1 Censoring, Sample Selection and At-
trition
« The general structure of the models consid-

ered here is represented by the following sys-
tem of simultaneous equations:

Vi = m1(Tit, Zit, Yit—1501) + Ui,
25y = ma(Tat, Tiit, Zie—1;02) + vit,
zit = h(2j; 03),
Yit = Yip if ge (i1, ooy zir) = 1,

= 0 (or unobserved) otherwise,

—~ o~ o~
[\
NN NN

where i indexes individuals (i = 1,...~) and :
indexes time ¢ = 1,..7); 4; and :; are latent
endogenous variables with observed counter-
parts y, and -, », and », are vectors of ex-
ogenous variables; », and m, denote general
functions characterized by the unknown pa-
rameters in ¢, and s,, respectively.



« While we will generally focus on the case where
we impose index restrictions on the condi-
tional means, we write the model in the more
general form by employing the unknown func-
tions =, and m, to capture possible non-linearities.

« The mapping from the latent variable to its
observed counterpart occurs through the cen-
soring functions » and 4, noting that the for-
mer may depend on the unknown parameter
vector 6.

« We will generally focus on the case where n(,)
is an indicator function producing the value
1 if -z >0, in which case there are no unknown
parameters in the censoring process.



« When we consider the available two-step es-
timators we will also consider some popular
alternative selection rules and these may in-
volve the estimation of additional parameters.

« The function 4 indicates that 4; may only be
observed for certain values of -, ... ;. This in-
cludes sample selection where 4, is only ob-
served if, for example, -, =1 or, alternatively in
the balanced subsample case, if =, =.. =27 =1.



« Alternatively, we will consider a special case
of interest in which we replace the censoring
mechanism in (4) with

Yit = y;: : I(y;} > O): (5)

where 1(,) is an indicator function operator which
produces the value 1 if event (.) occurs and
zero otherwise.

« The model which incorporates (4) as the cen-
soring or selection rule corresponds with the
sample selection model. The model with (5)
as the censoring mechanism corresponds to
the censored regression model.



« The above model nests many models of in-
terest. For example, it encompasses the sta-
tic sample selection and censored regression
models in which we only observe the depen-
dent variable of primary interest for some sub-
set of the data depending on the operation of
a specific selection rule.

« The model also incorporates a potential role
for dynamics in both the , equation and the
censoring process.

« That is, while panel data are frequently seen
as a mechanism for eliminating unobservables
which create difficulties in estimation, an im-
portant feature and major attraction of panel
data is that it provides the ability to esti-
mate the dynamics of various economic rela-
tionships based on individual behavior.



« An important feature of these models is re-
lated to identification. In many of the mod-
els that we consider it is possible to obtain
identification of the parameters of interest by
simply relying on non-linearities which arise
from the distributional assumptions.

« In general, this is not an attractive, nor fre-
quently accepted, means of identification. As
these issues are frequently quite complicated
we avoid such a discussion by assuming that
the elements in the vector =, appear as ex-
planatory variables in the selection equation
(2) but are validly excluded from the primary

equation (1).

o In this way the models are generally identi-
fied.



« A key aspect of any panel data model is the
specification and treatment of its disturbances.
We write the respective equations’ errors as

Uit = O + E;t (6)
Vit = &§; + My (7)

which indicates that they comprise individual
effects, . and ¢,, and individual specific time
effects, <, and »,. which are assumed to be in-
dependent across individuals.

« This corresponds to the typical one-way error
components model.



« Moreover, we allow the errors of the same di-
mension to be correlated across equations. In
some. instances we will assyme that both the
in(ﬁ[ilvi&aﬁel%ects and the i(ﬁosyncratic (Sistur—
bances can be treated as random variables,

distributed independently of the explanatory
variables.

« In such cases, we will often assume that the
error components are drawn from known dis-
tributions.



« For many empirical applications, however, these
assumption are not appropriate. For example,
one may expect that some subset of the ex-
planatory variables are potentially correlated
with the one or both of the different forms of
disturbances.

« Accordingly, it is common to treat the indi-
vidual effects as fixed effects, which are po-
tentially correlated with the independent vari-
able, and we will consider the available proce-
dures for estimating under such conditions.

« Second, while distributional assumptions are
frequently useful from the sake of implemen-
tation, for many applications they may not be
appropriate.



« As many of the procedures we examine are
likelihood based any misspecification of the
parametric component may lead to the result-
ing estimators being inconsistent.

« Thus, while we begin the analysis of each sub-
model by making distributional assumptions
regarding the disturbances we will also exam-
ine some semi-parametric estimators which do
not rely on distributional assumptions.

. Finally, note that for the majority of models
the parameters of primary interest are those
contained in the vector »,, the variance -2 and,
when appropriate, -2. In some instances, how-
ever, there may be interest in the s, vector.

10



2 Sample selection bias and robustness
of standard estimators

« One can easily illustrate the problems gener-
ated by the presence of attrition or selection
bias by examining the properties of standard
estimators for the primary equation where we
estimate only over the sample of uncensored
observations.

. Consider the simplest case of (1) where the
dependent variable is written as a linear func-
tion of only the exogenous explanatory vari-

ables:
Yit = TS+ o + €4, (8)

where we consider that each of the selection
rules captured in (4) and (5) can be written
as z;=1.

11



. To illustrate the problems with such pooled
estimation of (8) we can take expectations of
(8) conditional upon y, being observed, which
gives

E(yitlie, zie = 1) = 2}, + E(ai|zie, zie = 1) + E(eit|wir, zie = 1), (9)

noting that the last two terms will in general
have non-zero values, which are potentially
correlated with the »s, due to the dependence
between «, and ¢,, and <, and ¢,

« These terms will, in general, be non-zero when-
ever Priz, = 1lys. =} 18 Not independent of 4,. Ac-
cordingly, least squares estimation of (8) will

lead to biased estimates of s due to this mis-
specification of the mean.

12



« This above result_is well known in the cross-
sectional case and 1s a restatement of the re-

sults of Heckman (1979).

