 5% level for 10-year bonds for 1836-1879 ang018913 and for T-Bills for 1920-1974 and

33



1975-2011. The results are nearly statisticatipsicant at the 5% level for 10-year bonds for
1914-1974 and 1975-2011.

The relation between real gold returns and r@afme on government securities likely
derives from effects of inflation on the real reision assets that are denominated in nominal
terms. The covariances between the real returriseotwo forms of government securities and
inflation are strongly negative for the overall sdep 1836-2011, and the various sub-periods.
The covariances between real gold returns andimfiare also negative in periods where the
nominal gold price is virtually constant (1880-19b8 has some element of nominal pegging
(1836-1879 and 1914-1974)—as shown in Table 3,neol6. Therefore, variations in inflation
associate with movements in the same directionef@rreturns on government securities and
gold over the sub-periods from 1836 to 1974 (colsihmand 5). From 1975 to 2011, there is no
longer any nominal pegging of the gold price, dneld¢ovariance between real gold returns and
inflation becomes positive, though not statisticaignificantly different from zero (column 6).
This changed pattern between real gold returngrdfadion likely explains why the covariances
between real returns on gold and real returns ertvilo forms of government securities are
negative in this period.

The covariance between real gold returns andsilvar returns (Table 3, column 1) is
significantly positive except during the high poaitthe classical gold standard from 1880 to
1913. In this period, the nominal price of goldt hot silver, was essentially constant. For
1836-1879, the correlation between real gold alvérsreturns is close to one, because the ratio
of gold to silver prices changes little, reflectithg bimetallic standard that was partially

maintained in the United Kingdom and the United&ta The ratio of gold to silver prices from
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1790 to 2011 is shown in Figure 5. For 1836-18M8, ratio varies relatively little around the
median for that sub-period of 16°D.

Figure 5 also shows the ratio of world stocksilees to world stocks of gold for
1790-2011. This ratio falls from 34 in 1840 toiaA875 (partly due to gold discoveries), then
trends downward further to 9 in 201 This pattern in the quantity ratio does not aligan
obvious way with the fluctuations in the price oatiAn interesting extension would relate the
price and quantity ratios to exogenous changdsamdlative supplies of and demands for these

two precious metals.

VIII. Summary Observations

Our main objective was to match empirical regulesifor gold returns with the
predictions from a simple asset-pricing model. té\segularities, we observe first that, from
1836 to 2011, the average real rate of price ch&rggold in the United States is 1.1% per year
with a standard deviation of 13.1%, implying a @t@rdard-deviation confidence band for the
mean of (0.1%, 2.1%). Second, over the same pdhedovariances of gold’s real rate of price
change with consumption and GDP growth rates aedl &nd statistically insignificantly
different from zero. These negligible covarianiteply that gold should carry a small risk
premium; that is, gold’s expected real rate of metawhich includes an unobserved dividend
yield—should be close to the risk-free rate, est@ddrom real returns on Treasury Bills to be
around 1.1%. Third, the volatility of the growthte of real gold prices is small under the
classical gold standard from 1880 to 1913 but higbmparable to that on stocks—in other

periods, including 1975 to 2011.

#Nevertheless, the changes in the U.S. mint ratit88% and 1853 and the full demonetization of silkel873 (the
“crime of 1873") received a lot of attention—seeughlin (1894, Chs. IV, V, and VII).
%*The corresponding stock of silver in 2011 is 1,239, metric tons.
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Key features of our baseline model are, firstjraad/ consumption and gold services are
imperfect substitutes for the representative hooiselsecond, outlays on gold services (for
jewelry, crafts, electronics, medicine, monetarypmses, and so on) are always minor compared
to ordinary consumption; and third, disaster afeéoshocks impinge directly on consumption
and GDP but not on stocks of gold.