. However, given that in the panel data set-
ting we have repeated observations on the in-
dividual one might think that the availability
of panel data estimators which exploit the na-
ture of the error structure might provide some
scope to eliminate this bias without the use of
such a variable.

« Accordingly, it is useful to discuss the proper-
ties of the standard fixed effects anc(]1 rancEm

efrects estimators 1n, the, ineéxr model % en
the selection mechanism 1S endogenous. us

we first consider estimation of (8) by the stan-
dard linear fixed effects or random effects pro-
cedures.

13



o consider these eTtlmators we first intro-
uce some additional notation.

. Observations on 4, are treated as available if
2 =1 and missing if =, =o.

« We define ¢ =17, =, so that ., =1 if and only if
y 18 observed for all .

. The first estimator for s that we consider are
the standard random effects estimators.

14



« Defining

2
o
=1 %
¢ o2+ To2

where 1, = 2", -, denotes the number of time
periods y, is observed, the random effects es-
timator based on the unbalanced panel (using

all available cases) can be written as

=1 t=1

N T
X (Z Z Zit(Tit — M%) (Yir — )\iyi)>

i=1 t=1

U N T -1
BrE = (Z Z Zit (Tit — NiZi) (Tip — A@i)’) (10)

Whel'e T, = T;l Z?:l 2iTit alld Yy = T;l Z?:l ZilYit deIlOte
averages over the available observations.
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. In some cases attention may be restricted to
the balanced sub-panel comprising only those
individuals that have completely observed records.

« The resulting random effects estimator is given

. Note that all units for which , =1 will have
the same value for »,.

16



« Under appropriate regularity conditions, these
two estimators are consistent for v — o if

E(Oti + 5it|zi) =0, (12)
Where Z; = (zih "'7Z’LT),'

« This condition states that the two compo-

nents of the error term i the[ model are mean
independent of the sample selection indicators

in » (conditional upon the exogenous vari-

ables).

. This appears to be a very strong condition
and essentially implies that the selection process
is independent of both of the unobservables in
the model.

« One would suspect that for a large range of
empirical cases this is unlikely to be true and
this does not appear to be an attractive as-
sumption to impose.

17



. Given that the ]fando%m1 effects estimator does
not appear to be useful in the presence of se-

lection bias it is worth focussing on the suit-
ability of the fixed effects estimators of 5.

« For the unbalanced panel the estimator can
be written as

U N T -1
Bre = (ZZ zit(Tie — &) (Tie — xi)’) (13)

=1 t=1

N T
X (Z Zzit(xit — ) (Yir — yi)) )

i=1 t=1

18



« The corresponding estimator for the balanced
sub-panel is given by

B N T -1
Bre = (Z > eilwi — 1) (@i — m)) (14)

=1 t=1

x (chz (zit — i) (Yir — yz)> .

=1 t=1

<.
-~
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« Under appropriate regularity conditions, con-
sistency of these two estimators requires that

E(Eit — éi|zi) =0, (15)

where z =1'57 e
is md C tes tIllla the est atlon over the
" su Samp 2 =1 Wl roduce consis-
tent estlmates if the random Component de-

termining whether -, =1 is eliminated in the
fixed effects transformation.

» That is, the unobservable component deter-
mining selection for each individual is time-
invariant.

« While this may be true in certain instances it
is likely that in many empirical examples such
an assumption would not be reasonable as it
imposes that the selection process is indepen-
dent of the idiosyncratic errors.

20



« This djscussion 111111 trates that the conven-
tional linear panel data estimators are inap-

propriate for the linear model with selection.

« The random effects estimator essentially re-
quires that selection is determined outside the

model while th effects est mato —
poses that, con 1t10na on the m 1v1 ual

fects, the selection process is determined out—
side the model.
« While the ‘]ﬁxed effects estimator is more rq-
bust, it still is unsatistactory for most empiri-
cal examples of panel data models with selec-
tivity.

« Accordingly, we now begin to examine a range

of estimators which handle the situation for
which (12) and (15) are not satisfied.
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3 Tobit and Censored Regression Mod-
els

« The first model considered can be fully de-
scribed by a subset of the equations capturing
the general model outlined above.

« The model has the form

Yir = ma(Tit, Yig—1; 01) + wit, (16)
yir = y5 if yjy > 0, (17)

= 0 (or unobserved) otherwise.

22



. This considers a latent variable ,;, decom-
posed into a conditional mean depending upon
»» and possibly a lagged observed outcome
.1, and an unobserved mean zero error term

« The observed outcome equals the latent value
if the latter is positive and zero otherwise.

« This model is the panel data extension of the
tobit type I (under certain distributional as-
sumptions) or censored regression model which

is commonly considered in cross-sectional analy-
ses.

23



« We now consider estimation of this standard
censored regression model in (16)-(17) under

different sets of assumptions.

« The simplest case arises when the lagged de-
pendent variable is excluded from (16), and

when :, is assumed to be drawn from a normal
distribution, independent of the explanatory

variables.

y\fe then Cangider ;rihe mode here we allow
agged dependent varia

« As we i%ﬂl see the estlmaipllon is somewhat
more diflicult because one has to incorporate

the additional complications arising from the
initial conditions.

« We then proceed to a consideration of the

model  where we relax the distributional as-
sumptions that we impose on the error terms.
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3.1 Random Effects Tobit

« First, we consider the static tobit model, given
by

Yiy = ma(xie; 01) + uie,

where the censoring rule is stated in (5)

Yir = yir if yjy >0, (18)
y;¢+ = 0 if otherwise.

. We also assume that ., has mean zero and
constant variance, independent of (z1,....z:r).

« In order to estimate ¢, by maximum likelihood
we add an additional assumption regarding
the joint distribution of w, .. ur.

25



. The likelihood contribution of individual : is
the (joint) probability /density of observing the

T outcomes y. ...y, which is determined from
the joint distribution of the latent variables
vi,..uir Dy integrating over the appropriate in-
tervals.

« In general, this will imply r integrals, which in
estimation are typically to be computed nu-
merically.

« When r = 4+ or more, this makes maximum like-
lihood estimation infeasible.

26



o If the «, are assumed to be independent, we
have that

FWity oo virlin, ooy wir; 1) = [ | £ (witlaiss 91),
t

where », contains all relevant parameters (in-
cluding ¢,), which involves r one-dimensional
integrals only (as in the cross-sectional case).

« This, however is highly restrictive.

27



. If, instead, we impose the error components
assumption that uw, = o + <., Where ¢, is 1.i.d.
over individuals and time, we can write the
joint probability /density as

oo
JWit, - vir| it oy ir; V1) = /f(yi17~-~7yiT|xi1a-~-a$iTaai§791)f(ai)dai

— 00

o0

= / [Hf(yit|$it7ai§§l)1 flei)de, (19)

—0o0

where s is generic notation for a density or
probability mass function.
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. This is a feasible specification that allows the

error tern}% to be correlated across r?{fferem
periods, albeit in a restrictive way. € Cru-

cial step in (19) is that conditional upon «, the
errors from different periods are independent.

. In principle arbitrary assumptions can be made

about the distributions of «, and <. For exam-
ple, one could assume that -, is i.i.d. normal

while «, has a Student ~distribution.

« However, this may lead to distributions for «+

“ that are nonstandard and this is unattrac-
1ve.

« Accordingly, it is more common to start from
the joint distribution of w, .. ur.

29



« We assume that the joint distribution of w.,, ..., usr
is normal with zero means and variances equal
to 0% +o? and cov{ui, uis} = 02, s #t.

. This is the same as assuming that «; is N1D(0,02)
and <, 1S NID(0,02).

. The likelihood function can then be written
as in (19), where

flew) = @exp{i (j)} (20)

30



. and

F@iekie i591) = o 1<yz—t—m1<wm91>—ai>2 i yie > 0
it | ity Oy = ex —— i
Yit|Tit 1 mﬁs p B . Yit

—1-® (ml(mi“el) ha O‘i) if i = 0, (21)

O¢

where g denotes the standard normal cumu-
ensl

lative ty function.

. The latter two expressions are similar to the

likelihoo c%ntributio,ns in thhe Cros —s,ectio?al
case, with the exception of the inclusion of o

in the conditional mean.
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. The estimati n of thi S mod 1 is 1d ntlcal to
estimation 0 he tobi el n Cross-
sectiona settmg except t at we now ave to

account for the inclusion of the individual spe-
cific effect.

« As this i Vldu | effect is treated as.a ran-
gom varia d]e an the disturbances in the model

are normally dlstrlbuted, the above procedure
is known as random effects tobit.

« Note that while we do not do so here, it would
be possible to estimate many of the models
considered in the survey of cross-sectional to-
bit models by Amemiya (1978) by allowing
for an individual random effect.
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3.2 Random Effects Tobit with Endoge-
nous Explanatory Variables

« The discussion of the random effects tohit model
in the previous section assumed that the dis-
turbances are independent of the explanatory
variables

« .One useful extension (])Cf %he mqdel would be
instances where some of the explanatory vari-

ables were treated as endogenous.

. This is similar to the cross-sectional model
of Smith and Blundell (1986) who present a

cogdition,al ML estimagor to account for the
endogeneity of the explanatory variables.
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« The estimator simply requires estimating the
residuals from the model for the endogenous
explanatory and including them as an addi-
tional explanatory variable in the cross-sectional
tobit likelihood function.

. Vella and Verbeek (1999) extend this to the
panel case by exploiting the error components
structure of the model. We now present this
case where we assume the endogenous explana-
tory variable is fully observed.
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« The model has the following form:

Yir = ma(Tit, zit; 01) + i + €t (22)
Zit = Ma(Tit, T1it, Zig—1:02) + & + 0y (23)
Yit = Yjp - (Y5 > 0) (24)

Th s dj
goneraiod by U o onre S tton: ©© ¢

35



oL+ € 0 o2u + 021 oacit + ooyl

(25)
where , is a r-vector of ones.

« Exploiting this joint normality assumption al-
lows us to write

E(ui| Xi,v;) = 7103t + T270;, (26)

where T = 0cy/02, T2 = T(0ag — 0cy0/02)/(0 + T0?) and
V; = 71 Zle Vit
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« As the endogenous explanatory variable is un-

censored the conditional distribution of the
error terms in (22) given - remains normal

with an error components structure.

« Thus one can estimate the model in (22) and
(24) conditional on the estimated parameters
from (23) using the random effects likelihood
function, after making appropriate adjustments
for the mean and noting that the variances
now reflect the conditional variances.
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« Write the joint density of 4 = wu...sry and -
given x, as:!

fyilzi, Xis 01, 92) f(2i] X35 92), (27)

where v, denotes ,,02,62,0u¢,0.,) and v, denotes
(02,0%,07).

« We first estimate », by maximizing the mar-
ginal likelihood function of the :’s.

« Subsequently, the conditional likelihood func-
tion
Hf(yi|zi,X1t;1917{92) (28)

is maximized with respect to », where 4, de-
notes a consistent estimate of v,.

IWhen (23) is dynamic with an exogenous initial value z;,, (27) is valid if z;, is included
in X;. When the initial value is endogenous, we need to include z;g in z;.
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« The conditional distribution of 4 given -, is
multivariate normal with an error components
structure.

« The conditional expectation can be derived
directly from (26), substituting v = z—ma(wi, w1, 214 1565),
while the covariance structure corresponds to
that of v, +v..,, where »,; and »,,, are zero mean

normal variables with zero covariance and vari-
ances
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2 2_ 2 -2
oy =V{vi} =o0:—-0;0,7,

2 2 2 2
Toyeoy, + 2006000y, — 0

en

2
T¢

2 2
oy =Vi{voi} =0, —
2= Vivae) 02(02 + To?)
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« These follow from straightforward matrix ma-
nipulations and show that the error compo-
nents structure is preserved and the condi-
tional likelihood function of (22) and (24) has
the same form as the marginal likelihood func-
tion without endogenous explanatory variables.?