With a high elasticity of substitution betweendyskrvices and ordinary consumption,
the model can generate a mean real rate of prevegehwithin the observed one-standard-
deviation confidence band, (0.1%, 2.1%), along w&igmall risk premium for gold. In this
scenario, the bulk of gold’s expected rate of reteflects the unobserved dividend yield and
only a small part comprises expected real priceexggtion. Nevertheless, the uncertainty in
gold returns is concentrated in the price-changepament. The model can explain the time-
varying volatility of real gold prices if preferemshocks for gold services are small under the
classical gold standard but large in other permatticularly because of shifting monetary roles
for gold.

One useful extension would consider gold as abedgood in a world of open
economies. This framework would include tradaldiestimer goods and non-tradable goods
consumed within each country. The risk charadiesi®f gold from the perspective of each
country then depend on the quantity of world trdelsland on country variables that determine
the real exchange rate, in the sense of the relatice of non-tradable home goods and tradable
goods, including gold.

Other extensions would study empirically the sigftdemands for gold, related
especially to official holdings by central bankslaggjovernments (Figure 2). From a data

standpoint, we may be able to estimate the quamititiye world’s gold held as coins and jewelry
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and for other “non-monetary” purposes. The tinmeeseof world gold production can also be
analyzed, including incentive effects on gold mghfrom shifts in the real price of gold. This

analysis can be carried out jointly with silverdéie 5).
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U.S. Real Asset Returns: Means and Standard Deviations

Tablel

) (2 (©) (4) ) (6) (1) (8) 9)
Period Gold Silver Stocks T-Bills | 10-Year | Inflation C GDP
Bonds Rate growth | growth

1836-2011 | 0.0112 0.0123 0.0740 | 0.0097t | 0.0287 0.0225 0.0159 0.0191
(0.1306) | (0.1788) | (0.1607) | (0.0431) | (0.0766) | (0.0542) | (0.0385) | (0.0467)
1836-1879 | -0.0008 | -0.0041 | 0.0760 -- 0.0446 0.0067 0.0118 0.0143
(0.0819) | (0.0808) | (0.1553) - (0.0887) | (0.0727) | (0.0484) | (0.0345)
1880-1913 | -0.0102 | -0.0261 | 0.0626 -- 0.0262 0.0109 0.0129 0.0186
(0.0257) | (0.0686) | (0.1251) - (0.0412) | (0.0263) | (0.0393) | (0.0453)
1914-1974 | 0.0145 0.0219 0.0779 | 0.0072t1| 0.0087 0.0283 0.0180 0.0239
(0.1338) | (0.1792) | (0.1933) | (0.0523) | (0.0723) | (0.0580) | (0.0399) | (0.0641)
1975-2011 | 0.0398 0.0511 0.0753 0.0134 0.0450 0.0421 0.0201 0.0175
(0.2074) | (0.2937) | (0.1410) | (0.0238) | (0.0871) | (0.0291) | (0.0163) | (0.0201)

11920-2011

1t11920-1974
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Notesto Table 1

All asset returns are in real terms. Data on maiasset returns, nominal gold and silver
prices, and CPI's are from Global Financial Dat& D

The return on gold refers to the growth rate af gold prices, calculated arithmetically
for each year as: -1 + (gold price/CPI)/[gold prieB/CPI(-1)], where (-1) indicates an annual
lag. The U.S. dollar gold price reported by GFDi@d933 is the official price set by the U.S
government, except for 1861-1878, when the dateedoomCommercial and Financial
Chronicle Data after 1933 are from Commodity Research &uy@ommodity YearbookThe
CPI values reported by GFD derive from the BLS comar price index for urban consumers
since 1913. Data before 1913 are based on infasm&bm the Federal Reserve Bank of New
York, including monthly data since 1875 describe&nyder (1924). The gold price used for
each year is the average of daily or monthly vatlesg the year. The CPI value used for each
year since 1875 is the average of monthly valuemguihe year. Only annual data on consumer
prices are available before 1875.