« The conditional ax1mum hkehh od es‘i
tor can be exten ed to account or multip e

endogenous variables as the appropriate con-
ditional expectation is easily obtained as all
endogenous regressors are continuously observed.

« Even if the reduced form errors of the endoge-
nous regressors are correlated, provided they
are characterized by an error components struc-
ture it can be shown that the conditional dis-
tribution of «,+¢; also has an error components
structure.

2The algebraic manipulations are simplified if o'% and 0'% replace the unconditional variances
o2 and o2 in 9. In this case, estimates for the latter two variances are easily obtained in a
third step from the estimates from the first stage for Ug and 0%, and the estimated covariances
from the mean function, using the equalities in (29) and (30).

41



« In general the conditional maximum likelihood
estimator cannot be employed when -, - ;.

« Thus the family of sample selection models
considered below cannot be estimated by con-

ditional ma,X1 um hkehhoodh One interest-
ing excep ion, owever IS W e primary

equation is estimated over the subsample of
individuals that have -, =z, for all s=1,....7.
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3.3 Dynamic Random Effects Tobit

. The ability to estimate dynamic relationships
from individual level data is an important at-
traction of panel data.

« Accordingly, an extension to the above model
which involves the inclusion of a lagged de-
pendent variable is of economic interest.

. Let us %W reglonsider the ran(ilom effects to-
it model, and generalize the latent variable

specification to

Y = mai(Tit, Yig—1;601) + @ + €iz, (31)

with y, = if 43 >0 and 0 otherwise.
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. Nov%,co sider maximum likelihood %stimatcilo?
of this dynamic random eflects tobit model,

making the same distributional assumptions
as above.

. In general terms, the likelihood contribution
of individual i is given by (compare (19))

f(yila-~-ayiT|$7‘,1;--~yxiT;191):/f(yila---ayiT‘-rilv~-~7xiT7O‘i§191)f(ai)dai
) (32)
erT
= / [Hf(yityi,tlamit;ai§ﬂl)‘| JFyirlzin, o 01) fag)day,

o Lt=2
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« Where

f(yit|yi,t71; Tit, Oéi;191)

1 1 [y — i Yia-1301) — i\ | .
_ exp{<yt my(Zit, Yi,e—1; 01) a>}1fyit>07

2 Oy

O¢

. This is analogous to the static case and 4., is
simply included as an additional explanatory
variable.

« However, the term f(yi |z, a:;61) in the likelihood
function may cause problems. It gives the dis-
tribution of 4, without knowing its previous
value but conditional upon the unobserved
heterogeneity term a,.
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o If the initial value is exogenous in the sense
that its distribution does not depend upon o,
we can place the term jilea. o) = faleas o)
outside the integral.

« In this case, we can simply consider the likeli-
hood function conditional upon 4, and ignore
the term f(y.|z:;9,) In estimation.

« The only consequence may be a loss of effi-
ciency if f(yilzq:9,) provides information about
1.

« This approach would be appropriate if the

starting value is necessarily the same for all

individuals or if it is randomly assigned to in-
dividuals.
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. However, it may be hard to argue in many
applications that the initial value 4, is exoge-
nous and does not depend upon a person’s
unobserved heterogeneity.

. In that case we would need an expression for
Flyalza, o;0,) @and this is problematic. If the process
that we are estimating has been going on for a
number of periods before the current sample
period, f(yu|za.0i9:) 1S & complicated function
Ehat depends upon person :’s unobserved his-

ory.

« This means that it is typically impossible to
derive an expression for the marginal prob-
ability f(yalza,e:v) that is consistent with the
rest of the model.
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« Heckman (1981) suggests an approximate so-
lution to this initial conditions problem that
seems to work reasonably well in practice.

« It requires an approximation for the marginal
distribution of the initial value by a tobit func-
tion using as much pre-sample information as
available, without imposing restrictions be-
tween its coefficients and the structural pa-
rameters in o,.
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3.4 Fixed Effects Tobit Estimation
« The fully parametric estimation of the tobit
model assumes that both error components
have a normal distribution, independent of
the explanatory variables.

« Clearly, this is restrictive and a first relax-
ation arises if we treat the individual-specific
effects «, as parameters to be estimated, as is
done in the linear fixed effects model.

« However, such an approach is generally not
feasible in non-linear models.
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« The loglikelihood function for the fixed effects
tobit model has the general form

N T
log L = Z Zlog f(yit\il?m Q5 791) , (33)
i=1 Lt=1

where
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« Maximization of (33) can proceed through the
inclusion of » dummy variables to capture the
fixed effects or using an alternative strategy,
described in Greene (2004), which bypasses
the large computation demands of including
so many additional variables.
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« This fixed effects tobit estimators is subject
to the incidental parameter problem (Neyman
and Scott, 1948, Lancaster, 2000), and results
in inconsistent estimators of the parameters of
interest if the number of individuals goes to

infinity while the number of time periods is
fixed.

. It was generally believed that the bias result-
ing from fixed effects tobit was large although
more recent evidence provided by Greene sug-
gests this may not be the case.

« On the basis of Monte Carlo evidence, Greene
(2004) concludes that there is essentially no
bias in the estimates of »,. However, the esti-
mate of ». is biased and this generates bias in
the estimates of the marginal effects.

. Greene also concludes that the bias is small if
T 18 b or greater.
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» Hahn and Newey (2004) suggest two approaches

to bias reduction in fixed effects es tion of
on— 11 a moé) Iis such as the ﬁg_x c% ects to-
1t Mo

« The ﬁrst procedure is based on the use of jack-
knife methods and exploits the Varlatlon in

the fixed effects estimator when f the
observations are, in turn, separate y elete

. By doing so one is able to form a bias-corrected
estimator using the Quenouille (1956) and Tukey
(1958) jackknife formula.
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. For simplicity, let mi(z.;0,) = 2,8 and let 3, de-

note the fixed effects Stl ator based fon tﬂe
subsample excluding the observations for t
th Wave.