The real silver return is computed analogouslggbleon averages of daily or monthly
U.S. dollar silver prices. The silver prices répdrby GFD come from Officer (2008), Warren
and Pearson (1937), and Commodity Research BuGzaamodity YearbookRecent New York
guotes are from Handy and Harman.

The real stock return is computed analogouslyeth@as averages of daily or monthly
nominal total-return indexes computed by GFD fa& 8&P 500. Values before 1971 are based
on GFD estimates of total-return indexes compartbtee S&P 500.

The real T-Bill return is computed analogouslysdxhon averages of monthly nominal
total-return indexes for 90-day U.S. Treasury Billhe estimates of total returns from GFD
since 1929 derive from yields on 90-day bills. ifastes from 1919 to 1928 are based on yields
on short-term U.S. Treasury bonds.

The real return on 10-year U.S. government bosdsimputed analogously, based on
averages of monthly nominal total-return indexedJfd&. government bonds with roughly
10-year remaining maturity. Values from 1919-1946 based on the Federal Reserve’s 10-15
year Treasury bond index. Values before 1919 asedbon various long-term U.S. government
bonds. (Data for 1836 to 1841 are from Boston lodgds.)

The inflation rate is calculated as -1 + CPI/CPJ(using the CPI data described above.
Consumption (C) and GDP growth are real per capuath rates calculated

arithmetically from the Barro-Ursta annual datareal per capita personal consumer
expenditure and GDP, availablevavw.rbarro.com/data-sets
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Table2: Covariances[Correlations] of Real Asset Returns
with Consumption and GDP Growth Rates

1) (2 ) (4) ©) (6) (1)
Period Gold Silver Stock T-Bill 10-Y ear I nflation
Bond rate
Resultsfor C
1836-2011 -0.0002 0.0008 0.0022* -0.0003t 0.0004 -0.0001
(-.0086, .0036) | (-.0001, .0017)| (.0012, .0034)| (-.0009, .0002)| (-.0002, .0010)| (-.0005, .0003)
[-0.05] [0.11] [0.36%] [-0.21]% [0.12] [-0.03]
(-.20, .10) (-.03, .26) (.23, .49) (-.52, .20) (-.07, .30) (-.22, .17)
1836-1879 0.0002 0.0002 0.0016 -- 0.0014 -0.0009
(-.0009, .0014) | (-.0008, .0014) (-.0007, .0041) (.0000, .0034)| (-.0019, .0002)
[0.05] [0.04] [0.22] - [0.34] [-0.26]
(-.26, .32) (-.27, .32) (-.10, .53) (-.01, .59) (-.50, .00)
1880-1913 -0.0004* 0.0004 0.0020* - 0.0001 0.0004*
(-.0009, -.0002)| (-.0005, .0013)| (.0004, .0036) (-.0005, .0007)| (.0000, .0010)
[-0.42%] [0.14] [0.42%] - [0.05] [0.43%]
(-.67, -.10) (-.21, .44) (.10, .64) (-.30, .41) (.02, .70)
1914-1974 -0.0001 0.0019 0.0036* -0.00061t -0.0002 0.0002
(-.0013, .0011) | (-.0003, .0043) (.0013, .0062)| (-.0015, .0003)| (-.0012, .0008) (-.0006, .0010)
[-0.02] [0.27] [0.474] [-0.28]tt [-0.07] [0.07]
(-.26, .23) (-.05, .59) (.20, .67) (-.62,.19) (-.39, .31) (-.33, .42)
1975-2011 -0.0011 -0.0004 0.0010* 0.0001 0.0003 -0.0001
(-.0027, .0002) | (-.0020, .0011) (.0002, .0019)| (.0000, .0002)| (-.0002, .0008) (-.0003, .0001)
[-0.33] [-0.08] [0.44%] [0.31] [0.21] [-0.23]
(-.62,.07) (-.41, .27) (.13, .69) (-.03, .59) (-.18, .51) (-.57, .20)
Resultsfor GDP
1836-2011 -0.0005 0.0004 0.0029* -0.0007t -0.0002 0.0003
(-.0012, .0003) | (-.0008, .0016)| (.0016, .0043)| (-.0015, .0000)| (-.0007, .0003)| (-.0002, .0007)
[-0.07] [0.05] [0.39%] [-0.32]F [-0.06] [0.11]
(-.19, .04) (-.10, .21) (.22, .54) (-.59, .03) (-.20, .09) (-.07, .28)
1836-1879 -0.0001 -0.0001 0.0025* - 0.0005 -0.0003
(-.0011, .0011) | (-.0011, .0011) (.0010, .0041) (-.0003, .0012)| (-.0011, .0005)
[-0.03] [-0.02] [0.47%] - [0.16] [-0.14]
(-.41, .33) (-.41, .35) (.25, .67) (-.11, .43) (-.45, .20)
1880-1913 -0.0004 0.0008 0.0036* -- 0.0004 0.0004
(-.0009, .0000) | (-.0004, .0020)| (.0017, .0055) (-.0003, .0010)| (.0000, .0009)
[-0.34] [0.25] [0.65%] - [0.20] [0.34]
(-.61,.01) (-.15, .56) (.43, .80) (-.16, .52) (-.02, .61)
1914-1974 -0.0006 0.0008 0.0038* -0.001217t -0.0009 0.0008
(-.0022, .0010) | (-.0025, .0041) (.0004, .0079)| (-.0025, .0001)| (-.0022, .0003)| (-.0003, .0020)
[-0.07] [0.07] [0.32%] [-0.36]tT [-0.20] [0.21]
(-.27, .13) (-.21, .39) (.03, .56) (-.67,.02) (-.46, .08) (-.10, .50)
1975-2011 -0.0008 -0.0001 0.0012* 0.0001 -0.0001 -0.0001
(-.0025, .0007) | (-.0019, .0016)| (.0002, .0022)| (-.0001, .0003)| (-.0006, .0005) (-.0003, .0002)
[-0.19] [-0.01] [0.43%] [0.16] [-0.05] [-0.10]
(-.53,.19) (-.34, .30) (.10, .68) (-.26, .55) (-.39, .28) (-.46, .32)

*Statistically significant at 5% level.

11920-2011
t11920-1974
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Table 3. Covariances[Correlations] of Real Gold Returnswith other Real Asset Returns

€3] (2 (©) (4) ) (6)
Period Silver Stock T-Bill 10-Year Inflation
Bond rate
1836-2011 0.0167* 0.0001 -0.0001t 0.0007 -0.0009
(.0089, .0260) | (-.0028,.0039) | (-.0013,.0011) | (-.0016,.0027) | (-.0023,.0008)
[0.71%] [0.03] [-0.01]% [0.07] [-0.13]
(.58, .81) (-.13, .20) (-.19, .16) (-.14, .31) (-.38, .09)
1836-1879 0.0065* 0.0056* - 0.0037* -0.0024
(.0031, .0116) | (.0023, .0108) (.0011, .0063) | (-.0052, .0004)
[0.98%] [0.44%] - [0.51%] [-0.41]
(.95, .995) (.21, .63) (.21, .75) (-.83, .05)
1880-1913 -0.0001 -0.0003 - 0.0006* -0.0007*
(-.0006, .0004) | (-.0013, .0008) (.0003, .0009) | (-.0010, -.0004)
[-0.05] [-0.09] - [0.60%] [-0.999%]
(-.36, .28) (-.41, .26) (.35, .80) (-.9997, -.9992)
1914-1974 0.0124* -0.0003 0.0016*tt 0.0026 -0.0020
(.0012, .0259) | (-.0089,.0078) | (.0002,.0031) | (-.0001,.0052) | (-.0042,.0004)
[0.52%] [-0.01] [0.23411 [0.27] [-0.26]
(.09, .74) (-.30, .35) (.02, .53) (.00, .66) (-.66, .05)
1975-2011 0.0505* -0.0033 -0.0027* -0.0061 0.0014
(.0227, .0810) | (-.0096, .0029) | (-.0045, -.0011)| (-.0153,.0017) | (-.0021,.0058)
[0.83%] [-0.11] [-0.55%] [-0.34] [0.24]
(.72, .91) (-.36, .12) (-.76, -.30) (-.68, .12) (-.54, .66)

*Statistically significant at 5% level.