« The jackknife estimator (3,,) is defined to be

T
By =TB— Z

where 3 is the fixed effects estimator based on
the entire panel.

« Hahn and Newey note that the panel jackknife
is not particularly complicated. While it does
require (r+1) fixed effects estimations of the
model one can employ the algorithm proposed
by Greene, discussed above, and the estimates
of 5 and &, can be used as starting values.
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« The second procedure is an analytic bias cor-
rection using the bias formula obtained from
an asymptotic expansion as the number of pe-
riods grows.

. This is based on an approach suggested by
Waterman et al. (2000) and is also related to

the approach adopted by Woutersen (2002).

. Note, that while none of these authors exam-
ine the %xedh ef%ect tobit model, preférring to

focus mainly on discrete choice models, the
approaches are applicable.

« Hahn and Newey (2004) provide some sim-
ulation evidence supporting the use of their
procedures in the fixed effects probit model.
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3.5 Semi-Parametric Estimation

« As shown in Honoré (1992) is also possible to
estimate the parameters of panel data tobit
models like (16)—(17) with no assumptions on
the distribution of the individual specific ef-
fects and with much weaker assumptions on
the transitory errors.

. To fix ideas, consider a model with a linear
index restriction, that is
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Yl = B+ o + i,
and

Yit = iy if Y >0,
y:+ = 0 otherwise.
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« The method proposed in Honoré (1992) is based
on a comparison of any two time periods, : and

« The key insight behind the estimation strat-

egy is that if -, and . are identically distrib-
uted conditional on (u,.+:,) then
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Vist (ﬁ) = max{yis, (xis - xit)/ ﬂ} - max{(), (xis - xit)/ B}

= max{a; + i, — 3,3, —2}, 8} — max{—xz;, 3, —x;;, 3}
and

vits (B) = max{yi, (zir — 2is)' B} — max{0, (zi — 245) B}

= max{ai + €it, _x;tﬁv _‘r;sﬁ} - max{_m;tﬂv _xésﬂ}

are also identically distributed conditional on

(mm $is) .

60



« This can be_ used ;(uo copstruct numerous mo-
ment conditions of the form

E (g (vist (B)) — g (vits (B))) b (wit, is)] = 0 (34)

« If 4is increasing and (i, #:.) = 210 — 2, these mo-

ment ,conditilgfls ca%,be turned into a, mini-

mization problem which identifies ssubject to
weak regularity conditions.

« For example, with 4() =4, (34) corresponds to
the first-order conditions of the minimization
problem
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minimize [(max{yis, (zis — i)' b}

— max{yit, — (Tis — Tit) b} — (Tis — @it)’ 5)2
+ 2 Hyis < (zis — 23t) b} ((zis — Tit) b — Yis )it
+ 2 Hyir < — (Tis — i) bH— (Tis — i) b — Yit)yis)

which suggests estimating s by minimizing
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Z Z (max{yis, (zis — i) b} (35)
=1 s<t

—max{yit, — (Tis — xit)/ b} — (zis — mit)/ b)2
+ 2 Hyis < (@5 — i) b}(Tis — i) b — is )yt

+ 2 Hyir < — (is — z0) DY(— (@is — ie) b — yir)vis
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. The objective function in (35) is convex in
b, as are other objective functions based on
(34).

« Honoré and Kyriazidou (2000) discuss estima-
tors defined by a general 4 as well as esti-

glators basg1 Ihmoment condltlons that are
rived under the Stronger assumption that

the distribution of (,..,.) is exchangeable con-
ditional on (i, 2:.).
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3.6 Semi-Parametric Estimation in the Pres-
ence of Lagged Dependent Variables.

« Honoré (1993), Hu (2002) and Honoré and Hu
(2004) show how one can modify the moment
conditions in (34) in such a way that one can
allow for lagged dependent variables as ex-
planatory variables.

« The specifics for this differs depending on whether
the lagged latent or the lagged censored vari-
able is used, and the main difficulty in this
literature is that it is not easy to show that
the moment conditions are uniquely satisfied
at the true parameter values.
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4 Models of Sample Selection and Attri-
tion

. As dis ussed above the tobit nﬁ)del has
Somew t unattractive feature that the mn eX
that explains the censoring also is required to

explain the variation in the dependent vari-
able of primary interest.

EOW tu&ti atte%tlon to the estimation
where the selection process is

drlven by a different index to that generating
the dependent variable of primary interest.
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« We introduce the following form of the model

Yiy = T3+ i + €, (36)
2y = Tyt + 21000 + & + i, (37)
zie = I(2}, > 0), (38)

s
Yit = Y~ Zit

where we again highlight that the vector 2., is
nonempty (and not collinear with ).
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4.1 Maximum likelihood estimators

« Given that we can make distributional assump-
tions regarding the error components it is nat-

ural to construct a maximum likelihood esti-
mator for all the parameters in (36)-(38).

. Consider_the case ghere e individual effect
ts treated as.a ran ect_and the distur-
ances are all normally 1str1buted

. To derive_the hkghhood function of the vec-
tors - and 4, we first write
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log f(zi,y:) = log f(zly:) +log f(yi) (39)

« where 7(xy) i the likelihood function of a con-
ditional r-variate probit model and f(y,) is the
likelihood function of a 7-dimensional error
components regression model, where 7, =y, .
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. The second term can be written as
T, —1

T
log f(yi) = — log2m — 5

1 & T,
- g — ol BN Tt
20’? ; Zit (yzt xztﬂ) 2(0_? + EO'(Q)()

(

70
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— —/
Yi — %,
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« The first term in (39) requires the derivation

of the conditiopal distr ibutlon of the error
term 1n the probit mode

« From the assumption of joint normality and
defining ., = z(a; + <), the conditional expecta-

tion of v, =¢, +1, is given by

2
0677 J
E(&; +nylmia, oy mir) = Zit—y {Wit T Tt Z Tit (41)

€ a t=1

Oat
+ it
0% +Tio?, t; "
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« Using our distributional assumptions the con-
ditional distribution of ¢, +», given ., ... cor-
responds to the unconditional distribution of

the sum of three normal variables e, +wy, + ziws
whose distribution is characterized by
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)
View) = 0127 - zitagn/ag =s?
V(UJU) = Ug — Tiaig(ag + Tioi)_l =k
N_ 2 2 -2/ 2  9N—1 _
V(wai) = 02,040-"(0z + Ti0,) ™" = ke
COV(wU,in) = —O’aga'gn(og + T;O'i)_l = k‘12,

. where_the otlr%fr covariances. are all zero and

note that we
to the variances 2,k and ..
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. Similar to the unconditional error components
probit model the likelihood contribution can
be written as

T
Flzlys) = //H o (d 23,021 + 2,022 + ci + w1 + Zitw2i>
ilYi) = it
t=1

St

X flwis, wa;)dwrdwa;

where d, = 2., -1 and y(.) is the density of w,,
aﬂd Wi
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« Using these various expressions it is now pos-
sible to construct the complete likelihood func-
tion.

« Computation of the maximum likelihood esti-
mator requires numerical integration over two

men81 ns for all individuals which are not
serve in each period.

. Thus the computational demands are reason-
ably high and as a result this approach has
not been proven to be popular in empirical
work.
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4.2 Two-step estimators

« To present the two-step estimators in the panel
setting we follow the approach of Vella and

Verbeek (1999).

« We again start with the model presented in
(36), (37) and (38).

. Note that although we focus on estimating the
above model we retain some degree of gener-
ality.

« This allows us to more easily talk about ex-

tensions of the above model to alternative forms
of censoring.

« The approach that we adopt is a generaliza-
tion of the Heckman (1979) cross-sectional es-
timator to the panel data model.
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. To motivate a two-step estimator in this set-
ting we begin by conditioning (36) on the vec-
tor = (and the matrix of exogenous variables
x,) to get

E(yit| Xi, zio, zi) = 38 + E(uit| X, zio, ;). (42)

« If the mean function of (37) does not depend
upon :,_, and sample selection only depends
on the current value of -, it is possible to con-
dition only on =, and not z = (z..-r) and base
estimators on the corresponding conditional
moments (see Wooldridge, 1995).
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« In this case ., drops from the conditioning
set.

« We assume, as before, that the error terms
in the selection equation v, =¢, +, exhibit the
usual one-way error components structure, with
normally distributed components.

. That is

vi| X ~ NID(ou' + oo 1).
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« Note that while we do make explicit distribu-
tional assumptions about the disturbances in
the main equation we assume

E(uit| X5, v;) = T1vi + T27;. (43)

. Equation (43) implies that the conditional ex-
pectation g |x., =0, =) 18 a linear function of the
conditional expectation of +;, and its individ-
ual specific mean noting that the ~s are para-
meters to be estimated.
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« To derive the conditional expectation of the
terms on the right hand side of (43) we use

E(Uit\Xz‘,ZimZi):/[fi+E(mt\XmZio,ani)]f(§i|Xi,Zio,Zi)d§i7 (44)

where f(¢,|x, z0.2) iS the conditional density of
&

« The conditional expectation e, |x;, =, =.¢;) is the
usual cross-sectional generalized residual (see
Gourieroux et al., 1987, Vella, 1993) from (37)
and (38), since, conditional on ¢, the errors
from this equation are independent across ob-
servations.
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. The conditional distribution of ¢, can be de-
rived using the result

fzi, 20l Xi, &) £ (&)
f(zi, zi0] X3)

f (&l X zio, ) = (45)

where we have used that ¢, is independent of
x;, and

[ (2, 2i0| X)) = /f(zi,zio|Xi,§i)f(§i)dfi (46)

is the likelihood contribution of individual : in
(37) and (38).
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« Finally

T
f(zi, 2ol X3, &) = Hf(zit|Xi;Zi,t—17£i) f(ziol X4, &), (47)

where f(z. /X, zi. 1€ ) has the form of the likeli-
hood function in the cross-sectional case.

« If we assume that r(-/x..¢,) does not depend on
¢, or any of the other error components, then
20 18 €xogenous and f(zi|X,, &) = f(zil X)),
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. Thus we can condition on -, in (46) and (47)
and obtain valid inferences neglecting its dis-
tribution. In general, however, we require an
expression for the distribution of the initial

value conditional on the exogenous variables
and the «,.

« The typical manner in which this is done is to
follow Heckman (1981) in which the reduced

form for -, is approximated using all presam-
ple information on the exogenous variables.
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« Thus the two-step procedure takes the follow-
ing form.

« The unknown parameters in (37) and (38) are
estimated by maximum likelihood while ex-
ploiting the random effects structure.

. Equation (44) is then evaluated at these ML
estimates by employing the expression for the
likelihood function in an i.i.d. context, the
corresponding generalized residual, and the

numerical evaluation of two one dlmensmnal
integrals.

« This estimate, and its average over time for
each individual provide two additional terms
to be included in the primary equation.
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« As we noted above, the correction terms have
been written to allow greater flexibility with
respect to the censoring process.

« We address this issue in the following section.
However, as the model in (36), (37) and (38) is
perhaps the most commonly encountered for
panel data models with selectivity it is useful
to see the form of the correction terms.
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« The first step is to estimate the model by ran-

dom effects probit to obtain estimates of the
o,s and the variances -2 and o2.

« We then compute (44) and its individual spe-
cific average after inserting the following terms

xl, 02147 ,;,022+E; )
o
En,|X;, zio, 21, &) = dipo ? 48
(nzt| iy <10 1751) it n(b(d $2t921+1/11‘,t022+€11), ( )
it

On

where ¢ denotes the standard normal density
function, and
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T zi 0014z, 020+ ) 1 &
[, @ (dyitentihutets) o (32

o0 T 23,0014 ;,0204+8; | 1 &
L (e e Ed C L

f (&l X zi0, 20) = , (49)

Where dit = 2Zit — 1.
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« The model can be estimated by maximum

kehho?d if we make some (?ddlt onal distri-
utional assumptions regarding the primary

equation errors.