11920-2011
1t11920-1974

Notesto Tables2 and 3

The data on real asset returns, inflation rates gaowth rates of consumption and GDP are
described in the notes to Table 1. The uppergdarable 2 applies to covariances and

correlations (shown in brackets) with the growtte af consumption. The lower part applies to
the growth rate of GDP. 95% confidence interva¢sia parentheses below each sample value
for covariance or correlation. These intervalsengenerated from percentile-method bootstraps

with 100,000 iterationsTable 3 shows the covariances and correlationssio brackets) of
real gold returns with other real asset returnsthadnflation rate. 95% confidence intervals
were constructed as described above.
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Figurel

World Gold Stock per Person, 1875-2011
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Note: The blue graph assumes that the gold stotk92 equals zero. The red graph assumes
that this stock equals 9528 tons, the reported tatima production from 1493 to 1875. The
calculations for the stock after 1492 use the abéel gold production data (annual since 1876
and at longer intervals before 1876), assuming depweciation and loss on the existing stock.

Sources:

Gold production data. 1493-1884: Soetbeer (188b)ek 1 and 2, pp. 76-78). 1885-1899: U.S.
Treasury Department, Bureau of the Mint (variouargg 1900-2011: U.S. Geological Survey
(2010; 2012, p. 67).

Population data. World population since 1960 seolaon annual data frovidorld Development

Indicators Earlier numbers are based on data at 25-yeawads from McEvedy and Jones
(1978).
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Figure?2
Shar e of Official Gold Reservesin World Stock
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Note: The graphs show the ratio of gold held bytiee banks and governments to the total
world stock. The blue graph assumes that the wgwld stock in 1492 equals zero. The red
graph assumes that this stock equals 9528 tonsgploeted cumulative production from 1493 to
1875 (see Figure 1).

Sources: The world gold stock comes from the smsudetailed in the notes to Figure 1. Data on
official gold reserves of central banks and goveents are from Soetbeer (1887, pp. 180-181);
U.S. Treasury Department, Bureau of the Mint (uasigears); Board of Governors of the

Federal Reserve System (1943, 1976); League obh&fvarious years); andternational
Financial Statistics These sources exclude holdings over some pegitdéast by China and the
Soviet Union. We are working to fill these gapsl @tso to expand the coverage to years prior to
1877 and for missing years between 1886 and 1808ome of these years, the available data
combine official holdings with gold coins in ciration.
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Figure3
U.S. Dollar Gold Price, annual average, 1790-1971
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Note: See the notes to Table 1 for the sourcesitaf on annual-average U.S. dollar gold prices.
After 1971, the U.S. dollar gold price became hygldriable, reaching an annual average of
$613 for 1980 and $1573 for 2011.
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Figure4
Real Gold Price, annual average, 1800-2011
U.S. dollar price, divided by U.S. CPI
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Note: See the notes to Table 1 for the sourcesiaf on annual average U.S. dollar gold
prices and CPI.
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Figure5

Ratios of Gold to Silver Prices and Quantities
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Note: See the notes to Table 1 for the sourcesitaf on annual average U.S. dollar gold and
silver prices for 1790-2011. The accumulated stufokorld gold comes from the sources
detailed in the notes to Figure 1. Figure 5 usesseries corresponding to a world stock of zero
in 1492 (see Figure 1). The sources for the dataarld production of silver since 1493 are the
same as those for gold. Figure 5 uses a seriesspanding to a world stock of zero in 1492 and
assumes zero depreciation and loss on the exstinely. The underlying data on world gold and
silver production are annual since 1876 and at®-, or 20-year intervals from 1790 to 1875.
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