« If all error components are assumed to be ho-
moskedastic and jointly normal, excluding au-
tocorrelation in the tlme—varymg components,
it follows that (43) holds with -, = s.,/s2 and

To = T(O’ag — 057]0'52/03)/(0—37 + T0§)°

« This shows that -, is nonzero even when the
individual effects o, and ¢, are uncorrelated. In
contrast, the two-step approach readily allows
for heteroskedasticity and autocorrelation in
the primary equation.
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Moreover, the assumption in (43) can easily
be relaxed to, for example:

E(uit| Xi,vi) = Mevin + Aarvia + ... + Apgvir. (50)

By altering equation (43) this approach can
be extended to multiple sample selection rules.
With two selection rules, -, and -, say, with
reduced form errors v, and v, respectively,
(43) is replaced by
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E(uit| Xi,v1,i,v2,5) = T1101,it + T1201,i + T21V2,it + T2202,;. (51)

« Computation of the generalized residuals, how-
ever, now requires the evaluation of £{v; .| x;, 2 ;. 2.}
for j—1,2.

« Unless :, and »,, are independent, conditional
upon x;, the required expressions are different
from those obtained from (44) and (45) and
generally involve multi-dimensional numerical
integration
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. Alternative Selection Rules

« The first is the extension to panel data of the
Tobit type 3 model given by

Yir = T 01 + Bozit + it
zjy = w3091 + x;,000 + Vi,
zit = 2y - 125 > 0),

Yir = Y - 1(25y > 0).
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- In this case one sees that the primary equa-
tion may or may not have the censoring vari-
able as an endogenous explanatory variable
and the censoring equation is censored at zero
but observed for positive values.

« In our wage example discussed above, the ex-
tension implies that we observe not only whether

he individual works but also the number of
ours.

« We also allow the number of hours to affect
the wage rate.

. For this model we would first estimate the
censoring equation by random effects tobit.
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« We would then use these estimates, along with

the appropriate likelihood contribution and
tobit generalized residual, to compute (44)
which are to be included in the main equa-
tion.

ote hat due, to the structure of the model

‘fu clusion of the ¢ rrectl(lzl n terms accounts
or the endogeneity of -, in the main equation.
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« A second model of interest is where the :, is
observed as an ordinal variable, taking values

j for j = 1.5 and where the values of 4. are
only observed for certain values of ;.

« In this case, where the dummies denoting the
value of ., do not appear in the model, we
would conduct estimation in the following way.

. Estimate the censoring equation by random
effects ordered probit and then compute the
corrections based on (44) accordingly.

« Then estimate the main equation over the
subsample for -, corresponding to a specific
value and including the correction terms.

« When one wishes to include the dummies de-
noting the vaﬁue OP 2 as adéitionai explsana—
tory variable it is necessary to pool the sample

for the different values of =, and include the
appropriate corrections.
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4.3 Two-Step Estimators with Fixed Ef-

fects

« A feature of the two-step estimator discussed
above is their reliance on the assumption that

th indi(\iidual e%ect is. random variahle and
independent of the explanatory variables.

« While the approach proposed by Vella and
Verbeek (1999) is somewhat able to relax the

latter assumption it is generally difficult to
overcome.

. For this reason, as we noted above in the dis-
cussion of the censored regression model, it
is generally more appealing to treat the indi-
vidual fixed component of the error term as a
fixed effect which may be correlated with the
explanatory variables.

« We noted above that the results of Hahn and
Newey (2004) would allow one to estimate a
fixed effects tobit model and then perform the
appropriate bias correction.
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« Accordingly, it would be useful to adopt the
same approach in the sample selection model
and this has been studied by Fernandez-Val
and Vella (2005).

« The basic model they study has the form

Vi = TS+ i + €ir,
Zy = $2t921 + xllit922 + &+ Nt
zit = 1(z > 0),

*
Yit = Yip * Zit»
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« where the o, and ¢, are individual specific fixed
effects, potentially correlated with each other
and the explanatory variables, and the ¢, and
¢, are random disturbances which are jointly
normally distributed and independent of the
explanatory variables.

« While Fernandez-Val and Vella (2005) con-

sider various forms of the censoring function,
such as described in the previous section, we

¥ocus here on the standard case where the se-
ection rule is a binary censoring rule.

« The estimators proposed by Fernandez-Val and
Vella (2005) are based on the following ap-
proach.
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One ﬁfs estimates the ,reduigled (forﬁa censor-
g rule by the appropriate fixed etiects pro-

cedure.

nce, these estimates are obtained ope use
%ecbias correction approaches out imec{l n lfifaﬁn

and Newey (2004) to adjust the estimates.

With these bias corrected estimates one theﬁ,
computes the appropriate correction terms which

generally correspond to the cross-sectional gen-

eralized residuals. One then estimates the
main equation, (52), by a linear fixed effects

procedure and bias correct the estimates.

Fernandez-Val and Vella (2005) study the per-
formance of this procedure to a range of mod-
els for alternative forms of censoring. These
include the static and dynamic binary selec-
tion rule, and the static and dynamic tobit
selection rule.
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4.4 Semi-Parametric Sample Selection Mod-

els
« Kyriazidou (1997) also studied the model in
(52)—(55).

« Her approach is semi-parametric in the sense
that no assumptions are placed on the indi-
vidual specific effects «, and ¢, and the distri-
butional assumptions on the transitory errors
. and 1., are weak.
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o It is clear that (.6, can be estimated by
Oﬁe_ of the methods fo _e,s&im?tion %f di{s_[crete
choice models with individual specific effects,
such as Rasch’s (1960, 1961) conditional max-
imum likelihood estimator, Manski’s (1987)

maximum, score estimator or the smoothed
versions of the conditional maximum score es-
timator.

. Kyriazidou’s insight into estimation of s com-
bines insights from the literature on the es-
timation of semi-parametric sample selection
models (see Powell, 1987) with the idea of

eliminating the individual specific effects by
differencing the data.

« Specifically, to difference out the individual
specific effects «., one must restrict attention
to time periods sand + for which , is observed.
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« With this “sample selection”, the mean of the
error term in period : is

it = E(eit] iy > _$§t921 - 95/1#922 —&isMis > _1’;5921 - $/11‘5922 INe)
Where Ci = (xisaxlisaxitaxlitvaivgi)'

« The key observation in Kyriazidou (1997) is
that if (.9, and (...n,) are independent and
identically distributed (conditional on (i, s, 2, 210 01,€.)) 5
then for an individual :; who has /6, + «/,,62, =

/ /!
Tis021 + 15022,
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it = E(ei|ny > —xj021 — 24022 — €, ;) (56)
= E(eis|nis > —ais001 — 27,022 — §;,(;)
= )\is~

« This implies that for individuals with /6., +
Tyt = o021 + .02, the same differencing that

will eljmi te the fixed effect will also elimi-
nate the ect sample selection.
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« This suggests a two—step estimation proce-
dure similar to Heckman’s (1976, 1979) two—
step estimator of sample selection models: first
estimate (6.:.6,,) by one of the methods men-
tioned earlier, and then estimate s by apply-
ing OLS to the first differences, but giving
more weight to observations for which (z;, — z:.) 921+
(w10 — 2114 622 18 ClOSE tO zZ€ro:
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32:
. . 1
- Tit — Tis) O21 + (T1i¢ — 2144) 0
[zzw—xia’(xit—mzc(<t Pt ol

=1 s<t
n -~ —~
Tit — Tis) 021 + (T1it — T145) 0
X L_E 1 S§<t (it — xis)/ (x40 — xis) K <( i is) 021 hn( Lt 1is) 22) yityis]

where x is a kernel and », is a bandwidth
which shrinks to zero as the sample size in-
creases.
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« Kyriazidou (1997) showed that the resulting
estimator is ,s—consistent and asymptotically
normal. Kyriazidou (2001) shows how the
same approach can be used to estimate mod-
els when lagged dependent variables are in-
cluded as explanatory variables in (52) or (53).

« As pointed out in Honoré and Kyriazidou (2000),
the estimators proposed in Honoré (1992) and
Kyriazidou (1997) can be modified fairly triv-
ially to cover static panel data versions of the

other tobit—type models discussed in Amemiya
(1985).
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4.5 Semi-parametric Estimation of a Type-

3 Tobit Model

« One paper which explores the semi-parametric
estimation of panel data models with a tobit
type censoring rule is Lee and Vella (2005).
To present this idea first consider the cross-
sectional estimator they propose.
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« They consider the following model:

yi = 25 + wi, (57)
2] = xj021 + 24022 + v; (58)
z; = max(0,27), s;=1(z >0), (59)

(2}, 2, siy;) is observed, i.i.d. across i. (60)

and impose the following mean independence
assumption E(uw|vi, z;, s;) = E(uslvi, s:)-
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« The approach to obtain consistent estimates
of 5 is to purge the (57) equation of the com-

ponent, related to the selection equation (58)
€rTor.

« To do this they suggest a Robinson (1988)
type procedure in which they regress y.— (v, s: =
1) ON z; — E(zifui,s; = 1) Noting the inclusion of » in
the conditioning set eliminates the source of
the selection problem.

« The model is semi-parametric in that one does
not make distributional assumptions about the
disturbances.

« Rather, one estimates the selection model (58)-
(59) parameters by some appropriate semi-
parametric estimator and the estimates s as
si—wibo—al 05 (if 5 = 1), where the 3,, and ,, denote
the first step semi-parametric estimates.
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« The expectations v, s; = 1) and E(fv;,s; = 1) can
be estimated non-parametrically.

« Lee and Vella (2005) argue that this approach

8&11 be, extended] to. additional f?rms of en-
ogeneity and selectivity by simply including

the appropriate reduced form residual(s) in
the conditioning set.

« This type of estimator is useful in the two
wave panel context and Lee and Vella consider
two models which adopt alternative strategies
for dealing with dynamics in the model.

« The first is where the lagged dependent vari-
able appears in the conditional mean and the
model has the following form:
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Yit = Yit—158y, + T3 B+ i,
2iy = w3091 + 17,020 + vig
zit = max(0,2%), si¢=1I1(z;x >0), t=1,2, (61)

/ / ! - . . .
(31, Tioy Zi1, 2i2, Si1Yil, Sia¥i2) is observed, i.i.d. across i.

« The outcome equation can only be estimated
over the subpopulation s, = s, =1, which poses
a double selection problem.

110



« Thus one estimates over this subsample after
subtracting off the component of the outcome
equation related to the two selection residu-
als.

« The mean independence condition assump-
tion l“eqllll"ed IS E(uilvit, viz, iz, yi1, 5i) = E(ui|vit, viz, i)
and one estimates
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Yia — E(yizlvir, via) = [yir — E(yi|vi1, vi2)8,, + [via — E(xialvir, via)]' B+ €

over the subsample corresponding to s, = s;, =
1.

ee and Vehla also %on31d r the treatment . of
ynamics throug e 1nclusion of a time in-

variant individual fixed effect «,. The main
equation is static and is of the form:

Yit = xéfﬂ + a; + €4
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« The double selection problem arises if the first-
differenced outcome equation is estimated to
eliminate a time-constant error which is po-
tentially related to z,’s:

Ay, = AziB + Aei, Ay = yio — Yin, Ami = Tin — xi1, A& = €40 — €41

The mean independence assumption required
].S ].S E(Aai\vil,vig,Aazi,si) = E(Aei|vi1,vi2,si) and One eSt].—
mates

Ay; — E(Ay;ilvit, viz) = [Az; — E(Am;|vi, vi2)]' 8 + €

« over the subsample corresponding to s;, = s;» = 1.
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